
Calculus I
Exam 2, Spring 2003, Answers

1. A curve in thefirst quadrantis givenimplicitly by theequation

x2y2 � x
y
� 66 �

Find theslopeof thetangentline to thecurveat thepoint (4,2).

Answer. Rewrite theequationin exponentialform: x2y2 � xy � 1 � 66. Now take thedifferential:

2xy2dx
�

2x2ydy
�

y � 1dx � xy � 2dy � 0 �
Evaluate at x � 4 � y � 2 andsolve for dy � dx:

2 � 4�	� 2� 2dx
�

2 � 4� 2 � 2� dy
�

2� 1dx � 4 � 2� � 2dy � 0 � or 32� 5dx
�

63dy � 0 �
sody � dx � � 32� 5� 63 � � 5159�

2. Two variablesu andv arefunctions of time,relatedby theequation

5u2 � uv � 210 � 0 �
If dv � dt � 3 whenu � 6 andv � 5, find du � dt.

Answer. Differentiatewith respectto t:

10u
du
dt

�
u

dv
dt

�
v

du
dt

� 0 �
andsubstitutethegivenvalues:

10� 6� du
dt

�
6 � 3� � 5

du
dt

� 0

giving 65� du � dt � � 18 � 0, sodu � dt � � 18� 65 � �
� 277 �

3. Find theminimumvalueof thefunction f � x � � x2 � 1
x2 � 3

�

Answer. To find theminimum first wefind all valuesof x atwhich thederivativeequalszero:

f ��� x � � � x2 � 3�
� 2x ����� x2 � 1�
� 2x �
� x2 � 3� 2 �

Settingthis equalto zero,we have

2x � x2 � 3 � x2 � 1�
� x2 � 3� 2

� 4x
� x2 � 3� 2

� 0 �

Theonly solutionis x � 0. Sincethe derivative is negative for x � 0 andpositive for x � 0, this givesthe
minimum y � f � 0� � 1� 3.

Alternatively, onecould write

f � x � � 1 � 2
x2 � 3



from which it is obviousthattheminimum is 1-(2/3)= 1/3.

4. FarmerBrown is building a rectangular chickencoopwith onesideagainsthis barn.He will enclosethe
otherthreesideswith chainlink fence,but hewill alsobuild a chainlink partitionwhich is perpendicularto
thebarn. If the total areato beenclosedis 600squarefeet,whatshouldthedimensionsbeto minimizethe
amount of fenceneeded?

Answer. Let x be the lengthof the sideparallelto the barn, andy the distanceof that sidefrom the barn.
Thentheareais xy � 600,andtheamount of fenceneededis F � x

�
3y. Usingtheconstraintequation, we

canwrite F in termsof x aloneas

F � x
� 3 � 600�

x
� x

�
1800x � 1 �

Now to find theminimumvalueof F we differentiateandsetdF � dx � 0:

dF
dx

� 1 � 1800x � 2 � 0

Thisgivex2 � 1800, sox � 30� 2 � 42� 43, andy � 10� 2 � 14� 14.

5. Graphy � x2

� x � 1�
� x � 1� �
Answer. Theverticalasymptotesarex � � 1 andx � �

1. For x between-1 and+1, y is negative except at
x � 0 wheny � 0. Thus,thereis a local maximum at the origin, andy goes asymptotically to � ∞ on the
insidesof theselines.Writing

y � x2

x2 � 1
� 1

� 1
x2 � 1

we seethaty is alwaysgreaterthan1 for � x ��� 1. Thus y approaches
� ∞ on theoutsidesof theasymptotes.

Finally, from thesecondexpression,we seethatthehorizontal asymptoteis y � 1.

y � 1
1 ��� 1� x2 � �

y approaches1 from above as � x �	� ∞.
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