Real and Complex Analysis Exam

Aug 18, 2006

Do 7 of the following 10 problems - at least 3 from each part of the exam.

A. Real Variables
Do at least 3 of these.

In all of the following problems, unless stated otherwise, all functions are
measurable on a measure space (X, jt).

1 Agsume that /15 nornegative zd

/ fdp < oc.
X

Show that for every € > ( there exists a § > 0 guch that if A is a
measurable subset of X such that p(A) < d then

f fdp < e.
A

9. We say that f,, — [ in measure if for ail ¢ > 0 there exists an N > 0
such that if n > N then p({zl|lfalz) — f(z)] > €}) < e. Show that if
f, — f pointwise and u{X) < 20 then [, — [ in measure.

3. Let o be an irrational number. Let f be a real valued measurable
function on R such that f(z) = f(z+1) = flz+a). Use Fourier series
to show that f is constant almost everywhere.



4. Let By, ..., E, by a finite collection of disjoint measurable subsets of X
and let M be a subspace of L2(X') spanned by the functions fup, ... unt
where each u; is in L2(X) and has support contained in £;. Let P
L} X} —- R be the orthogonal projection. Find a function h : X X

X ——s I guch that
Piz) = [( B, v)f (9) duly)

for all f € LHX).

5. The space [0, 1] of continuous functions on [0,1] is a subspace of
all the LP spaces, LP[0,1] for 1 < p < oo. Define a linear operator
T:Cl0,1] — R by Tf = f(1/2). Show that 7" is & bounded operator
for the LP-norm if and only if p = oo. Show that T extends to a
hounded operator on all of L*[0, 1].




B. Complex Variables
Do at least 3 of these.

In what follows, Dg{z) and Dglz) denote the open and closed discs,
respectively, centered at zo, with radius H.

. Let f be a holomorphic function on an open set containing D1(0).
Prove that if z is in D1(0), then

Lol S

T 2m , sin{w — 2)

Fz)
where z € D{{0) and v traverses the unit circle cnce in the positive
direction.

7 Prove that if an entire function f satisfies an inequality of the form
17(2)] < A+ Blogif(z)]

for some positive constants A and B and for all z € C, then fis a

copstant,

8. Suppose f is an entire function with F(0) = 0 for all non-negative
integers n. Find a point at which | f{z)| assumes its maximum on D p{0)
and tell what that maximum is. Justify your answer.

9. Suppose f is holomorphic in an open set 2 and Dr(z) € Q. I f has
a zero of order k at zp and no other zeroes in Dg(z), then prove that
there is an € > O such that, if |Al < €, then f takes on A as a value &
times {counting multiplicity) in the disc Drlzp).

10. Suppose 2 and A are open subsets of the complex plane. Suppose {2
is connected and A is a simply connected, proper subset of C. If {fn}
is a sequence of holomorphic functions from §! to A, prove that either
{f.} has a subsequence which converges uniformly on compacta to a
holomorphic function on {2 or { fn} itself converges 10 o at every point
of .



(REAL AND COMPLEX)
ANALYSIS PRELIMINARY EXAMINATION
August, 2005

Compilete seven of the following ten problems. Of the seven, at least three must
be from Part A, and at least three must be from Part B. Clearly indicate on the
front of your examination booklet which seven you wish to be graded.

Part A

1. Copsider a measurable subset A of the circle {z € C [ jz| = 1}. Fix a real
number 0 so that 8/ is irrational. Define
Ap = {ez |z € A},
the rotation of A through 8 radians. Prove that if
A=Ay
then either A has measure 2ero or olse A is the complement of a set of measure zero.

(Hint: consider the Fourier series of x4 — Xa,; here xs denotes the characteristic
function of S.)

2. Let (M, p,X) be a positive measure Space. Let M’ denote the collection of
subsets (in M) whose measures are finite. Prove that

LX) ¢ LHX)

if and only if

sup p(E) < o0
Eca

3. Let H be a Hilbert space with inner product (). Suppose {z,} is a sequence
of elements in H with the property that the sequence {(zn,y)} converges for each
y € H. Prove that there is an element z € H such that {{zn,y)} converges to (z,u)
foreachy € H.

4. Construct a sequence of continuous real-valued functions f. on {0, 1] such that
0< fn<1and
1
lim falz)dz =0,
11— Ji

but such that the sequence {fn(z)} converges for no z € 10,1].

5. Suppose f and g are two complex measurable functions on a measure space X,
Let
§ = {z| fz) # glx}}

Prave or disprove: S is a measurable subset of X.



Part B

6. Provide a rigorous computation of the sum of the following series:
o
1
7-
ne=1 n
(Hint: one possible approach is to consider the integral of f{z) = K cot(nz) over
an appropriate sequence of contours.)

7. Determine the number of zeros of
plz) =32% — 227 + 22 -8
which lie in the annulus 1 < [2] < 2. Prove your answer is correct.
8. Fix positive integers k and /. Describe the space of meromorphic functions on

the Riemann sphere that have a have a pole of order at most k at oo and a zero of
arder at least [ at the origin.

9. The series
N
z)= ez
f(2) 2:21 —
defines a holomorphic functior near the origin. Describe a maximal open subset of
the complex plare on which f can be analytically continued.

10. Determine the region of values of z for which

(o8 otz
STt aaci
) /0 14142
defines a holomaorphic function. (Hint: one approach is to use the holomorphicity

criterion of Morera’s Theorem. If you pursue this approach, make certain to justify
any appiication of Fubini’s theorem.)



DEPARTMENT OF MATHEMATICS
UNIVERSITY OF UTAH
REAL AND COMPLEX ANALYSIS PRELIMINARY EXAMINATION

January 3, 2005

Instructions: Do seven problems and Hist on the front of your blue book
the seven problems to be graded. Do at Jeast three problems from each part.

Part A:

1. Let f and g be two real measurable functions on a measurable space X,
Show that

{z € X | sin(f(x)) = exp(g())}
is measurable.

2. Let f1,f2,... be asequence of real-valued convex functions on R Define
their upper-limit via
f(z) = limsup falz):

- O
and the lower-limit via
f(z) = liminf f,(z).
- —r O

Prove or find a counterexample to each of the following two statements:

Y] }— T§EOnveR
(ii) f is convex.

3. Let f be a bounded linear functional on a linear subspace M of a Hilbert
space H.
(i) Prove that f has a unigue extension to a bounded linear functional
F on H so that the norm of f coincides with the norm of F.
{ii) Prove that the extension F vanishes on M=

4. Let H be an infinite dimensional Hilbert space. Describe a closed subset
of H which contains no element of minimal norm.

5. Suppose X consists of two points a and b. Define u({a}) =1, p({b}) =
u(X) = oc, and p{d) = 0. For this measure g, prove or disprove: L™{p) is
the dual space of L ().



Part B:

1. Determine if there exists an entire function such that
1 1 1
n 7 n

2. Let .

z) = .
Determine all isolated singularities of f and their type. Find the residues of
f at its poles.

for all n € M.

3. Evaluate the integral

27 2«
cos® 3¢
dg
/U

1 — 2a cos ¢ + a?

where a is a complex number such that jal < 1.

4. Let f be a holomorphic function with isolated singularity at point a.
Assume that ¢ = 7 also has an isolated singularity at «. and that a is not
4 removable singularity for either [ or g. Determine what type of isolated
singularity o is for f and g.

Do you know an example of such a function f 7

5. Let f be a function holomorphic in ¢~ {0,2}. Assume that:
(i) 0 and 2 are first order poles of f;
(ii) that f is bounded for |z > R for sufficienty large R;
(iii) the integral fﬂf f(z)dz is equal to:
a) 2mi ity isa positively oriented circle of radius 1 centered at O;
b) 0 if v is a positively oriented circle of radins 3 centered at 0.

Determine the function f.



DEPARTMENT OF MATHEMATICS
UNIVERSITY OF UTAH
REAL AND COMPLEX PRELIMINARY EXAMINATION
AUGUST 17 2004

Instructions: Do seven problems and list on the front of vour blue book the seven

problems to be graded. Do at least three problems from each part.

Part A
1. Let s be a positive measure on a measure space {X,%), and let f > 0 be a function
which is integrable with respect to p. Let fi < f2 <% fn < -+ beasequence of real
valued, measurable functions on X, such that f,, < f for each n and f 5 fadpt — f « fdu.
Show that fn. — f almost everywhere
2. Let u be a positive measure on a measure space (X, %) such that p(X) = 1. Let f
be a bounded measurable function on X. Show that felP{X)forl <p<ooand
Nl s lillgforl<p<gs00
3. T.et up,Us, - -%n, - be an orthonormal set of vectors in a Hilbert space H. Show that
for every x € H
lim (z,un) =0
T 20
4. Let fi, f2,--- fny- -+ be a sequence of functions in LY{R) such that

(3]

lim [ fn(z)glz}dz =10
R

O
for every g € L= (R). Show that fi, fa,- - fa,r - 52 bounded sequence in L* {R)
Let f,g € LYR). Let A= f~HC~ {0}) and B = g~ (T — {0}). Show that
(frgyH(C-{0}) A+ B

where A+ B ={z+y:zc A yec B}



5. Let f be a holomorphic antomorphism of ©*. Show that either f{z) = az or f(z) = ¢

Part B

_ Let f be an entire function such that f = f. Show that
z . - z"
f(z) = f(0)e" = F(0) ZU =
e

for any z € C.

. Let
f(z) = e
Determine all isolated singularities of f and their type. Find the residues of f at these

isolated singularities.

. Evaluate the integral
/ °  sinax
e (T
0 R F D)
where a and b are real numbers and b +# 0.
. Let f be a meromorphic function on the Riemann sphere. Show that f is a rational

function.

[a3
Z

for some complex number a # 0.




Department of Mathematics
University of Utah

Ph.D. Preliminary Examination in Real /Complex Analysis
January 7, 2004

INSTRUCTIONS
Work seven problems and list on the front of your blue book the problems to be graded.
Your list must include at least three problems from each part.

PART A

1. Let (X, M, p) be a positive measure space, and let f € LY(X).
Let X,, = {z € X :|f(z)| > n}. Show that
lim nu(X,) =0

P OO

2. Let {f,} be a sequence of complex valued measurable functions defined on a finite
interval (a,b) C R (* measurable” means with respect to the Lebesque measure). Suppose
that there exists a constant M < oc such that f: | fu(2)2dz < M for all n, and fu(z) — 0

a. e. Prove that

b
lim [ frolz)de =0

n—2o00

Show also that this assertion fails in general if one replaces the interval (a,b) by R (give a
counterexample).

3. Let X = [0,1], and C{X) the space of complex valued continuous functions on X,
equipped with the sup norm: U flise = supgey [f(z)] Let fn be a sequence in C(X).
Prove that the following statements are equivalent:

(a) For each bounded linear functional A on C{X), A(fn) — O;

(b) fn(z) — 0 for cach x € X, and sup, [l folloc is finite.

4. Let (X, 9, 1) be a positive measure space, and let f > 0 be a measurable function
on X. Define g(t) = p({z : f(z) = t}). Show that

[ fan = | st

5. Let A be a bounded lincar functional on a linear subspace V of a Hilbert space
. Show that there exists a unigue bounded linear functional A on H such that: (a)
IA|] = [|All. and (b) Alz) = Mz)forz e V.




PART B

Notation: D = {z € C: |z| < 1}, H(f) is the space of holomorphic functions defined
on an open sunset @ C C

1. Let f: D — D be holomorphic. Show that

forallze D

2. Let f be an entire function such that [Rf(z)| +[Sf(2)] = 1 for each z € C. Prove
that f is a constant function

3. Characterize all entire functions f which satisfy the property:

1
Hm — =0

ST

R Open - (C T Qf - H(Q),and&%umethat Ty 0. Show That”

2 1
70 mfc OEOs

for sufficiently small positively oriented simple circles centered at b.

5. Determine the poles and their orders of the function

1 1

g% — 1 z




DEPARTMENT OF MATHEMATICS
UNIVERSITY OF UTAH
REAL AND COMPLEX PRELIMINARY EXAM, 2003

Instructions: Do seven problems and list on the front of your blue book the seven

problems to be graded. Do at least three problems from each part.

Part A

Prove that a non-decreasing function from R to R is measurable with respect to the
Borel o-algebra.

Let p be a positive measure on a Mmeasure space (X,¥) and let f be a complex valued
function on X which is integrable with respect to ji. For each n, set

E,={ze X :1/n<|f(x)] <n}

Then-each E,.is.a measurable set on which | f| is bounded. Prove that

o

(a) p(E,) is finite for each n; and
o) Jim [ f)dn(e) = [ s@ @)
B X

T

Prove that if X is a Banach space with a closed unit ball which is compact, then X
must be finite dimensional. Hint: consider the family of sets of the form {z € X : ||z|| =
1, and f(z) =0} where f isa bounded nonzero linear functional on X.

Consider L'(T) to be the space of periodic functions on R of period 27 which are

integrable on [0, 27]. Let M be a proper closed translation invariant subspace of L'(T).
(a) Prove that there exists a non-zero h € L°(T) such that f«h{z) = 0forall f € M,
1 2m
where [ xh(z) = o= [ flz—y)hly) dy;
27 Jp
(b) use part (a) to prove there must be an n € Z such that f(n) = 0 for every f € M,

where f(n) is the n th Fourier coeficient of f.

Let A be a closed subspace of C({0, 1]} which is also closed in L2([0,1]). Prove that the
orthogonal projection P which projects L2([0,1]) onto A is continuous as a linear trans-
formation from L2{[0,1]) into C([0,1]). Note that C{[0,1]) has the topology determined
by the norm || - {{ec, While L?([0, 1]} has the topology determined by the norm |} - {2



Part B

Let f be holomorphic on the unit disc U. Let h{z, w) be the function on U x U defined

by
- fw)
hiz.w) = P i z;éw}
) { f’(zij)u if z=w

Prove that f is continuous as a function of two variables on U x U. You need only check
the continuity at points of the diagonal. At other points it is obvious.

Let © be an unbounded domain in the plane with the property that there exists a
sequence {hy} of functions holomorphic on a neighborhood of Q such that each h,
vanishes at infinity on (), |h,| < 1 on U for each n, and {h,} converges uniformly to
1 on each compact subset of 0. Prove that if f is a function which is bounded and
holomorphic in a neighborhood of (3 and if |f| <1 on 9Q, then |f| < 1 on all of .

Suppose f is continuous on U = {z € C: |z| < 1} and holomorphic on the complement
in U of the interval (=1, 1). Prove that f is actually holomorphic on U.

Determine how many zerces, counting multiplicity, the polynomial

plz) =2° — 62" +2° + 22~ 1

.,.

) ik

10.

has 11 the unit dise { & s rzr=< 1} Prove-that your-answer-1s-correct:

Suppose a is a real number greater than 1. Compute

/217 do
g a-+sind

-1
29

. . z
using residues. Hint: sinf = where z = ¢

21



Qualifying Examination, August 14, 2002
Do at least seven problems, making sure to do at least three from each set.
Real Analysis

1) Let oz, y) be a continuous function on [0,1] x [0,1]. Show that

A(f)(z) = /ﬂ oz, y) fy) dy

defines a bounded operator from L2([0,1]) to C([0, 1]), considered as a Banach space with
respect to || f|| = sup, £ ()]

2) Let P be a self-adjoint operator on 2 Hilbert space H such that P? = P. Show
that P is a projection on a closed subspace. (Warning: we do not assume, apriori, that P
is bounded).

3) Consider
HC = {(z) € CF | |za] < % for all n € Z}.

Note that HC is simply a product of (infinitely many) closed discs. As such, it is compact
with respect to the product topology. The product topology on HC is defined so that the

sets
Uy(m, &) = {(yn) € HC | l#n —yn| <dforalll <n< m}

provide a fundamental systém of neighborhoods of z. Next, note that A can be consid-
orod a subset of the Hilbert space ¢2(Z). Let B(z,¢) be, as usual, the open ball of radius
e in £2(Z). Show that for every € > 0 there exists a positive integer m and § > 0 such that

Ug(m,d) € Blz,e) NHC
and, for every positive integer m and & > 0 there exists € > 0 such that
Ug(m,8) 2 B(x,e) NHC

In other words, show that the restricted topology on HC coincides with the product
topology.

4) Let X be a measure space with p(X) = 1. Let f be a measurable function in
L®(X). Note that [[f|lp < |If]leo for all p > 1. In particular, f can be considered an
element of LP(X) for all p > 1. Show that

Timn [l = 1o

5) Show that the parallelogram law fails for LY([0,1]) so it is not a Hilbert space.
Hint: Use f = X[0,1/2} and g = X[1/2,1]-



Complex Analysis

] *® dz
@ I+ £E3
2) Let B and C be two discs of the same radius which are tangent at a point in C. Let

A be another disc of the same radius whose boundary goes through the point of tangency
of B and C. Find a Riemann mapping of A — (B U (') onto the unit disc.

1) Evaluate the integral:

3) Let f be a complex valued function defined on the domain D C C. Suppose, that
as a mapping of R? to R, f = u + iv is twice differentiable, and that the jacobian

du  Hu
dr Oy
oo v
dx Oy

is everywhere, as a linear transformation, a composition of a dilation and a rotation. Show
that f is a holomorphic function.

4) Let D be a domain in the plane, and {f,.} a sequence of functions holomorphic on
D. Suppose the sequence is uniformly bounded; that is, there is a positive number M such

that
|fn(2)] < M forall n and zeD.

Suppose, in addition, that thereis afl Iniimte compact set K imDsuch-that-the-sequence
fn|K converges uniformly on K. Show that the sequence f,, converges uniformly on all
compact subsets of D.

5) Suppose that f is meromorphic on the plane, is never zero on the plane, and that
lim |f(z)] =0.
Zr 00

Show that f is the inverse of a polynomial.



Real and Complex Variables Preliminary Exam - 2001

Do any seven problems, including at least 3 problems from Part A and at least 3
problems from Part B. Specify on the front of your bluebook which problems are to be

oraded.

Part A

1) Let X be a Banach space and let T' be a function which assigns to each real number
s € R a bounded linear operator T(s) : X — X. The derivative T'(s) of T at s is the

operator defined by
T'(s)z = ]j&ir% RNT{(s+ h) —T(s))z
—

where the domain of T”(s) is the set of all z € X for which this limit exists. Prove that if
the domain of T"(s) is all of X for a given s, then 7”(s) is a bounded linear operator on

X.

2) Prove that if f,g € L*(R) and the convolution product f * g is defined by

fg(z) m/f(z,f)g'(wwy) dy,

Fanitr

5 URPTPAY NSNS —antelac st 1n
(] (7 I vans ot oy e T

3) Let X be a compact Hausdorff space and denote by C(X) the Banach space of
continuous complex valued functions on X and by P(X) the cone consisting of all f € C(X)
such that Re(f) > 0. If /] is a linear subspace of C(X) such that H N P(X) = (0), prove

that

(a) 1]A+P|le = |A] for all A € C, h € H (hint: show this is equivalent to 1= hlle =1

for all h € H);
(b) there exists a positive Borel measure ¢ on X such that p(X) =1 and

fhd,u,rﬂ forall he H

(recall that a measure u on X is positive if [{u[| = p(X)).

4) Let H, be the linear span in L?([—m,7]) of the set {e"™*}7__,. The orthogonal
projection P, of L?([—m,n}) onto H, may be written in the form

Paf(@) =t £(5) = o= [ alo - D)t

2 .
1



2

Find the function A, and prove that it has this property.

5) Prove that

(a) log(1 + ) <t +log(2) for all ¢ > 0;
(b) if f is a real valued function in L*{[0.1]) then

1
lim — log(l%«e“f(“") d:c—~/ fr(x

300 T} o

where fH(z) = f(z) if f(z) > 0and fH(z) =0if f(z) <0

Part B

1} Suppose that f is holomorphic in the open disc of radius r, centered at zp, but does
not have an analytic extension to any neighborhood of the closure of this disc. Show that
the radius of convergence of the power series expansion for f centered at zg is 7.

2) Let f be a holomorphic function defined on a neighbourhood of the closed disc |z| < 1.
Asumme that f(0) = 1, and |f(2)] > 11if |z| = 1. Must f have a zero in the open disc
iz| < 17 Justify your answer.

3) Determine the number of Zeroes of the polynomlal
2° 428+ 22+ 1
in the region |z| < 1.

4) Suppose f is holomorphic in r < |z| < R, and suppose that for some p,r < p < R,

/ f(2)z"dz =0
Hal=p

for all negative integers n. Show that f has a holomorphic extension to the set {z] > r.

5) Assume that f is a one-to-one conformal mapping of the open disc [z < 1 onto a
regular n-gon with center at 0, and f(0) = 0. Prove that f(pz) = pf(z) where p is any
n-th root of 1. Remember that conformal maps preserve angles.



Department of Mathematics
University of Utah

Ph.D. Preliminary Examination in Real/Complex Analysis
August 2000
INSTRUCTIONS

Work seven problems and list on the front of your blue book the problems to be graded.
Your list must include at least three problems from each part.

PART A

1. Let f and g be two real valued measurable functions on a measurable space X. Show

that
{z € X :sin f{x) > cosg(x)}

is a measurable subset of X.

2. Let C" = {z: z = {21, , 2,)} be the n-dimensional complex space with norm
|2]] = ©7_,|zx|. Prove that there is no scalar product on C™ with the property that for
each z € C", |1z]|% = (=, z).

(] 36 A + ) (3 LLLEK

MWMWWW&W{F@ S L i R & 4% e ook SRSk 138 el. : IS . n.x
equipped with the sup norm: |[|fllec = sSUPgex |f(z)]. Let fi be a sequence in C(X).
Prove that the following statements are equivalent:
(a) For each bounded linear functional X on C(X), A(f.) — 0
(b) fn(z) — 0 for each x € X, and sup,, [l finlloe 1s finite.

4. Let X be a compact Hausdorff space. Let C{X) be the space of complex valued
continuous functions on X. We assume that C(X) is equipped with a norm ||.{|, which
turns it into a Banach space. Assume moreover, that, for each 2 € X the linear functional
A, defined by: A.(f) = f{z) is bounded on this Banach space.

Show that there exist positive constants A and B, such that for every f € C(X)

Aliflleo < 111 < Bliflle

Here |||l denotes, as usual, the sup norm.

5. Let f be a continuous positive valued function on R, and let ¢ be the characteristic
function of a finite nonempty open interval in R. Show that the function h = fg is in
LY(R), but its Fourier transform A is not.



PART B

1. Let f be an automorphism of the unit disc [z] < 1. Asumme that f fixes two points.
Show that f(z) = z for all z in the unit disc.
2. Determine the number of zeroes of the polynomial

2422 /3 4 2% /4 + 2/3

in the region 1/2 < |z| < 1.
3. Let v be a closed path in C\ [0,1]. Show that

1
PRt ¢ AR O
L z(1 wz)d

4. Let f be a holomorphic function on the unit disc. For every 0 < r < 1 define

M(r) = max | £(2)]

pzl=r

Show that M (r) is an increasing, continuous function on [0, 1).
5. Determine the poles and their orders of the function

1 1

e? — 1 Z




DEPARTMENT OF MATHEMATICS
UNIVERSITY OF UTAH
REAL AND COMPLEX PRELIMINARY EXAM, 1999

Instructions: Do seven problems and list on the fromt of your blue book the seven
problems to be graded. Do at least three problems from each part.

Part A

1. Let f be a non-negative measurable function and p a finite positive measure on a
measure space (X, X). Prove that

, fH{=z)
e | T+ 7@

where E = {z € X; f(z) > 1} and F = {z € X; f(z) =1}.

du(x) = p(B) + Su(F),

2. Let p be a measure on a measure space X and let f > 0 be a measurable function on

~ X . Prove that ' : - ~
[ 7@ dutz) = | oty
X G

where ¢(y) = p({z: f(z) 2 v})-

3. Let D be the closed unit disc in C and T' the unit circle. Prove that for every p positive
measure of total mass one on D there is a positive measure » of total mass one on T’

such that
[ = [ tav

for every f which is continuous on D and holomorphic on the interior of 1.

4. A bounded linear transformation A from a Banach space X to a Banach space Y is
said to be "compact” if the image under A of the unit ball in X has compact closure
in V. Prove that if a compact linear transformation is also surjective, then Y is fi-
nite dimensional (you may assume that a locally compact Banach space must be finite
dimensional).

5. Let H be a Hilbert space with inner product (-, -) and {x,} a sequence of elements of
H with the property that the sequence {(zy, y)} converges for each y € H. Prove that
there is an element z € H so that {(z,,y)} converges to (z,y) for each y € H.



DEPARTMENT OF MATHEMATICS UNIVERSITY OF UTAH REAL AND COMPLEX PRELIMINARY EXAM,

10.

Part B

Let I/ be the open unit disc in C. Let U™ be the intersection of U with the upper half
plane.

(a) Let f(z) = (2 + %). Describe f(U™).

(b) Give a conformal equivalence of U™ and U.

Let A > 1. Use Rouche’s Theorem to show that the equation A — z —e™® = 0 has one
solution for Re(z) > 0.

Let f bea non-vanishing holomorphic function defined in a neighborhood of the closed
unit disc U such that |f(z)] = 1 if |z| = 1. Show that f is constant.

Let f be an injective entire function. Put g(z) = f(1/2). Show that g does not have an
essential singularity at 0. In particular, it follows that f{z) = ez +b. Why?

Compute
o0 $2
f 1 dz.
g T +1
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University of Utah

Ph.D. Preliminary Examination in Real/Complex Analysis
August 1998

INSTRUCTIONS
Work seven problems and list on the front of your blue book the problems to be
graded. Your list must include at least three problems from each part.

PART A

1. Let f and g be two complex measurable functions on a measurable space X.

Show that
{z € X: f(z) # 9(z)}

is a measurable subset of X.

2. Let 4 be a measure on X. Let fi > fa > -+ fu > --- = 0 be a sequence of
measurable functions. Assume limp—oo [y fndp = 0. Show that fo(z) — 0 a.e.

3. Let T be a bounded linear functional on a {linear) subspace M of a Hilbert

space H. Prove that T has a unique norm preserving extension toa bounded linear

functional on H, and that this extension vanishes on M L

4. Let f, be a sequence of functions in L>(R) such that
sup| | F(@)g(e)da| < oo
n JR

for all g € L*(R). Show that sup,, ||fx|| < o0.

5. (a) State the definition of a Fourier transform of f € Li(R);
(b) State the Fourier Inversion Theorem;
(c) Show that the Fourier transform is one-to-one on L'(R).



PART B
In what follows A = {2 € C:|z| < 1}.

1. Let f be holomorphic in A — {0}. Assume that f’ is bounded in A — {0}.
Show that f extends to a holomorphic function on A.

2. Let f be a nonconstant entire function. Show that for every real constant k
there exists z € C such that Sf(2) = k- Rf(z).

3. Using methods of complex analysis, evaluate
/ © iy
) $4 + 172 -+ 1

4. Show that all zeroes of z* — 6z — 3 lie inside the circle |2] = 2.

5. Find a biholomorphism ¢ of A — R* onto A. Here Rt = {z € R: z > 0}.
(It will suffice to give explicitly finitely many maps whose composition is equal to

®)-




Department of Mathematics
University of Utah

Written Qualifying Exam in Real and Complex Analysis
Fall 1997

Instructions
Work seven problems and list on the front of your exam book the problems to be graded.
Your list must include at least three problems from each part.

Part A
1. Let f(z) =z /?if0<z <], flzy =0ifz<Oorz21 and {r,}, be an
enumeration of the rationals. Show that if

n=1

then ¢ € L'(R) and hence g(z} < oo m—ae. Show however, that even though
g%(z) < oo m—a.e., that g ¢ L*(R).

2. Let 0 < p < r < ¢. Show that if (X, 9, p) is a (positive) measure space, then

L7(p) € LP(u) + L9 ()

more precisely, for every f € L7(p) there exists g € LP(p) and h e. ﬁé(ﬁ) such that

f=g+h

3. Suppose that f € LY(R™) and f e LY(R™) ( f denoting the Fourier transform of f)

Then show that
f e LMR™) N L*(R™).

4. Let H be a Hilbert space, M a closed subspace, and N a finite dimensional subspace of
H. Show that M + N is a closed subspace of H.

5. Let Xy, X2 be Banach spaces, T a linear map of Xy into Xo, and {Aa}aca C X3 bea
subset which seperates points of Xo; that is, if v1,vp € Xa, v1 7 Vg, then there exists
o € A such that Ag(v1) # Aa(v2). Suppose that Mg o T € X7 for all @ € A. Then show
that T is continuous.
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Part B

f"(Z)

. Let f(z) be an entire function and let F,(z) = E . Show that for evety R > 0

there exists N such that all the zeros of F,,, n > N are outeude the circle of radius R.

. Let W = {z]|z€ C,z =z +iy and y* — z* < 1}. Let f be an entire function such that
f(C) ¢ W. Show that f is a constant function.

. Let © be an open set containing the closed unit disk, f holomorphic on €2, and suppose
that f has an analytic logarithm on Q. Show that if z = re® with 0 <r <1 then

2
In|£(2)| = 5= [ P Hmlfeds

P,(#) denoting the Poisson kernel.

. Let g be holomorphic on Q and assume that g(z) # 0 for all |z| = 1. If a1,...,an are
the zeros of g in the open unit disk, repeated according to their mu1t1ph01t1es 2 =re,
0 <r <1, g(z) # 0, then show that

Qar
[ P.(6— ) In|g(e®)] dt.

Inlg(z)| = Vlnl

. Let -
=Y =

n==1

where for @ > 0, a® is defined to be €*'"%, and R = {z|z € C and Rz > 1}. Prove that
f is holomorphic on R.

|z € C and Rz <

. Let Ra < 0, and g(z) =

0} onto the open unit disk.(Hint: the ordered triple {«, il a’ —a} maps to {0,1, 00}

2
under g.)

. Let f be holomorphic on the closed unit disk and suppose that Rf(z) < 0 for all z in
the closed disk. Then show that

Lf'(0)] < 2IRf(0)].



Department of Mathematics
University of Utah

Ph.D. Preliminary Examination in Real/Complex Analysis
Fall 1996

INSTRUCTIONS
Work seven problems and list on the front of vour exam book the problems to be graded.
Your list must include at least three problems from each part.

PART A

1. Let (X, 9. u) be a measure space. and let 4} D 4, D -~ 2 A4, D+ be a sequence
of sets in M.

Is it always true that u{ ﬂ?;i An) = limp . p(A,)7 If so. give a proof. Otherwise give
a counterexample.

2. Let H be a Hilbert space and let u and 1 be two distinct elements of H. hoth of

norm 1.
Show that X has norm strictly less than 1. Conclude that the unit sphere § = {u €
H :|| w||= 1} cannot contain a nontrivial interval {i.e. an interval with distinct endpoints).

3. Let 7 be the normed space consisting of all complex valued, bounded sequences
a = (al.(lg‘.an)

with the norm || a {|= {supla,|: n € N}. Let IV C £ be the subspace consisting of all
a € > such that {n € N: q, # 0} is a finite set.

Show that there exists a nontrivial bounded linear functional on £ which vanishes on
.

4. Let f & LY(R). Define a function ¢ on R by the formula o{z) = [ f(t)dt. Show
that - is a nniformly continuous function on R.

5. Using the definitions of convolution and of Fourier transform show that. for f.g <
LY R).
(f=g)(t) = f{tlg'{t)

forte R



f ]

PART B

1. {a) Let f be an entire function. Assume that there exists a polynomial g such that
for each = € C . 1 f(z}] < g(z)]. Show that f is also a polvnomial.

(b) Can we draw the same conclusion if the function g is rational? In other words. ler
f be an entire function and g a rational function such that for each z £ C. which is not a
pole of . | f(2)] < lg(z)l. Does it follow that f is a polynomial?

2. Let f be an entire function such that f(C) < C — S*, where S! is the unit circle.

Show that f is a constant function.

3. Let D he an open set in C. Let F be a collection of holomorphic functions defined

on D
(a) Assume F is uniformly bounded on the boundary dA of each triangle /s contained

in [D. Show that F forms a normal family.
(b) Is F a normal family if we assume it is uniformlv bounded when restricted to anv

COS z
— .z
r

where I" is a positively oriented simple unit circle {z : 2] = 1}.

interval contained in D?

4. Evaluate

5. Let P(z) = kz + z* where k is a positive integer. Show that P is one-to-one on
{z:1z] < 1} '




Department of Mathematics
University of Utah

Written Qualifying Exam in Real and Complex Analysis
Fall 1995

Instructions
Work seven problems and list on the front of your exam book the problems to be graced.
Your list must include at least three problems from each part.

Part A
1. Let pu be a positive finite measure on (X, M) and g € LY{(p). Suppose there exists
0 < M < oo such that

|[gsdmsmsnp (1<p<)

for all simple measurable functions on X. Then show that g € L¥{(u) where H + ! = 1.
P 49

2. Let (X, 90, u) be a positive measure space such that u#(X) = 1. I V is a closed subspace
of L2(p) which is contained in L>(x) then show that dim(V) < oo as follows:

(1) Show that there exists C > 0 such that ||f]lcc < Cl|fll2 forall feV.
(2) Let {f1,---» fn} be any orthonormal set in V and show that for all ¢1,....cn € C,

and almost all z € X,

n

'S efim)| <O el
i=l i=1
(3) Choose c; = }_zm in (2) and deduce that

S |fi(@)? < C? (for almost all z € X).

=l

(4) Integrate the inequality in (3).

3. Let B be a Banach space and A C B a closed subspace. If £ € B but = ¢ A, prove
that there is a bounded linear functional f on B such that f(z) =1, f(y) = 0 for every

ye Aand||f| = (nf{llz +yll:y e 4D



Recall the kb Fourier coefficient of f € L ([—m. ]} is flk) = ;— /f(t)e“”“t it
T,

(1) If f(t) =t for —m <t <, show that flk) = (——1)’“*1;% for k # 0 and f(0) =
2
™

20
(2) Show that Y k7% = —.
k=i 6

Let f be an increasing function on [a. b} C R. Use the fact that there is a Borel measure
4 on [a,b] such that p([a,z]) = f(z) - fla) for all @ < z < b to prove that

b
f £ dm < F(b) ~ Fla),

where m denotes Lebesgue measure on [a, b].

Part B

If f is holomorphic in A{0;1) = [zeC: |z <l}andr <1 prove that there exists a
constant M so that

|f(z) = f(w)] £ M|z — w|
for all z,w € A(0;7) = {z€C: |zl <}

10.

Suppose P(z) = anz™+---+ao. f M(p) = sup | P(pe'?)| then show that ‘M(r) > M;R)
& rh b

if0<r <R

Let f be entire, |f(t)| =2 for all t € R and f(i} = 1. Then find f(—1).

Find e where g is the curve |z| = R traversed counterclockwise and R is a

1r ©
positive number such that vg does not pass through a zero of e — 1.

How many zeroes (counting multiplicity) does the function Flz) =24 +623 4227 —z+1
have inside the region |z| < 1.



Department of Mathematics
University of Utah

Written Qualifying Exam in Real and Complex Analysis
Fall 1994

; Instructions
Work seven problems and list on the front of your exam book the problems to be graded.
Your list must include at least three problems from each part.

Part A
1. Let F = {fa}aca be a family of continuous complex valued functions on a compact
Hausdorff space. Let {€a}aca be a family of complex numbers. Suppose that for each
F c A with F finite, there exists a complex measure g of total variation onz on X

such that
/xfa dup =co  (Va€F).

Show that there exists a complex measure p on X of total variation at most one such
that
/ fadit = Cq (Vo € A).

x

9. Let (X, M, u) be a positive measure space. Let ¢ € L2(p)NL*®(u). Show that ¥ € L (u)

for all p > 2.

3. Suppose that (X,9M, ) is a measure space with p a finite positive measure. Let I be
an open interval in R and f : X x I — C a bounded function such that z — f(z,1)
is M—measurable for each ¢t € I and t — f(z,t) is differentiable for each z € X. If
gz f(z,t) is also bounded on X x I prove that h(t) = [y f(z,t) du(z) is differentiable

on I and in fact

K(t) = /X 4 fwt) du(a).

4, Let A, B, and C be Banach spacesand let f: A — C and g : B — C be bounded linear
maps. Suppose that g is one to one and f(A) C g(B). Prove that there is a bounded
linear map h : A — B such that b= k(a) if and ouly if f(a) = g(b).

5 Prove that if A and B are closed subspaces of a Hilbert space H, A L B, then A+ B
is also closed in H.

Typeset by ApS-TeX



5.8.

Part B

Let f{z) = 3% ja,2". Assume that ap = 0 and a; = 1. Prove that f is one to one on
the unit disk U = {z € Cliz| < 1} if 3772, {|a| < 1.(Hint: Show that for every 2 € U
the function 2z — f(2) — f(z0) = 2 — 20 + Yoney @n{2"™ — 28) has a simple zero in U))

Let P(z) = an2z™ + --- + ap and suppose that P has zeroes at z,...,2r each with
multiplicity mi, ..., m, repsectively. Let {2 be some domain not containing 21,..., %,
and v a cycle in 2. Suppose further that there exists ¢ holomorphic on §} such that
gP = P. Show that there exists k € Z such that

miInd(y, z1) + - - - + m,Ind(y, 2.} = kp.

Let f be an entire function with the property that f~1(B) is bounded or empty for
every B ¢ C bounded. Prove that f(C) =C.

Suppose that f and g are one to one analytic functions of the open unit disk U = {z €
C||z} < 1} onto some domain §2. Suppose that f(0) = g(0), and f'(0) = ¢°(0) # 0.
Show that f(z) = g(2).

Let f be holomorphic in an open set containing the disk D = {z € Cl||z] < r} and
suppose that the only zero of f € D is a simple zero at a belonging to the interior of
D. If C, is the positively oriented contour |z| = r show that

5.b.

2ni

1
/c,?z'zsd““m‘

Use methods of complex analysis to find

/"“’ dz
e T+ 1



Department of Mathermatics
University of Utah

Ph.D. Preliminary Examination in Real/Complex Analysis
Fall 1993

INSTRUCTIONS
Work seven problems and list on the front of your exam book the problems to be graded.
Vour list must include at least three problems from each part.

PART A

L. Let H = L2(R) be the Hilbert space with the inner product fg f(z)g(z)dr , where
dz is the Lebesque measure. Let T: H — M be the orthogonal projection of H onto a

fnite dimensional subspace M of H.
Show that there exists a function h: R2 — C such that

T#(z) = j; Az, v)f W)dy

for all f e L¥(I).
P normal basis of M. You may express h in terms of

ul)‘ e uﬂ)‘

2. Let X = [a,b] C R be a closed interval. Assume a < b. Regard X as a measure

space with respect to the usual Lebesque measure.

(a) Show directly that the space C(X) of continuous functions on X is mot dense in
L= (X).

(b} Using (a), if necessary, show that there exists a bounded linear functional on L=(X)
which vanishes on C{X)- '

3. Let X be as in Problem 2. Givean example of a sequence of measurable, nonnegative
functions fo: X =R, A2 fe 2 > fn > -, converging pointwisely to zerc, such that
{4 fa(x)dz does not converge to zero.

Can any of the integrals [y fn(z)dz he finite? Justify your answer.

4. For f:R—C,andteR define

fi(z) = flz - 1)

Suppose f is continuous with compact support. Prove directly that ¢t — f; is a continuous
map of R into L}(R).

5. (a) State the definition of convolition = of two functions in L'(R).

1



(b) Prove directly that
i Feghigh flalglh

Here, as usual, “|| h ||;" denotes the L' norm of function h.

PART B

1. {a) Let D be an open connected set in C, and f a holomorphic function on D. Show

that if either the real or imaginary part of f is constant then f is constant.
(b) Let f be an entire function. Show that if either the real or imaginary part of f is a

bounded function then f is a constant.

9. Find a conformal transformation of the disc A = {z : |z] < 1} onto itself, which
maps 0 to —3.

3. Let D be an open connected set in C. Let F be a collection of holomorphic functions
defined on D, which is uniformly bounded on each circle contained in D. Show that 7

forms a normal family.
ez
/ -“"§d2
r<

where T is a positively oriented simple unit circle {z: 2| = 1}.

4. Evaluate

Suppese-f-is-an-entire function and there exist M > 0, R > 0and a number 0 < k < 1

such that |f{z)| < M|zi* for {z > R. Show f is a constant.



Department of Aathematics
University of Utah Ph.D Written Qualifying Examination in

Real/complex Analysis
September, 1992

Instructions

part and four (4} from the other. Liston

{Vork three {3} problems {rom one
(7) problems you want graded.

e front of vour blue hook the seven

Part A

Problem 1. let fe L=iR) define a hounded linear operator My from

[2(R) to L3(R) by M/lg) = fo

(a) Prove that 1Myl = Bl

i M isone Lo onE srd-onto-then-there exisls = > {} and a

(b} Prove that
ez e for reR-E.

sot E of measure zero such that

Problem 2. Let {X.. M.} he a measiure space. Suppose y is finite and

positive. and it satisfies the following property:
;%) for each A € M, such that g{A) > . there exists B ¢ .M such that
B Adand 0 < ptB) < pld)

Prove that for each i > 0 there exists C ¢ .M such that

Dy <r.



Problem 3. Let { X.. M.y} be a measure space. where the measure p is
positive. Suppose f. fy€ Lo gy, foz0foreackn. fo— fae and

f Fud = / fdu
AY JX

Prove that f, — [ in LHX. g} norm.
Hint: Show frst that (f = £ € { for each n {recall rhat for real valued

fupction . g = max{g. 01).

Problem 4. Let .V be a compadt Hausdo:ff space.

{a) Provethata complex measure g on X is positive il and only if p{ X =
(XL

(b) Let 4 C C{.X) bea linear subspace coutaining the funciion 1. Let
S ¢ X bLe a compact subset with the property that for each fed

sup {f(2)] : = € X} =sup {{f(z)] sz €5}

Prove that for each 2 ¢ .\ there exists a positive measure g, with support

countained in § such that  flo) = / fdi.  for Fed
5

Problem 3. In L?{[0.27]) consider the orthogonal projection onto the
subspace spanned by {e=.1,¢"}. Express this projection as an integral op-
erator (i.e. an operator of the form f > Pf.where Pfiy) = fq‘ fleyhiz yide).



Part B

Problem 1. [ind tand s el

jzl="
Problem 2. Show that every continvous function on &= iz <1}
which is holomorphic on & = {z 1 1z] < 1} can be uniformiy approNimated

on 2 by holomorphic polvnomiuls.

Problem 3. Show that if fisa meromorphic function in A0l + A =
fz:iz] < L+ h}. where A > 0. and | f(z) = Lfor izl = L. then fisa raticnal
function.

Problem 4.  Suppose [ is holowmorphic in {z: 1] < L} and satisfies
n . . \ . .

’f(«};);g (% for n = 2.3.... Can vou identify f7 Justify vour answer.

Problem 5. Let H{D) be the space of holomorphic functions on an

open connected set D C C. Suppose f, is a sequence in A Dy converging
to a function f uniformly on compact subsets. Suppose also that f is a
nonconstant function. Letas D.a = flay.

Show there is a sequence a, ¢ D which converges to a. such that fula,) = @
for each n.





