Ph.D. Qualification Examination in Statistics
September 2006

Correct and complete solutions to 5 problems guarantees a “pass.”

1. Let X{.Xs,... be an i.i.d. sample from the uniform distribution on [#.1 + 8], where
# = (0 is unknown. Is there an unique maximum likelihood estimator of # that is based
on {X;199,7 Prove or disprove.

2. Suppose X,..., X, is an iid. sample from the exponential density with mean 8,
where # > 0 is unknown. Find an estimator of 8 based on Xy,.... Xy s your
estimator complete? Is it sufficlent? Justify your reasoning.

3. Let X have the binomial distribution with parameters n == 10 and p = § unknown.
Suppose we impose a uniform-(0, 1) prior on §. Compute the posterior mean of ¢, Is
it consistent?

4. Let X, Xs.... denote an ii.d. sample with common distribution function F. De-
fine F,(z) = n7t Z;;II{‘XJ- < z} for all z € (—oc.00); fe., I, is the empirical
distribution function based on the X;’s. Prove that for all z € (—o00.00) fixed,

Var (F(a) - Fla)) < —

~dn’

Use this to conclude that F, {z) is a consistent estimator for F{x).

From here on let X, Xo. ... denote an i.i.d. sample from an exponential density with mean

1/8.
5. Is the MLE a consistent estimator of 87 Prove or disprove.
6. Find a confidence interval for # that has asymptotic level {1 — a)%.

7. Develop carefully the likelihood ratio test for Hg @ 6 = 1 versus H, : 8 = 2. Discuss
the various optimality properties—if any—of your test,

8. Compute the distributions of:
(a) max)<i<n Xi
(b) Iﬁil}lgfgn X’i
(C) X1+‘§'Xn
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Note: T{A} denotes the indicator of the event A. You need the correct and complete
sojlutions to at least 8 of these problems to pass.

1. Let Xy, .., X, be independent, identically distributed random variables with density

function
0, it t¢[lo0)
gt~ i 1<t <oc

Let ¥5..., Y, be independent, identically distributed random variables with density
function

0, it [1.00)

Bot=%~1 if 1<t <oc

We wish to test Hy: ) = 5 against the alternative that ¢, £ 8,. The two samples
are independent.

{a) Find a test using the likelihood ratio.

{b} Provide a large sample approximation for the likelihood ratio test.

2. Let X,.... X, be independent random variables with density functions

0. if g0, 00)
f(fgv) = {

gfr'_t/gf. if 0<i<oc

1

We wish to test Hy: ) =ty = ... = #, against the alternative that H; is not true.
_ g

(a) Find a test using the likelihood ratio.

{b} Provide a large sample approximation for the likelihood ratio test.

3. Let X4, ..., X,, be independent, identically distributed random variables with density
function
0, if —oco<t<d
9(:9) =

e~ if 8 <t <o

We wish to test Hy: 8 < 0, against Hy : 0 > 0.
(a) Find the uniformly most powerful test of size a.
(b} Compute the power function.

4. Let X,..... X, be independent, identically distributed random variables with a con-
tinuous distribution function F". Let xy/4 defined by F(xl/é) =1/4.
(a) Find a 1 — o lower confidence bound for x; 4.
(b) Provide a large sample approximation.



o

|

Let Xy, Xq..... X, be independent, identically distributed random variables with
distribution function

1
Fty = . 00 <t < o
I+e!
Show that
Y, = A, —logn
converges in distribution. where X, = max{X;, Xo, ..., X,,}.

Let Xy, ..., X, be independent, identically distributed random variables with prob-
ability mass function

ft.0) =00 -6)"{t=1,2....} (0<h <1}
Find the uniformly minimum variance unbiased estimator for 4.
Let X and Y be independent random variables with densities

0. if t¢g[-272]
glt) = , )
1/4, if te[-279

and

0, i tgl-1,1]
7 —{ 1/2, if te[-1.1]

Compute the density of X + 17,

Let Xy, Xy, .. .. X, be independent, identically distributed random variables with
probability mass function

P{X;,=1} =6 and P{X;=0}=1-10.

Let |
)z"n = ;; Z *X'i

" 1<i<n

and h(?) = t* — 1. Find the sequences a, and b, such that a,(h(X,} — A(f) —b,) has
a non—degenerate limit distribution.

Let X, X5, ..., X, be independent. identically distributed random variables with
a continous probability distribution function F and Y7,Y5,...,Y,, be independent.

identically distributed random variables with a continous probability distribution
function H. The two samples are independent and F' = H. Let

T = Z Z IH{X; <Y}

<i<n 1<5<m

Compute ET and varT,



10. Let ¢;,1 < i < n be independent identically distributed normal N (0. 0?) random
variables and consider the model

g = oyt g 1 <i<n.

We observe 4,1 <7 < n.
(a) Find the maximum likelihood estimators for o, v and o
(b) Compute the joint distribution of the maximum likelihood estimators for {a, 7).
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. Let Uy, Us, . .. Up be independent identically distributed random variables, uniformly
distributed on [0,1]. Compute the covariance between Uy, = minjcica U; and

. Let Xi, X2, ...X, be independent, identically distributed normal N (u, o?) random
variables. We wish to test Hg : u = g agains Hy : p # po (o is unknown). Show
that the t-test and the likelihood tests are equivalent.

. Let X, and X, be two independnet, identically distributed exponential (1) random
variables. Compute the joint density of Y1 = X, " X, and Yo = X1 /(X1 + Xa).

_ Let X1, Xa,... X, be independent, identically distributed uniform on {0,6],6 > 0
random variables. We wish to test Hy : 6 < By against H4 : 6 > 6. Find the
unifromly most powerful test of size o and compute the power function. (You must
explain why your test has this property.) :

. Let X, X5,... X, be independent, identically distributed random variables with

density function
: if t¢1[0,6]

0,
7 if ¢t e [0,6].

We use § = cX 1, and 7 = aX to estimate #, where

: - 1 '
Xi,n = 1!%1%1 X@ and X = :;; 1<zz<nX¢.
(a) Find ¢ and « such that the estimators are unbiased.
(b) Compute the relative efficiency.

. Let X1, Xy, ... X, be independent, identically distributed Poisson (#) random vari-
ables. Find the uniformly minimum unbiased estimator for 7 = 6?¢?. (You must
explain your answer.)

. Let Xy, Xo,... Xn and Y7, Y5, ... Yy be independent, identically distributed random
variables with a common continous distribution function. Compute the expected
value and the variance of

7= ¥ ¥ HX<T)

1€i<n 1<5<n

1



10.

‘where T{A} denotes the indicator function of the event A.

Let Xy, Xo,...X,, be independent, identically distributed random variables with

density function
0, if t<4

e~t=0  if t> 0.

oo

(a) Find two 1 — a equal-tail confidence intervals for §. One should be based on the
smallest order statistic and the other one should be based on the sample mean.
(b) Compare the expected lengths of the confidence intervals.

Let &, and 7, be two sequences of random variables. Prove or give counterexamples
to the following statemenets:

(a) If{fn—d>§and nﬂ—f«»n, then §n~i~nnmgm>§+n,
(b) §n~£«>§and T »—5%»?7, then§n+nn—f—>£+17.
(c) (Enstn) — (€,m) then & + 1, = €+ 1.

(wd—> and - denote convergence In distribution and convergence in probability.)

Let Xi1,Xs,... X, be independent, identically distributed random variables with
P{X;=0}=8and P{X;=1} =1-6 (0 < @ <1). Find the numerical sequences
an, and b, such that

Yy = anXn(1 — Xp) — b

converges in distribution to a nondegenerate random variables, where

" i<i<n



STATISTICS
PhD Written Qualifying Examination — 15 Aug. 2000 9:00-12:00

Rules:
1. No books nor notes can be used.
2. No calculators nor tables can be used.

3. The value of each question is 10 points. You need at least 75 points to
pass.

4. You must explain all your answers. You must state all theorems you
used to solve the questions.

1. Let Xy, X2, ..., X, be independent identically distributed exponential (1)
random variabes with common density function

{O, if —oc<t<i

et i 0<t <.

ft) =

{a) Show that (Ziéigﬂ X;)12 = n/2 converges in distribution to a normal
random variable.

(b) Compute the mean and the variance of the limiting normal random vari-
able.

2. Let X;, Xz, ..., X, be independent identically distributed Poisson ran-
dom variables with common probability mass function

Let
=8 "

Find the uniformly minimum variance unbiased estimator for .



3. Let X;,Xs,...,X, be independent identically distributed uniform
(0,8) random variables with common density function

{a if t ¢ [0,0]

mﬁ:l&iﬂ@ﬂﬂ

(a} Find the maximum likelihood estimator for .
(b} Find a 1 — & equal-tail confidence interval for 6.

4. Let Xy, Xs,...,X, be independent exponential {f;) random variables,
i.e. the density of X, is

0, if —co<t<0
—91:6“”9*‘, if 0<t< oo,
We wish to test Hy : 6y = 6, = ... = 0, aginst the alternative that Hy is

not true.

(a) Find the likelihood ratio test.

(b) Show that the likelihood ratio test is distribution free under Hy.

(¢) Show that the likelihood ratio test is equivalent with the x* test under
Ho.

(d) Approximate the critical values of the likelihood ratio test under Hy.

5. Let X;, Xo. ..., X, be independent identically distributed random vari-
ables with common density function f. Let

ACEEAS S ()

nh 52,

where K is a symmetric density function and K(f) = 0 if [t| > 1.. We as-
sume that A = h(n) — 0 as n — oc. We assume that the second derivative
of f exists and continuous in a neighbourhood of ¢. We use f to estimate f.

Compute the bias of Fult).



6. X and Y are two independent identically distributed normal N(0,0?)
random variables. Let
Z=X"+Y?

and i

X
(X2 4+ Y2)i/2
(a) Show that Z and W are independent.
(b} Compute the marginal distributions of Z and W.

W =

7. 7, and Z» are two independent identically distributed exponential (A)
random variables, i.e. the common density is
) 0, if —oco<t<O
f(t) =
Lt i 0 <t < o0

Let X = Z; and Y = Z; + Z,Z,. Compute
(a) E(Y|X = z) |
(b) var( E(Y']|X)).

g Let vy s a4 ey whereggy 1< <onare independent identically
distributed normal N(0,¢?) random variables,
(a) Find the maximum likelihood estimators for o and o?.
(b) Find the distributions of the maximum likelihood estimators.
(c) Compute the least-squares estimator for c.

9. Let Xy, X, ..., X, be independent identically distributed Poisson ran-
dom variables with common probability mass function

Using the Cramér-Rao inequality show that the sample mean 1s a uniformly
minimum variance unbiased estimator for 6.



10. Let X;, Xo,..., X, be independent identically distributed exponen-
tial (A) random variables. Let Xy, X5,..., X, be independent identically
distributed exponential (z) random variables. The two samples are indepen-
dent. We wish to test Hy: # = u agians the alternative that Hg is not true.
{a) Find the likelihood ratio test.

(b} Find the asymptotic distribution of the likelihood ratio under Hy.

(c) Find an equal-tail confidence interval for 7 = A/p.



Exam in Statistics 20 Aug 1999
Rules:

1. You have 3 hours to work on the problems.

9 No books nor notes can be used. You can use a calculator.

3. You need 100 points to pass.

1. Let X, Xa,..., X, be independent random variables. We assume that
X, has a Poisson(};) distribution. We wish to test
Hg: Alm)\gm...ﬁAn

against the alternative
H,: Hp is not true.

1. Show that the likelihood ratio test and the x? tests are equivalent
under Hy. (15 points)

2. Explain why and how the normal as well as the x* distributions can
ve used to approximate the critical values. (5 points)

- 9. Let Xpy Xo, ey Xn-be independent identically distributed random vari-. .
ables with a continuous distribution function F. The ordered observa-
tions are X1, < Xopn < ... Xppn. Let

el
T, = E(F(Xm,n) — F(Xin))%.

Show that there are numerical sequences a, and b, such that (T, —
a,) /b, converges in distribution to a standard normal random variable.

(20 points)
3. Let X1, Xs, ..., X, be independent identically distributed normal N(0, o*)
random variables. We wish to test
Hg o< o

against
HA O > 0g.

1. Find the uniformly most powerful test of size c. (10 points)
9. Compute the rejection region as a function of . (10 points)

1



4.

[k 4

Consider the following model:
vy = flz)+ea 1<isn

where

ft) =ag+art+ ... +apt’
The parameters ag, a1, . - ., Gp are unkown. The errors €;,€3...,€, are
independent normal N(0, ¢?) random variables. It is assumed that z; €
[0,1} and known. We observe (y;, ;)1 <i<n

1. Estimate the parameters ag,ay, ..., ap and 2. (15 points)
9. Get the distribution of the estimator for o*. (5 points)

Let X1, X5, ..., X, be independent identically distributed random vari-
ables with distribution function F. We assume that f = F' has a
bounded second derivative. K(t) is a non-negative function satisfying
K(t) = K(~t) (symmetric),

ﬁ K()dt=1 and K(t)=0 if t & [-1,1].

The sequence h = h(n) is positive and goes to 0. We estimate f with

.1 t— X;

<i<n

1. Compute B,, the bias of fa. (10 points)
9. Compute the limit of B,/h*(n) as n — co. (10 points}

Let X;, Xs, ..., X, be independent identically distributed random vari-
ables uniform on [6,6 + 1].

1. Find a sufficient statistic for 8. (5 points)

2. Is your statistic complete? (5 points)

3. Find the maximum likelihood estimator for 6. (10 points)

Let X3, X2,..., Xy and ¥1, Y5, ..., ¥y, be independent random samples
of independent observations. The distribution of X; is normal N{u1, o%)
and the distribution of ¥; is normal N(pg, 02). The values of o1 and oy
are known. We wish to test Hy :  py = pp against Hg 1y # po.
Show that the likelihood ratio test and the t-test are equivalent under
Hy. (20 points)



8. Let X1, Xa,. .., X, be independent identically distributed normal N(x, o%)
random variables. Let

Unm;z“-""—'—“‘ Z I{'.X;'—XJI >1}

(n~1) 1<i<j<n

1. Compute EU,. (10 points)

9. Assume that o is known. We wish to test Hy : u = ug (1o is given)
against the alternative that Hy is not true. Can we use U, to test Hy
against this alternative? (5 points)

3. Now u and also o are unknown. We wish to test the null-hypothesis
that o = 0, against the alternative that Hp is not true. Can we use U,

now? (5 points)



Preliminary Examination 1998: Probability & Statistics

[nstructions: You pass this exam if all the following conditions are satisfied.
(i) You got at least 15 points from probability
(i) You got at least 15 points from statistics
(iii) You got at least 45 points total

Probability

1. Suppose {E,, Es,- .+ } is a sequence of measurable (otherwise arbitrary) events.
‘Suppose {Fl,Fg,' .+ } is another sequence of measurable events also totally independent
of all of the E;’s. Assume the following:

(a) P(Ex, infinitely often ) = 1;
(b) there exists some p > 0, such that forall k > 1, P (F) 2 p.
Prove: P(E’;‘= N Fi, infinitely often ) > p > 0. (10 poiats)

2. Let Xy, Xa,... be independent identically distributed positive random variables

with EX) = p and var(X;) = o?. Let

N(t) = min{k : 2: X;>t}, 0<t<oo.
1gi<k

(a) Show that
lim SNy =1

t—oo L 73
almost surely. (5 points}) '
(b) Show that (N(t)—t/p)/(to? Ju®)*2 goes in distribution to a standard normal random
variable. (5 points)
3. Let X, X>, ... be independent random variables with distribution functions Fy, Fa,
F3,.... Let Y =8up;cicoo X;.
(a) Show that P{Y < oo} is 0 or 1 depending on whether Yo 1<icoo (1 — Fi(z)) converges
for some z. (5 points) -
(b) Show that if P{Y < oo} = 1, then []; ;<o Fil(®) converges for all z and it is the
distribution function of Y. -
4. Let X1, X3, X3 be iid., each with an exponential distribution with mean 1. Find
the joint distribution of

X X1+ X,

. < U ¥ Y =Xi+Xa+ Xa.
X1 +X3 2 Xi+Xe+ X3 3 1t A2+ A3

Y,

(7 points) In particular, are they independent? (3 poiats)

5. Suppose N is a positive random variable.
(a) Show that
(EN)

P(N >0)2 “ENT

1



(5 points)
(b) Let X3,X3,:-- be iid. random variables. Define S, = X ++++ -+ Xy. Use part (a)

to show that for any positive integer n,

" P(S;=0
P(5; =0, for some 1 <j<n}2 Ej—ln (S;=0) _
2(1+ L3, P(S; = 0))

(5 points)

Statistics

6.Let X;,Xa,...,Xn be independent identically distributed random variables with
distribution function F and density function f. We assume that the second derivative of

f is bounded. We estimate f by

fult) = Fo(t+ hn)z;;f’__,; (t — hy) ’

where F,, is the empirical distribution function and h, — 0 as n —+ 00.
(a) Show that Ef.(t) — f(t) as n — oo (5 points)
(b} Show that if nh, —+ oo, then

fn(t) - Efn(t)

(var(fa(t)))'/?
is asymptotically standard normal as n — co. (5 points)
7. Let Xi,X3z,..., X, denote a random sample from a Poisson distribution with

parameter 0 > 0.
(2) Show that (—1)** is unbiased for e=%, and use the Lehmann-Scheffé theorem to

deduce a UMVUE of e~ based on the sample. (Hint: The conditional distribution of X}
given X, + -+ + Xn has a simple form.) (5 points)
(b) Argue that the UMVUE in part (a) is 2 consistent estimator of e~2%, (5 points)
8. Let X3,...,Xn be a random sample from the N{u, o?) distribution, with both p

and ¢? unknown.
(a) Derive the likelihood ratio test for H : 0” = o2 against all alternatives. Here o}

is & known positive constant. (5 points)
(b) Do the same for H : 6 > 0§. (5 points)
9. Let Xi,...,Xn be a random sample from N (8,6) (ie., normal with mean and

variance both equal to 8), where 8 > 0.
(a) Give three pivotal quantities (or pivots) involving the entire sample, which respec-
tively have a standard normal distribution, a t-distribution, and a chi-squared distribution,
and indicate the numbers of degrees of freedom. (5 points)
‘ (b) Use the normal pivotal quantity in part (a) to obtain a 100(1 — a) percent confi-

dence interval for 8. (5 points)



10. Let Xi,Xa,...,Xn be independent Poisson random variables with parameters
8,,02,...,0n. We wish totest Hy: 0y =0y =...= 8, against the alternative that H, is
not true.

(a) Find the likelihood ratio test. (5 points)
(b) Show that the likelihood ratio is asymptotically normal (after centralizing and nor-

malizing) under H,. (5 points)



Preliminary Examination 1996: Probability & Statistics

Instructions: Choose 6 of the 10 problems, with at least two from probability and at
least two from statistics, and write up solutions for these six problems only. 70 percent
correct will be a passing score.

Probability
In Problems 1 and 2, S, = X; 4+ - 4+ X

1. Prove Cantelli’s theoremn: If X;, Xy, ... are independent (but not necessarily iden-
tically distributed), mean zero, random variables with sup, E[X};] < oo, then S,/n — 0
a.8. as n — 0O.

2. (a) Let Xi, X5,... be i.i.d. Poisson random variables with mean 1, and let Z be
N{0,1). Denote a~ = —min{a,0}, and prove that

() E[(Sr;/,;.n> ] — E[Z7].
(b) Evaluate both expectations in (*) explicitly, and, noting the telescoping sum,
deduce Stirling’s formula for nl.

3. Let (Q, F, P) be a probability space, let G be a sub-o-field of F, and lét M be the
closed subspace of L*(Q, F, P} consisting of the G-measurable functions in L?. Show that
T(X) = E[X | §] coincides with the orthogonal projection of L*(§2, F, P) onto M.

4. Consider the Markov chain in the state space S = {...,—2,-1,0,1,2,...} with
transitions P(i,7 + 2) = p and P(,i — 1) = 1 — p, where 0 < p < 1. Determine for which

p this chain is recurrent and for which p it is transient.

5. Let {B(t), t > 0} be a standard Brownian motion. Prove directly, using

V= Y 1B(/2") - B{(i = 1)/2"),

that B(-,w) is of unbounded variation on [0,1] for a.e. w.



Statistics
6. Suppose Xi,...,X, is an i.i.d. sample from a normal population with
EX; =Var(X;)=p > 0.

(a) Compute the maximum likelihood estimator fi of y;
(b) Is i consistent?
(c) Is f asymptotically normal?

7. Suppose Xi,...,Xn is an ii.d. sample from a normal distribution with mean g
and variance 1.

(a) Find the UMVU estimator for u. (Prove the optimality criterion.)

(b) Put a N(8,7?) prior on g and find the minimax estimator of p.

8. Consider the linear model: ¥; = f + ¢;, 1 <1 < n. Here, ¢’s are i.i.d. N{0,0%),
and ¢ and # are unknown.

(a) Find the least squares estimator of f;

(b) Find the UMVU estimator for 8 (prove the optimality);

(¢) Find the UMP test for Ho : § = 3o versus H,: 3= p5;

(d) Discuss—without proofs—how to find the UMP test for Hy : 8 > B vs. Hy : § <

By from tests of the form in part (c) above.

9. Let Xy,...,Xn be an iid. sample which is uniformly chosen from the interval
(8,,62).
(a) Prove that there are no one-dimensional (i.e., not vector-valued) sufficient statistics
for h(#,8;) where h is a one-to-one measurable function.
(b) Is there a one-dimensional (i.e., not vector-valued) sufficient statistics for p =

(8; + 82)/27

10. Let X1,..., Xy be an i.i.d. sample from a uniform (0, 8) distribution, where ¢ > 0.
(a) Find the maximum likelihood estimator § for f;
(b) Construct a 100{1 — a)% confidence interval for 8 based on 6.



Preliminary Examination
PROBABILITY & STATISTICS

1994

You have 2 hours to complete this test.

Answer as many questions as you can. In order to insure a pass, you will need to solve
as many as five questions total, with 1 complete solution in each subject.

This is an open book examination.



PROBABILITY QUESTIONS

. Let Xy, X2, - be independent, identically distributed random variables, uniformly
distributed on [0, 1]. Show that

_ 4 Z}gkgn kX —n?
Yo = n3/2 ’

converges in distribution to a normal random variable.

. Let (£2,.4, P) be a probability space and {B(t),0 <t < 1} be a Brownian motion on
it. Since almost all sample paths of I are continuous, f(f B(t)dt can be defined as a

usual Rieman integral. Compute the distribution of f; B(t)dt.

. Let {S,,, Fn, n > 1} be a nonnegative martingale with £S5, = 1. Show that for all
A >0,
1

P{8,> X, forsomen >1} < T

. Let X{, Xy, - be independent, identically distributed random variables. Show that
the following statements are equivalent:

. (a) E! XIEV‘(OG o

(b) X, /n'/¥ - 0, almost surely;

(c) maxi<i<n | X;:|/nY"Y — 0, almost surely.
. Let X, X5, be independent, identically distributed normal random variables. Find
two numerical sequences, a, and &,, such that

-
Maxi<i<n Ai — Gn
by

converges in distribution to a non-degenerate random variable.

. Let 0 €< X,, <1 be adapted to F,. Let o, 5 > 0 with o + 8 = 1 and suppose

P(/ ﬂ+1:a+6/n [fn) ﬂX’n
P(Xpgr = BX, | Frn) =1 - Xa.

(a) Show that P{lim,_.. X, =0or 1} =1
(b) Show that if Xg =6, then P{lim, ..o X, = 1} = 4.



STATISTICS QUESTIONS

1. Suppose X1, Xy, are independent with X; ~ BIN(n;, p;}.
(a) Find the UMVUE’s of py, - pm.

(b) Suppose you know that p; = ps = -+ = pp. Let p denote this common (but
unknown) value. Find the uMVUE of p.
(c) Find the likelihood ratio statistic, A, for Ho : p1, = - -+ = pm versus Hy : p; # pj,

for some 7 and 7.
(d) It can be shown that 2log A is approximately the same as the usual x* statistics.

Using this fact, find an approximate test for Hyp vs H; above.
2. Consider the linear model:
Yi; = Bi + 45, 1<1<2, 1<5<J

Suppose &;;'s are independent and for some (known} a; and asg, e5; ~ N(0, afa?).
(a) Find the U.M.V.U.E.’s of £ and (.
(b) Suppose you know that for some unknown 8, 8; = (2. Find the U.M.v.U.E. of .

3. Suppose X ~ Porss(f). Put a Gamma{a, ) prior on § and suppose we have the

following loss function: #(8,a) = (a — #)/8. Find the Bayes™ estimator ol 8.

4. Suppose 8 € {0y, 6,1} is an unknown (0 and 6; are, however, known.) Put some prior,
7, on #. We are to test Hg : 6 = 8y versus Hy : = #;. Our actions are 0 (accept) and 1
(reject). Find the Bayes’ procedure for doing this test, if the loss function, £(8, a), is the

0-1 loss given by:
£(0,1) = 0, £(0,0) =1

£(1,0) =0, (1,1 = 1.
Is this procedure minimax?

5. Construct a (1 — a) two-sided confidence interval for the correlation coefficient of a

bivariate normal distribution. (HiINT. This is an exponential family.)
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1993 Prelim in Probability and Statistics

There are ten problems, Each counts 10 points. The minimum passing
- score is 60 points.

1. Let X, = | and define X, inductively by declaring that Xugq 1s uni-
formly distributed over (0, X,.). Prove that n™'log X, — ¢ a.s. and

comptute c.

2. Let X;.X,.... be independent Poisson random variables with EX, =
A, and let 5, = X +---+.X,. Show that if ¥ A, = o¢, then S,/£5, —
l a.s.

Hint: Show that (*) Ya/cn — L a.s., provided that ¥, > 0 1s nondecreas-
ing in n, and (*) holds for a subsequence n(k} that has Cntka1)/ Cnfry — -

3. Let X, Xs,... be i.i.d. mean 0, variance o? € (0, 00).

(a) Use the central limit theorem as well as Kolmogorov's 0-1 law to

conclude that limsup S,/v/n = o¢ a.s.

{b) Show that 5,//n does not converge in probability.

1. Suppose that X and ¥ are independent. Let f be o Borel function
on R? with E[|f(X,Y)]] < oo and let g(z) = E[f{z,Y)]. Show that
BIf(X,Y) | X] = g(X).

5. A thinker who owns r umbrellas travels back and forth between home
and office, taking along an umbrella {if there is one at hand) in rain
(probability p) but not otherwise {probability ¢ = 1—p). Let the state
be the number of umbrellas at hand. irrespective of whether the thinker
is at home or at work. Set up the transition matrix, and show that
the Markov chain approaches equilibrium (i.e., the ergodic theorem is
applicable). Find the steady-state probability of his getting wet, and
show that five umbrellas will protect him at the 5% level against any
climate (any p}.



-]

Let [7,,0/s,..., U, be independent identically distributed random vari-
ables, uniform on [0,1]. Let Uyn € U £ .00 S U, denote the
order statistics. Let X1, Xa,...,Xay be independent identically dis-
tributed exponential random variables with £X; = L. Define S(7) =
X, + -+ X ’

S(1)

a) Prove that the random vectors {U1n. ..., Unn} and e

( } { 1.n ' } {S(n"}‘l)
have the same distribution.

(b) Compute the asymptotic distribution of n(Uizgn=Uin),asn — 0
when ¢ 1s fixed.

Let ¥; = cz;’;— 4z, 1 €{ < n. We assume that £,,82,... .2, are in-
dependent, identically distributed random variables with E¢, =0, 0 <
o? = par &; < 20 and Ezl < 2¢.

{a) Find the least-squares estimator for a.

(b) Show that the estimator is asymptotically normal.

(¢) Find an estimator for ol

Let X, X,..., X, be independent identically distributed random vari-

ables, uniformly distributed on {0,6], & > . We want to test Hy: 6=
6, against Hy : 8 > bo.

(a) Find the uniformly most powerful test. (You must prove your
claim.}

(b) Show that the uniformly most powerful test and the likelihood
ratio test are equivalent.

(¢) Compute the power function of the most powerful test.

Let X, X5...., X, be independent identically distributed random vari-
ables with density function f. We assume that f’is bounded. Let A be
a function satisfying [, K{u)du = 1, K'(u) is bounded and K{uy =0,
if lu| > a where a is a constant. The density f is estimated by

. - X;
= T KIS

1<i<n




Show that f.(t) is an almost surely uniformly consistent estimator for
fonia d], ~0 <a< 8 <co

10. Let X1, X,,..., X, be independent identically distributed random vari-
ables with P{X; =1} =p, P{Xi=0}=1~p
(a) Compute the maximum likelihood estimator of o =p(l - p).

(b) Compute the bias, the variance and the mean-square error of the
estimator.

(c) s the estimator asymptotically efficient?

(d) Find the uniformly minimum variance unbiased estimator for o°.





