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Iiistruct,ions: Answer three questions from Part, A and three questions from Part, 13.
Indicate clearly which questions you wish to have gracleol.

Part A.

1. Let Al be a subset of a Hubert space H. The goal of tins problem is to show that:

span M = H if and only if M’ = {0}.

(a) Assume span Al = H and let c E ivi. Show that = ()

(b) Assume M- = {0}. Show that span Al = H.

2. Let (xv) be a seciucnce in a Hilbert space H. Show that:

x — x strongly if and Oily if (rnr, —* : weakly and —

3. Let u, v be non-zero elements of a Hubert space H. Consider the linear operator T : H — H
defined for x e H by Tz = u(x,v).

(a) Briefly explain why the operator T is compact.

(b) Find a condition on u and v that guarantees that the equation

(I — T)x = y

admits a unique solution x for all y E H.

2 2 24. Let é and consider the operator T : defined by y = T, where x
= () e e

y = (ij) e 22 and

k=i

where the jk satisfy
00 00

<00.

j=i k=1

Show that T is a compact operator. Hint: Approximate T with finite rank operators T.

5. Let T: X —* X be a bounded linear operator defined on a Banach space X. Denote by RA the
resolvent operator associated with T for some A E p(T). The resolvent set of T is denoted by p(T).

(a) Use Neumann series to show that for A, t p(T),

RA = (A —

j =0

where the series is absolutely convergent in the operator norm when

A - p <

(b) Deduce from part (a) whether the spectrum u(T) is open, closed or neither.
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Part B.

1. Find the radius of convergence of the Taylor series with the center at the origin (ro = 0) for the
following fulict ion

•

____

(uj) J(:r)
= .2 + 3

1
(h) f(r) =

___________

(cos.r + 3)2

(r is a real variable; you do not need to find tine series themselves).

2. Let D1 and D2 be two disjoint domains, whose boundaries share a common curve F. Let

• f(z) be analytic in D1 and continuous in D1 U F

• g(z) be analytic in D2 and continuous in D2 U F

• f(z) = g(z) for z E F

Show that the function
f(z) zED1

H(z)= f(z)=g(z) zF
g(z) zeD2

is analytic in D = D1 U F U D2.

[Hint: Use the Morera theorem.]

3. (a) Show that any analytic function (not identically equal to zero) can have only isolated zeros inside
its analyticity domain.

(b) Can an analytic function have a non-isolated singularuty?

(c) Prove the Uniqueness Theorem: If two functions are analytic in a domain D and equal on some set
of points that has a limiting point inside D, then these functions are identically equal in D.

4. Evaluate

(a) f°°e2 dx

(b)f000-dx.

5. Find the leading behavior, as s —* +oo, of the integral

(a) I(s)
= f03 dx

(b) I(s) =f2ei8c0 dx
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