Calculus|
Practice Problems 13: Answers

1. Find thework donein pumpng all the oil (whosedensityis 50 Ibs. perculic foot) over the edgeof a
cylindrical tankwhich standson end. Assumethatthe radiusof the baseis 4 feet, the heigtt is 10 feetand
thetankis full of oil.

Answer. The slab of oil of thicknessdh at a depthh hasto be lifted a height h. The work to do this is
dW = 50(r4%)dh- h. Thus
10 h2
W= / 800rthdh = 8007 30 =40, 0007
0

foot-pourds.

2. JohnBrown hasa parabdic cisternin the grourd with a depthof 12 feetanda diamete at the top of 4
feet. This canbe viewed asformed by revolving the curve y = 3x? arownd the y-axis, wheretheline y = 12
represets ground level. How muchwork doesit take to pumpout the cisternwhenit is full of water(the
densityof wateris 62.5Ib/ft3)?

Answer. Theslabatthelevel y feetabove theground hasto belifted a distanceof 12—y feet. Theweightof
this cylindrical slabof heightdy is 62.5rx?dy, sincetheradiusis x. Sincex? = y/3, thework it takesto raise
this slabis

dW = (12— y)(62.5)m(y/3)dy = 65.45(12y —y?)dy .

Now, integratefrom 0 to 12to find the total work:

12 12 128
Work = 65.45 / (12y—y?)dy = 65.45(12~- — =) = 18,850ft/Ibs.
0

3. A cylindrical reserwir of baseradius50 feetandheight 15 feetis built 300feetabove the surfacelevel of
alake. How muchwork is requred to fill the reserwir with lake water (assuminghe lake is large enaigh
thatits surfacelevel doesnotchamge duiing this proess)?Recallthatthe densityof wateris 62.5Ib/ft 3.

Answer. Theslabof width dh andat heigh h from the baseof the reserwir weights62.571(50) 2dh Ibs, and

hasbeenlifted 300+ h feet. The work donefor this slabis thusdW = 62.5m1(50) 2(300+ h)dh = (4.9 x
10°)(300+ h)dh ft/Ibs. Integratingfrom O to 15:

15
Work = (4.9 x 10°) / (300+ hydh = (4.9 x 10°)(300(15) + g) =2.26x 10°
0

ft-lbs or 214ton-miles.

4. A 2 Ib. weight will extenda certainspring5 inches.How muchwork is donein exterding the spring14
inches?

Answer. By Hooke’s law, the force F exerted at an extersion of x inchesis F = kx, wherek is the spring
constant.Thegiveninformationgives2 = k(5), sok = 2/5. Thusfor this springF = .4x. Thusthework to



extendit 14 inchesis )

14 14
Work = /Fdx= .4/ X = 4(=-) =392
0

in-lbs or 3.267 ft-Ibs.

5. A 10 kg massexterdsa spring45 cm, to a new equilibiium position. The springis thenexterdedanotter
meterandreleasedWith whatvelocity doesit passtheequilibrium positior?

Answer. We will usethe enegy equatiorfor the motiont mv2 +kx? = C. First, we find the springconstant:
whenF = (10)(9.8) newtons,x = .45 meters.Thusk = F /x = 98/.45 = 217.8 nentons/meter At themo-
mentof releasey = 0 andx = 1, sotheenegy equatim givesC = 217.8(1) 2 = 217.8. Now, the equilibrium
positonis atx = 0, sotheenepy equationnow gives10v? = 217.8, sov = 4.67 m/sec.

6. Find the centerof massof the hormpbgen@usregion in thefirst quadantboundedby thecune x4 +y = 1.

Answer . Theregionis givenby 0 <y < 1—x* 0< x < 1. Its massis

1 X5
/ (1= dx = (x— )[4 = 4/5.
0 5

Themoment abou they-axisis

2 6
/le(l—x“)dx: (- %)kl) —1/3

Themoment abou thex-axisis 1 .
/O y(1-y)*dy
which we integrateby the substitutioru=1-y;,
= /01(1— u)u%du = /Ol(u% — u%)du =16/45

Thusthe centerof masshasthecoodinates( 1 /2, 3¢/8) = (2, 3)-

7. Find the centerof massof the region bourdedby the cunesy = x — x> andy = x— x°.

Answer. We find massandmorrentsby sweepingout alongthe x-axisfrom 0 to 1. At a poirt x, thelength
of theline sgmentbetweerthetwo curvesis L(x) = x— x® — (x— x%) = x? — x3. Thusthe massof a strip of
width dx is dM = L(x)dx = (x> — x3)dx. Thus

M " —¥)dx = =
ass—/o(x —X°) X=15-

Themoment abou they-axisis
1 1
— 2 3 _ ~
Momy, o, = /O XX =x%) = 50"
Thusthex-coodinateof thecentrad is (1/20)/(1/12) = .6. To find themomer abou thex-axisby sweeping
outin thex-direction we have to locatethemassof thestrip ata poirt x atthemidpant m(x) of thesegmer.
Sincem(x) = (1/2)(x—x3+ (x—x%) we have

dMom

(y—op = MX)L(X)dx= %(ZX— X% =) (@ = x3)dx,



-3
©140°
Thusthey coodinateof thecentrad is (3/140)/(1/12) = .257. Thecentroidis at(.6,257)

1 ! 3 6
Mom, o, = 5/0 (23 — 3¢ +x8)dx



