ALGEBRA PRELIM EXAM
January, 2007

Ten points may be achieved on each of the following ten problems. Partial credit
is possible on all of them. Very roughly speaking, 40 peints will be considered a
passing grade. No books or notes may be used during the exain.

1. Lot 7 be a field, Let Ms{F} denote the set of 5-hy-5 matrices with entries in F,
and let A denote the subset of nilpotent matrices,
N =44 € My (F) | there exists N such thas 4% =0}

Lot X denote the subset of Af5{F) consisting of those matrices which are squares
of nilpotent matrices,

X = {Af € Ms(F) | there exists A4 € A such that A = 4%}
Observe that & = GL{5, F) acts on X by conjugation, Determine, with proof, the
number of orbits for the action of & on X

2. Let R be a commutative ring with identity. Prove or disprove: the tensor product
(over R) of two torsion free R-modules is torsion-free.

3. Determine, with proof, the maximal order of an element in a Sylow 3-subgroup

of the SYHMeric group ol Wetters.

4. Let & be a finite group. let H be a subgroup of G. and let T[G] (respectively,
CiF
functor from the eategory of Anlte-dimensional CH] modules to the category of

finite-dimensional C[G] modules which, on the level of objects. is delined by

T§(M) = ClG] opn M.

|} denote the complex group algebra of &7 (respectively, H). Lot I,(; denote the

Prove or disprove: T g is an exact functor.

5. Let F be a field with @ ¢ F ¢ €, where /@) is a Hinite Galols extension. Let
a e Fand let f(X) € QX7 be its minimal monic polynomial. Assume that the
absolute value |of of o is 1. and that Gal{F/Q) is abelian.

{a} Show that F' is closed under complex conjugation.

)

i

a
ki Prove that = 1 for every complex root 3 of f{X}.

{¢) Writing f{X) = A7 + &y Xt 4o g X+ oag, show that jo;l < 27 for
all 4 with 0 <4 < n.

() Prove that F contains only finitely many algebraie integers having absolute
valye 1 and deduce that each of these is a root of unity.

(over}



6. Let N be a normal subgroup of a finite group . Assume that the center of &V is
triviad and that any automorphisin of & is inner. Show that there exists a normal
subgroup H of ¢ such that G is isemorphic to the direct product of H and N.

7 Let R be a commutative ring with 1. Suppose [ and J are two ideals of & such
that [ +.J = B Prove that B/(IJy~ B/I § R/J.

S JLet N be a positive integer. Consider the natural map from SL(2.Z) to
SL(2, Z/N) obtained by reducing each matrix entry modulo N. Prove or disprove:
this map is suriective,

0. Let Zlz] be the ring of polynomials in @ with infager coeflicients. Let H denote
the subring consisting of all polynomials having their coefficients of x and 2% equal
o O

(a} Show that {Q(x) is the field of ractions of If.

{b) Compute the integral closure of B in Q{z}.

(¢) Does there exist a polynomial g{x} € R such that R is generated as a ring

by 1 and g{a)?

10, Let B be a anique factorization domain with quotient fleld k. Let § be an
Show that if f can be factored as a product of lower-degree
[l then f can be factored as a product of lower-degres polynomials

element. of R
polvpomials in
in :




ALGEBRA PRELIM EXAM
August 22, 2006

Ten points may be achieved on each of the following ten problems. Partial credit
is possible on all of them. Very roughly speaking, 40 points will be considered a
passing grade. No hooks or notes may be used during the exam.

1. Let F be a field. Let X denote the set of 8-by-8 matrices A with entries in ¥ such
that A% = 0 but A% # (0. Observe that & = GL(8, ') acts on X by conjugation.
Compute the number of orbits for the action of (¢ on X.

2. Let R be a commutative integral domain with identity. Recall that an H-module
is torsion free if for any » € R and m € M, rin = 0 implies that either r = 0 or
m = 0.
{a) Suppose R is a principal ideal domain and M and N are two R modules.
Prove that if M and N are torsion free, sois M & N.
(b) Given an example of an integral domain R and two torsion free B-modules
M and N such that A %z N is not torsion free.

3. Describe the structure of a Sylow 2-subgroup of the svmmetric group S, in terms

“of products and semidirect products of known groups tor:
(a) n=4; and
(b) n=8.

4. Let &7 be a finite group and let C[G] denote the complex group algebra of G.
Show that the invariants functor which {on the level of objects) takes a C[G] module
M to

MC ={meM]|f -m=mforal fc C[G}

is an exact functor.

5. Suppose R is a commutative ring with idensity. Let J denote the intersection of
all maximal ideals in R. Suppose M is a finitely-generated R-module such that

JM = {jmljeJandme M} = {0}
Prove that M = {0}.

{over)



6. Determine the Galois group of 2% — 2 over each of the following fields: the
complex numbers; the real numbers; the rational numbers; the integers modulo 5.

7. Determine the group of units in the ring Qu]/ ((z¥ + 1)%).

8. Determine {up to isomorphism) all groups ¢ which satisfy the following condi-
tion: there exists a proper subgroup H of G which contains all proper subgroups
of G.

9. Let 1V he a finite-dimensional vector space over a field of characteristic p > 0.
Let 7' : V — 1 be a linear transformation with 7°" = Id for some n. Prove that

there ig a nonzero vector v € V with v = v,

10. Prove shat there are no simple groups of order 992.




ALGEBRA PRELIM EXAM
January 2006

Ten points may be achieved on each of the following ten problems.

Partial credit for quality work, is possible on each problem. Very
roughly speaking, 40 points will be considered a passing grade. No
books or notes may be used during the exam.

(1) Let G be a finite non-abelian group of order p* where p is a prime
number. If Z is the center of &, show that G/Z is isomorphic
to Z/pZ & Z/pZ.

(2) Classify all groups of order 57 = 3 19.

(3) Show that

Q/Z = EP(Q/Z)(p)

where p runs over all primes numbers and (Q/Z)(p) denotes the
subgroup of elements of Q/Z whose order is a power of p.

(4) Prove Gauss’ Lemma over the integers: if h(z) € Z[z] such
that h{x) = f(z)g(x} for nonconstant polynomials f(z), g(z) €
Q[z], prove that there exist rational numbers a and b so that
F(z) = af(z) and G{(z) = bg(z) are in Z[z] and so that h(z) =

(5)) Let £ he a commutative ring with 1. and

0K —>P—->M-=0, 0K —-P s M=0

be short exact sequences of R-modules where P and P are
projective f-modules. Show that there is an isomorphism of
R-modules K @ P'= K'& P.

(6) Let G be the Galois group of the polynomial z* — 5 over the

field F. Determine G in each of the following cases:
(a) F is the real numbers

(b) F'is the rational numbers

(c) F is the integers modulo 3.

(7) Let p be a prime number and F, be the field with p elements.
Let f(z) = a? —x — 1 € F,[z] and let K be the splitting field
of f(z). Show that:

{a) if ais a root of f(z), then & + 1 is a root of f(z),
(b) K= F;B(a):
(¢) the Frobenius antomorphism o{z) = z? is a non-trivial
element of Gal{K/F,),
{(d} f(z) € F,[z] is irreducible.
(8) Let K and F be fields such that K is a finite extension of F.

Assume that there are only finitely many subfields L such that
1



F < L ¢ K. Show that K is a primitive extension of F (i.e.
K = F(8) for some 8 € K.

(9) Let V be a finite dimensional vector space over a field F and
T:V — V be a linear transformation. Show that there is an
integer 1 > (0 such that

V & Ker(T™) @ Im(T™).
(10} Let A be a square complex matrix such that 4* = A. Prove that

A is diagonalizable. Is this true over any algebraically closed
field?




ALGEBRA PRELIM EXAM
August 2005

Ten points may be achieved on each of the following ten problems.
Partial credit for quality work, is possible on each problem. Very
roughly speaking, 45 points will be considered a passing grade. No
books or notes may be used during the exam.

(1) Let G be a finite group and p a prime number such that |G| = p"
for some n > 0. Prove that (G has nontrivial center and that
for all integers 0 << m < n, G has at least one normal subgroup
of order p™.

(2) Let G be a group of order 63. Show that 7 contains an element
of order 21.

(3) Let R be a commutative ring with 1, I, J ideals such that I+.J =
R. Show that R/(IJ) = R/I& R/J.

(4) Let S be a multiplicative subset of commutative ring A not
containing 0. Let P be a maximal element in the set of ideals
of A whose intersection with S is empty. Show that P is prime.

(5) Let (R, m) be alocal ring (i.e. a commutative ring with a unique
maximal ideal m). Let M be a finitely generated R-module with

mM = M. Show from first principles that M = {0}.
P{nd a5 galoig axtanginﬂ K nFQ with QQED;Q grrm;n 7;?{/%77,@7/,/57,

i

(&Y

(o)

(7) Let o be a primitive fifth toot of 1 and f(z) = z° + 52* + 4.
Show that f{z) is irreducible in Q[a].

(8) Let K be a finite field.
(a) Show that |K| = p™ for some prime p.
(b) Show that K* = K — {0} is a cyclic group with respect to

multiplication.

(9) Let A be an n x n matrix with complex coefficients. Show that

A™ = 0 if and only if tr{A4") = 0 for all > 0.
(10) Suppose F is a field and 7" is an invertible n x n matrix with

entries in F. Show that there exist constants ay,...,a in F so

that .
T—l = ZG@TZ
=1



ALGEBRA PRELIM EXAM
January 5, 2005

Ten points may be achieved on each of the following ten problems. Partial credit
is possible on all of them. Very roughly speaking, 40 points will be considered a
passing grade. No books or notes may be used during the exam.

1. Let A denote the set of two-by-two real matrices with determinant zero, let
SL(2,R) denote the set of two-by-two matrices of determinant one, and finally let
GL(2,R) denote the set of two-by-two matrices with nonzero determinant.

{a) Show that both GL(2,R) and SL(2,R) act on N by conjugation,

(b) Describe the orbits of GL(2,R) on .

(c) Describe the orbits of SL(2,R) on N,

3. Let R be a ring with identity. Suppose
00— K —P-—M—10

and
00— K' — P — M —0

are two short exact sequences of R-modules. Suppose further that P and P are

projective. Prove that K' & P = K & P’ as R-modules.

3. Let A be an n-by-n diagonal matrix with coefficients in a field F'. Suppose the
characteristic polynomial of A has the form

{z— Cl)d1 {x — 52)@ sz - ck)dk

with ey,...,cx distinct. Let V' denote the space of all n-by-n matrices over F which
commute with A. Compute the dimension of V' as a vector space over F.

4. Let R be a finite ring with identity. Let a be a nonzero element of R which is
not invertible. Prove that a is a zero divisor.

5. Suppose R is a commutative Noetherian ring. Let R[z] denote the ring of
polynomial with coefficients in /. Prove that R[x] is Noetherian.

{over)



6. Determine the number of subgroups of order 16 in the symmetric group Sq.

7. Let F' be a field such that the multiplicative group of F is cyclic. Prove that ¥
is a fnite field.

8. Prove or disprove that f{z) = 2% — x + 1 is irreducible over the rationals.

9. Let G denote the Galois group of 2° — 3z — 3 over the field F. Determine G
when:

(a) F is the complex numbers;

(b) F is the real numbers;

(c) F'is the rational numbers; and

{d} F is the integers modulo 2.

10. Prove that there are no simple groups of order 1365,




ALGEBRA PRELIM EXAM
August 16, 2004

‘Fen points may be achieved on each of the following ten problems. Partial credit
is possible on all of them, Very roughly speaking, 40 points will be considered a
passing grade. No books or notes may be used during the exam.

1. Set

[ )
for BT

g = & A"f}()((c);

0
here it is understood that unless otherwise noted, the entries of J are 0. Let

8 {X € Mjp(C) | X? = gJg™! for some g € GL(10,C)}.

Observe that GL(10,T) acts on § by conjugation. Compute the number of orbiis
for this action.

9. Let R be a commutative ring with identity. Given an FE-module M, recall the

E-module ]
i
Ay =@M
frall
where /\j M is the jth exterior power of M. Define a natural operation on mor-
phisms so that the assigniment M — A M becomes a functor and determine whether
this functor is exact.

3. Let V be a Bnite-dimensional vector space over a field &, and let A and B
be diagonalizable linear operators on 1 such that AB = BA. Prove that A and
B are simultaneously diagonalizable; i.e. that there is a basis for V' consisting of
eigenvectors of both A and B.

4. Let R be a commutative ring with identity. Let & be a finite subgroup of R™,
the group of units of R. Prove that if & is an infegral domain, then G s cyclic,

5. Suppose R is a commutative Noetherian ring. Tet R[{x]] denote the ring of
formal power series with coefficients in R. Prove that Elz]] is Noetherian.

(over)



6. Prove that there are no simple groups of order 616.

7 Let F be a finite field, and suppose that the subfield of F generated by {2 |z &
F} is different from F'. Show that the cardinality of F is 4.

8. Prove or disprove that f(z} = 2* + z* + 7?2 + 62 + 1 is irreducible over {J.

9. Prove that the Galois group of z* + © — 1 over Q is the symmetric group on
three letters.

10. Let G be a finite group with identity e. Suppose that for all a,b € & distinet
from e, there exists an automorphism 7 of & such that 7{a} = b. Prove that G is
abelian.




ALGEBRA PRELIM
January, 2004

INSTRUCTIONS: Work on as many problems as you wish. A passing grade is 40 points or more
where each problem is worth 10 points. SHOW ALL WORK. You are not o use any books or

notes while doing this test.

1. Suppose G is a finite group of order a power of a prime. If H is a nonidentity normal
subgroup of G, prove that H contains a nonidentity element of Z(G). [Z(G) = {x € G l

xy =yx forallye G}.]
2. Prove or disprove that x* — x + 1 is irreducible over the rationals.

3 Let V be a finite dimensional vector space of the field of rational numbers and let T
be a linear transformation of V into itself such that T” is the identity mapping. If there
is no nonzero vector in V which T maps to itself, prove that the dimension of V is a

multiple of 4,

"““’MM"““““WZW“""SUp“ﬁgggﬂWﬁgﬁﬁﬁ“ofWﬁmmwﬁmdﬁemerﬂf%m@ﬂfhe%mﬂﬁﬁf R

prime dividing the order of G. Prove that H is a normal subgroup of G.

5. Compute the Galois group of the polynomial x* — 2 over each of these fields: (a) the

complex numbets (b) the reals, (¢) the rationals, and (d) the integers modulo 5.

6. LetR be aring and let M be an irreducible R-module. Prove that one of the following
statements is true about M considered as an abelian group:
(1) M is the direct sum of (perhaps infinitely many) copies of the additive group of
all rational numbers
(2) M is the direct sum of (perhaps infinitely many) copies of a cyclic group of

order p for some prime p.

7. LetR be aring and let L. be the set of all nilpotent elements of R.
(a) IfRis commutative, prove that L is an ideal.

(b)  Give an example of a ring R in which L is not an ideal.



10.

Prove that a group of order 112 cannot be simple.

Let R be a semisimple right Artinian ring (in particular, this implies that R has an
identiy 1). Assume x € R and define the scts Ay and By by

Ax={ye R|y#0and xy =0}

Bx={ye Rlxy=1}

Prove that exactly one of these sets is empty.

Let E be an extension of the field F and let o be an element of E which is algebraic
over F of degree n.
(a) If n is prime to 2, prove that F(or?) = F(o).

(b) Give an example in which n is prime to 3 but F(a) # F(e).




ALGEBRA PRELIM
August, 2003

INSTRUCTIONS: Work on as many problems as you wish. A passing grade is 40 points or more
where each problem is worth 10 points. SHOW ALL WORK. You are not to use any books or

notes while doing this test.

1. Suppose H is a subgroup of the group G such that x* € H for all x € G. Prove that H

is a normal subgroup of G.

2. Suppose A is an n X n complex matrix with n > 1. If A has rank 1, prove that A is
similar to a diagonal matrix if, and only if, trace(A) # 0. [the trace of a matrix is the sum

of the entries on the main diagonal.]

3 Let R be the ring of polynomials in one variable over a field F. Prove that R has

infinitely many maximal ideals.

4. (a) Suppose K is a field of prime order and E is the algebraic closure of K. If F is any

the multiplicative group has finite order.

{b) Suppose F is a field whose multiplicative group is periodic. Prove that for some

prime p, F is isomorphic to a subfield of the algebraic closure of the field of order p.

5. Let G be the Galois group of the polynomial x* - 3%* — 3 over the field F. Determine G

in each of the following cases:

(a)  Fis the complex numbers.
(b)  Fis the real numbers.

(c)  Fis the rational numbers.

(d)  Fis the integers modulo 2.



If G is a simple group of order 60, prove that G is isomorphic to A, the alternating

group of degree 5.

Suppose G is a group of order p® where p is a prime and n > 1. If A is the group of all

automorphisms of G, prove that p divides the order of A.

Determine, with proof, all rings R such that R contains at most 11 elements and xM=x

forallxe R.

Prove that there is a rational polynomial whose Galois group over the rationals is the

direct product of two groups of order 3.




PRELIMINARY EXAMINATION IN ALGEBRA
August 13, 2002

Instructions: Answer as many questions or parts of questions that you wish. A

passing score consists of five complete answers or a reasonable equivalent.

1‘

Let G be a group of order p”, where p is a prime number and n > 0 is an integer.
Show that the center of G is not trivial.

Let E C F be an extension of finite fields. Let g be the number of elements of E, and
let ¢ : F — F' be defined by ¢(a) = a?. Prove that F' is a Galois extension of F and
that ¢ generates its Galois group.

Describe the 2-Sylow subroup of Sg (that is, show that it is isomorphic to a group
described in terms of known groups).

Prove that a finite abelian group is determined up to isomorphism by the number of
elements of each order.

Show that there are no simple groups of order 616.

Let E.C F be an extension of finite fields. Prove that the trace map from F to E is

10.

11.

amiackiveo.
(=€ 6 &) L WivE ]

Let G be .'a, finite group, and let C be the category of finitely generated Q[G]—modules.
Show the the functor which takes a Q[G]jmodule to its submodule of invariants (that
is, the set of m € M such that gm = m for all g € G) is exact.

Determine for which fields the polynomial X2 — X + 1 has a multiple root.

Let E be a finite separable extension of a field K and let F be any finite field extension
of K. Show that E ®x F is a finite product of fields.

Prove that a principa}. i&eai domin is a unique factorization domain.
Let R be a an algebra over a field k of dimension n. Let I be the intersection of all

maximal left ideals of . Show that T is a 2-sided ideal and that I™ = 0.
Give an example for which I~ # 0.



PRELIMINARY EXAMINATION IN ALGEBRA

August 13, 2001

Tnstructions: Answer as many questions or parts of questions that you wish. A
passing score consists of five complete answers or a reasonable equivalent.

1. Let G be a finite group, and let H be a subgroup of index p, where p is the smallest
prime number dividing the order of G. Show that H is a normal subgroup of G.

9. Show that there are no simple groups of order 132.

3. Show that a polynomial f(X) of degree n over the field Z/pZ is irreducible if and only
if £(X) is relatively prime to the polynomial X7 — X for all m less than or equal to

n/2.

4. Show that there exists a Galois extension of the rational numbers with Galois group
Z/TL.

5. Ler R be a unique factorization domain with quotient-fieldH—Let-FX)-be-a-poly—-——e
nomial in R[X]. Show that if f(X) can be factored into polynomials of lower degree
in K[X], then f(X) can be factored into polynomials of lower degree in R[X].

6. Let G be a finite group. Prove the following version of Schur’s Lemma: ifp:G—
M, (C) is a finite dimensional irreducible representation of G over the complex num-
bers, then every element of M,,(C) that commutes with p(g) for all ¢ € G is a scalar

matrix.

7. Let N be a positive integer. Prove that the natural map from SLy(Z) to SL2(Z/NZ)

is surjective.

8. Let G be a nonabelian group of order p® for a prime p and and let Z be its center.
Show that G/Z = Z/pL & Z/pZ.

9. Show that Q ®7 Q@ = Q, and that @ ® Z/NZ = 0 for every positive integer N, while
Q @ ([]1Z/NZy # 0, where the product is taken over all positive integers N.



10.

11.

Show that if a 3 by 3 matrix with entries in Q satisfies A8 = I then it satisfies A% = I.

Let (& be a finite abelian group and let n be an integer. Show that the map which
sends g to ng is a group homomorphism and that it is an isomorphism if and only if

n is relatively prime to the order of G.




ALGEBRA PRELIM
August, 2000

INSTRUCTIONS: Work on as many problems as you wish. A passing grade is 40 points or more
where each problem is worth 10 points. SHOW ALL WORK. You are not to use any books or

notes while doing this test.

1. TfGis a group of order 105, prove that G has a normal cyclic subgroup of order 35.

2. Let f(x) be a polynomial of degree n > 2 over @, the field of rational numbers. Let K be
the splitting field of f(x) over @ and suppose that the Galois group of f(x) over @ is S,
the group of all permutations of n objects. Prove the following:

(a)  f(x)is irreducible over @Q.
(b) Let o be aroot of £(x) in K and let © be an automorphism of the field Qo).

Prove thatg = 1.

3. Find an integer n such that the abelian group Z/27 ® 2/47 @ Z/8Z is a quotient of the

multiplicative group (Z/mZ)* of ftegets relatively primetom modulo

4. Let G be the Galois group of the polynomial x* + 2% — 2 over the field F. Determine G
in each of the following cases:
(a)  Fis the complex numbers.
(b)  Fis the real numbers.
(c)  Fis the rational numbers.

(&)  Fis the integers modulo 3.

5. Let H be a proper subgroup of the finite group G. Prove that there is an element x in G

such that x is not conjugate in G to any element of H.

6. Let A and B be commuting n X n matrices over a field F. If A and B are both
diagonalizable over F, prove that A and B are simultaneously diagonalizable (i.c., there

is an n x n nonsingular matrix S over F such that both S AS and S'BS are diagonal).



10.

Let R be an infinite simple ring (i.., a ring with infinitely many elements and with no
2-sided ideals except {0} and R). Show that exactly one of the following holds.
(a) R is adivision ring.

(b) R has an infinite number of right ideals.

Let G be a nonabelian group of order p® where p is a prime. Prove that Z(G} and G’ are
equal and have order p. [Here Z(G) is the center of G and (3’ is the commutator

subgroup of G, i.e., G’ is generated by all elements of the form x'y 'xy with x, y €

G.]

Determine all rings R with an identity such that R contains at most 9 elements and x° =

x forall x € R.

Suppose Fis a field and K = F(a) is a finite Galois extension of F. Assume that the
Galois group of K over F is cyclic generated by an automorphism ¢ where o’ = ot + L.

Prove that F has characteristic p# 0 and that o —o. € F.




PRELIMINARY EXAMINATION IN ALGEBRA

August 16, 1999

Instructions: Answer as many questions or parts of questions that you wish. A

passing score consists of six complete answers or a reasonable equivalent.

1. Show that there are no simple groups of order 1365.

2. Prove that the symmetric group S, on n elements is generated by the transpositions
(12),(23),...,{n —1n).

3. Let G be a group of order 55 acting on a set X consisting of 24 elements. Show that
there is at least one element fixed by every element of G.

4. Let F be a field, and let f(X) be a polynomial in F[X]. Show that f(X) has a
multiple root in some extension of F' if and only if f (X) and its derivative f'(X) are

not relatively prime.

5. Show that if @ and 4 are elements of a field £ which are algebraic over a sublield &,

then « + 7 and af are algebraic over F.

6. Let E be a normal extension of Q contained in Q (the algebraic closure of Q), and let
K be an extension of Q contained in E. Let K' be a subfield of Q which is isomorphic
to K. Show that K' is contained in E and the Galois groups of E/K and E/K' are
conjugate in the Galois group of E/Q.

»  Prove that if A is a commutative Noetherian ring, then A[X), ..., X,] (the polynomial

ring in n variables over A) is Noetherian.

8. Let G be a finite group. Prove that every short exact sequence of C[G]-modules splits,
where C[G] is the group algebra of G over the complex numbers.

9. Let K be an arbitrary field, and let L be an extension of /X obtained by adjoining a
root of the polynomial X" — 1 for some integer n > 1. Show that L is Galois over K

with abelian Galois group.



10.

11.

12.

Show that a free group F is torsion-free; that is, that if g # 1is an element of F, then
gt # lforalln > 1.

Let M be an n by n matrix with entries in C. Assume that there is a e polynomial
F(X) in Q[X] which is irreducible over Q such that f(M) = 0 (ie. it is the zero
matrix). Show that M is diagonalizable over C.

Show that the endomorphism ring of a simple module is a division ring.




PRELIMINARY EXAMINATION IN ALGEBRA

August 20, 1998

Instructions: Answer as many questions or parts of questions that you wish. A

passing score consists of five complete answers or a reasonable equivalent.

1.

Let ¢ be a prime number. Show that the number of non-isomorphic abelian g-groups
of order g™ is p(n), where p(n) denotes the number of partitions of n.

Let M be a square matrix over C such that M* is the identity matrix for some integer
k > 0. Show that M is diagonalizable.

Let k be a field containing a primitive n'® root of unity. Show that for any a € k the

Galois group of X™ — a over k is abelian.
Show that there are no simple groups of order 245.
State and prove the Hilbert Basis Theorem.

Prove Wedderburn’s theorem: if the ring R has a faithful simple module that is finite-

10.

11.

division ring.
Prove that a free group has no nonidentity elements of finite order.

Let K/k be a Galois extension with Galois group G. Show that every l-cycle on G
with values in K* is a 1-coboundary.

If H is a finite group, prove that there exists a field k and a Galois extension of &k with
Galois group H.

Prove that the Galois group of X* — X —1 over Q is S3, the symmetric group on three

elements.

Let p be a prime number, and let G be a finite group of order p” acting on a set X
consisting of r elements. Show that the number of points fixed by all elements of G

is congruent to r modulo p.



ALGEBRA PRELIM

September, 1997

Instructions: Work on as many problems as you wish. A passing grade is 40 points or
more with each problem worth 10 points. SHOW ALL WORK. You are not to use any books or

notes while doing this test.

1.

Let G be a finite group with the property that for each positive integer n, there are at
most 2 subgroups of order n in G. Prove that G is cyclic.

Let V be a finite dimensional vector space over an algebraically closed field F. Let T be
a linear transformation of V into itself, let A be an eigenvalue of multiplicity m of T
(i.e., m is the multiplicity of A as a root of the characteristic polynomial of T), and let U
be the subspace U = {v e V|T(v) =Av}. Prove that the dimension of U is < m.

Let R be a ring and let L be the set of all nilpotent elements of R.
(a) IfR is commutative, prove that L is an ideal.

~(b) Givean example of a ring R in which L is not an ideal.

Prove that there is a polynomial p{x) with rational coefficients such that the Galois

group of p(x) over the field of rational numbers is cyclic of order 5.

Let H be a proper subgroup of the finite group G. Prove that G has a conjugacy class C

such that C contains no element of H.

Let A and B be finite rings with the same number of elements. Assume that n is an
integer > 1 and xB=xforallxe Aandy?=yforallye B.

(a) Ifn=6, prove that A and B are isomorphic.

(b) Ifn=4,prove by an example that A and B need not be isomorphic.

Let E be an extension of the field F and let o be an element of E which is algebraic over
F of degree n.

(a) If n is prime to 2, prove that F(o2) = F(c0).

(b) Give an example in which n is prime to 3 but F(o3) # F(o).



10.

Let Ay be the alternating group of degree n (i.e., n is the number of objects permuted
~- 1
by Ap). If n> 5 and H is a subgroup of Ap such that the order of H is (n 5 DL , then

prove that H is isomorphic to Aq-1.

Let R be a semisimple right Artinian ring (in particular, this implies that R has an
identity 1). Assume x € R and define the sets Ax and Bx by
Ax={ye R|y=0andxy=0}
Bx={ye R[xy=1}

Prove that exactly one of these sets is empty.

Let F be a field such that the multiplicative group of F is cyclic. Prove that F is a finite
field.




PRELIMINARY EXAMINATION IN ALGEBRA

September 9, 1996

Instructions: Answer as many questions or parts of questions that you wish. A

passing score consists of five complete answers or a reasonable equivalent.

Let G be a finite group of order p™ acting on a set X consisting of k elements. Show
that the number of points fixed by all elements of G is congruent to k modulo p.

Find all rings (with 1), up to isomorphism, containing exactly 25 elements.
Show that there are no simple groups of order 520.

Let K C L be finite fields. Prove that the extension L of K is Galois with cyclic
Galois group.

Let E be a finite extension of the rationals. Show that the number of roots of unity

in F is finite.

10.

Let P, be a complex of projective modules with P, = 0 for n < 0. Let E, be an exact
complex. Show that any map of complexes from P, to E, is homotopic to zero.

Prove the Cayley-Hamilton Theorem (the theorem that states that for every matrix
A we have f(A) = 0, where f(X) is the characteristic polynomial of A).

Let f : Z* — Z™ be a map of free Abelian groups of rank n defined by a matrix A
with non-zero determinant. Show that the cokernel of f is finite and that its order is
equal to the absolute value of the determinant of A.

Let K be a field of characteristic zero. Let L be the splitting field of the polynomial
X7 _ q for some a € K and some integer n > 1. Show that the Galois group of L

over K is solvable.

Let I and J be ideals of a commutative ring R. Show that (R/I)@r (R/J) is isomor-
phic to B/(I + J).



11.

12.

Let G be a finite subgroup of the group GL,(C) of invertible n by n matrices with

entries in C.
a. Show that every element of G is diagonalizable over C.

b. Give an example of a finite subgroup of GL,(Q) which contains elements which

are not diagonalizable over Q.

Show that if a module M is a sum of simple modules, then it is a direct sum of simple

modules.




ALGEBRA PRELIM
September, 1995

INSTRUCTIONS: Work on as many problems as you wish. A passing grade is 40 points or more
where each problem is worth 10 points. SHOW ALL WORK. You are not to use any books or

notes while doing this test.

1. If A is a square matrix over the field of complex numbers, prove that A is similar to its

transpose.

2. Determine, with proof, all rings R such that R contains at most 10 elements and x'* =x

forallx e R.

3. Suppose G is a finite simple group such that G has exactly 5 distinct Sylow p-
subgroups for some prime p. Prove that G is isomorphic to As, the alternating group of

order 60.

T ~ A Suppose I is a field of characterstic’ O with the property thatevery polynomiat-of-odd-——-—
degree over F has at least one root in F. Assume that E is an extension of degree 2 over
F with the property that for each o € E, the polynomial x° — o has a root in E. Prove

that E is algebraically closed.

5. IfR is a simple ring and n is a positive integer, prove that R,, the ring of all n X n

matrices over R, is simple.

6. (a)Let H be a maximal subgroup of the finite group G and let M be a minimal normal
subgroup of G. Assume that M is abelian but H does not contain M. Prove that G =
HM, H N M = {1} (the identity subgroup), and IG:HI (the index of H in G) is a power
of a prime.

(b) Use the result in (a) to show that that if G is a finite solvable groupand His a

maximal subgroup of G, then IG:Hl is a power of a prime.



10.

Let F be the ficld of integers modulo 7. Determine which finite extensions of F contain

exactly four 4th roots of 1.

Let R be a commutative ring with an identity and assume that I and J are ideals in R

such that I +J = R. Prove that I = I »~ J and that R/IJ is isomorphic to the direct
product (R/T) x (R/]).

Assume that A and B are solvable subgroups of the group G and G = AB. Here AB =
{ablae A, be B}.
(2) Give an example showing that G does not have to be solvable.

(b) Prove that if either A or B is a normal subgroup of G, then G is solvable.

Let R be a ring and let M be an irreducible R-module. Prove that one of the following

statements is true about M considered as an abelian group:

(1) M is the direct sum of (perhaps infinitely many) copies of the additive group of
all rational numbers

(2) M is the direct sum of (perhaps infinitely many) copies of a cyclic group of order

P i‘Ul SOHUIC pxiuxc B



Preliminary Examination in Algebra
September 1994

Instructions: A passing grade consists of eight problems fully worked, or
partial credit for the equivalent of 8 problems. All rings are associative
{but not necessarily commutative) and possess a unit element. A field

is a commutative division ring.

1. a) No group of order 156 is simple.
b) Every group of order 289 is abelian,

2. If a square matrix M of complex numbers satisfies the equation
M99 = Identity,

then M is diagonalizable.

3. a) Define the elementary divisors of a square matrix M over the principal ideal
domain R.
b) Caleulate the elementary divisors of the matrix of integers (‘é 162\)

—4-a)Let. R be s ring and let M be an R-module. Prove that if M is generated by

simple submodules, then M is the direct sum of simple submodules:——————
b) Show that every vector space over a field has a basis.

5. Show that if the field F contains a primitive ntB_root of unity, then the Galois
group of the polynomial 2" —a € Flz),a € F,is abelian.

6. Show that if
0K—-»P—-M-=0

and
g+ K P M9

are short exact sequences of R-modules, where P and P! are projective, then

KgP =2K'®PF

7 ifRisaringand M isa simple R-module, then Endg(M) is a division ring.
8. If R is a left noetherian ring, then R[z] is left noetherian.
9. If p(z) € Flz] where F is a finite field, then p(z) is separable over F(z].

1



2

10. A finite subgroup of the multiplicative group of nonzero elements of a field is
cyclic.

11. Show that the elements €1 Aey+eshey, exhestes Aey,and es Aeg+e1Aes
are linearly independent in A?RE, where {€1,€2,€3,€4,€5 es} is a basis for RS.

12. Explain what a free group is and prove that any two free bases for the free
group F have the same cardinality.

13. Prove that the group given by the presentation
(z,y | 2 = 1,3 = 1,3y3 = yzY)

has 6 elements.

14. a) Explain what it means for a contravariant functor F : C —+ Set to be

representable (‘Set’ is the category of sets).
b) Show how the power set P(S)={TITEC S} defines a contravariant functor
P : Set — Set and prove that P is representable.






