
Calculus I
Practice Problems 5: Answers

1. A curve is givenby theequation x2 � xy
�

y2 � 7. Find theequationof theline tangent to this curveat the
point (2,-1).

Answer. Take thedifferentialof theequation:

2xdx � xdy � ydx
�

2ydy � 0 �
At x � 2 � y � � 1 this becomes4dx � 2dy

�
dx � 2dy � 0, or 5dx � 4dy � 0. Along the tangent line we

replacedx anddy by x � 2 andy ����� 1� , giving theequation 5 � x � 2� � 4 � y � 1� � 0, or 5x � 4y � 14.

2. Find theslopeof thecurvedefinedby therelation4 � x 2 � xy � � 2y3 � y2 at thepoint � 1 � 2� .
Answer. Differentiate:
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3. Variablesx andy arerelatedby theformulaxsiny
�

ysinx � π � If dy � dt � 3 whenx � 3π � 2 andy � π � 2,
whatis dx � dt?

Answer. Differentiatewith respectto t:
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Putin thegivenvalues:

dx
dt
� 1� � 3π

2
� 0� � 3� � 3 ��� 1� � π

2
� 0� x dx

dt
� 0 �

or dx � dt � 3.

4. Therelationcosy
�

x � siny determinesa curve in thex-y plane.Find theslopeof theline tangent to the
curveat thepoint � 1 � π � 2�
Answer. Differentiate: ��� siny � y � � 1 � � cosy � y � . Substitutex � 1 � y � π � 2 : � y � � 1 � 0. Thustheslope
is y � � 1.



5. Considerthecurvegivenby theequation: y2 � xy
�

x2 � 1. At whatpointsdoesthiscurvehaveahorizontal
tangent line?

Answer. Differentiatewith respectto x:
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2x � 0 �
sody � dx � 0 wheny

�
2x � 0, or y � � 2x. Substitutethis in thegiven equation: ��� 2x � 2 � x ��� 2x � � x2 � 1,

or 3x2 � 1. Thusx ��� 1��� 3, andthedesiredpointsare � 1��� 3 � � 2��� 3��� ��� 1��� 3 � 2��� 3� .
6. Considerthe curve givenby the equation: x2y � y3 � 1. At what pointsdoes this curve have a vertical
tangent line?

Answer. Takingthedifferentialof thedefining equation we have

2xydx
�

x2dy � 3y2dy � 0 �
Now, the tangentline is verticalat points wherethe infinitesimalchange in x is 0; that is dx � 0. Thuswe
have to solve x2dy � 3y2dy � 0, or x2 � 3y2. Substitutingthis in thedefiningequationwe get: 3y3 � y3 � 1,
soy � 2 � 1� 3, andthusx2 � 3 � 2 � 2� 3  , andtheansweris: thepoints�

31� 2
21� 3 � 1

21� 3 � � � � 31� 2
21� 3 � 1

21� 3 � �
Notethat thetangent line is horizontalwhendy � 0, sowe couldhave solvedproblem 5 usingdifferentials
aswell.

7. A ship is traveling in a circle of radius6 nauticalmilesaround anislandat a speedof 10 knots. A light-
houseis 10 milesdueeastof theisland.At whatrateis thedistancebetweenshipandlighthouseincreasing
whentheshipis exactlyduenorthof theisland?

Answer. Draw the diagrambelow, whereP is a typical positionof the ship, I is the island,andL is the
lighthouse.

PSfragreplacements

10K

θ
I L

P

Let s represent distancetraveledby the ship; this is the lengthof arc alongthe circle. We aregiven that
ds � dt � 10 nautical miles per hour. Let θ be the angle at I betweenthe ship’s positionandthe dueeast
direction. Thensince“arc length= (radius)(angle)”,wehaveθ � s � 6,sodθ � dt � � ds � dt ��� 6 � 10� 6 radians



perhour. Now, usingcoordinates,thepositionof theshipis � 6cosθ � 6sinθ � , andthelighthouseis at � 10� 0� .
Thus,for x thedistancebetweenshipandlighthouse,wehave

x2 � � 6cosθ � 10� 2 � � 6sinθ � 2 � 100 � 120cosθ �
Differentiating,

2x
dx
dt

� � 120 ��� sinθ � dθ
dt

� 120� 5� 3� sinθ �
Now, whentheshipis directly northof theisland,θ � π � 2 andx � � 102 � 62 � � 136. Thus

dx
dt

� 5� 3 � 120�
2 � 136

� 8 � 575 knots �
8. A new stadium,built like a cylindercappedwith a hemisphericaldomeis proposedto have a diameterof
500feet. To includeanother2000seats,thediametermustbeincreasedby 10 feet. By approximatelyhow
muchwill theareaof thedomebeincreased? (Note: theareaof asphereof radius r is 4πr 2.)

Answer. Theareaof thedome is half theareaof thesphere,soA � 2πr 2. Takingdifferentials,dA � 4πrdr.
Whenr � 250, if theincrement in r is dr � 10,we thenhavedA � 4π � 250� � 10� � 31� 415 sq. ft.

9. A cat is walking towarda telephonepoleof height30 feet. Sheis walking at a steadyrateof 4 ft/sec. A
bird is perchedon topof thetelephonepole.Whenthecatis 45 feetfrom thebaseof thepole,at whatrateis
thedistancebetweenbird andcatdecreasing?

Answer. Draw thefigure:
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Thevariables arethedistancex of thecat from thebaseof thepole,andthedistancey of thecat from the
bird. Thevariables arerelatedby thePythagoreantheorem: y 2 � x2 � � 30� 2. Differentiateto relatetherates
of change:
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�
Now atx � 45,wefindy2 � 452 � 302, soy � 15� 13. Puttingthisvalue,anddx � dt � 4 ft/secin thepreceding
equation, we find

dy
dt

� 12� 13
ft � sec�



10. Wateris flowing into aconicaltankthroughanopening at thevertex at thetopat therateof 12cu. ft./min.
Thebaseof thetankis a circle of radius12 ft. andtheheight of theconeis 20 ft. At whatrateis thewater
level rising whenthewaterlevel is 4 ft. from thetop?Theformula for thevolumeof a coneof baseradius r
andheight h is V � � 1� 3� πr2h.

Answer. Draw thefigure:
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Thevariablesaretime t, volumeof thepartof theconewithout waterV , height of thewatersurfacefrom the
vertex of theconeh, andradiusr of thecircleof thewatersurface.We have theequations
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Thesecondequation comesfrom thecomparisonof similar triangles.Useit to expressV in termsof h alone:

V � 1
3

π
	

3
5

h 
 2

h � 3π
25

h3 �
Differentiatewith respectto time:
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Now put in dV � dt = -12, h = 4 (remember:V is thevolumeof theemptypartof thecone,andh is its depth):� 12 � 9π

25
16

dh
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�
sodh � dt � � 25� 12π ft/min. Thusthewateris risingat therateof 25� 12π ft/min.


