Calculus|
Practice Problems 6: Answers

1. Lety = x* —x3 —x+ 1. Find the value of x where y has its absolute minimum.

Answer. Since y is a polynomial in x of even degree, y — o as X — oo, 50 there is a point at which y has an
absolute minimum. To find it, we differentiate:

Yy =43 -3x°—1

and solve fory = 0. x= 1 is one root; by long division we find 4x3 — 3x? — 1 = (x— 1)(4x? +x+1), and the
quadratic factor has no real roots. Thus x = 1 is the only place where the function has a horizontal tangent,
so is the value at which y has an absolute minimum.

2. Find all points of local maxima and minima of the function f(x) = x(4 +x~2).

Answer. Differentiate: )
f/(x) =4+x‘2+x(F) =4-x2,

We have f/(x) =0, when x> = 1/4, or x= £1/2. Since f'(x) is positive for |x| very large, and is negative for
|x| very small, f is decreasing as we approach 1/2 from the left, and increasing as we leave 1/2 to the right.
Thus f has a local minimum at x = 1/2. Since f is an odd function, it has a local maximum at x = —1/2.
Notice that f does not have a global maximum or minimum, since

lim f(x) = — lim f(X) = o .
x—>0*() < x—>0+() °

3. Find the absolute maxima and minima of the function
f(w) =wyw+1
on the interval —1 <w <4,

Answer. Differentiate:
Sw+1
(w+1)1/2”’

which is 0 when w= —2/3. The points to check are this and the endpoints: -1,4. f(—-1) =0, f(-2/3) =
—(2/3)+/1/3, f(4) = 4+/5, so the minimum is —2/(3+/3) at x= —2/3, and the maximum is 4/5 at x = 4.

() = (w-1)42 4 Zww+ )72 =

4. Find the maximum and the minimum of y = xv/1 — x2 on the interval —1 < x < 1.

Answer. Differentiate:
dy —2X 1—2x2
2 =/1-x2+X

dx WL (1—x2)32

This is zero when x = +1/+/2. The critical values are —1,—1/+/2,1/+/2,1, and the corresponding values of
yare0, —[(1/2)/3/2], [(1/2)/3/2], 0, so the nonzero values are the minimum and maximum repsectively.




5. Lety = sin?x+ cosx, for x in the interval [— 7z, 71]. Find the absolute maximum and minimum of y.

Answer. Differentiate:
y = 2sinxcosx —sinx = sinx(2cosx—1) .

Thisis zeroat x= —1,0, pi and x = +77/3. The values of y at these points are, respectively —1,5/4,1,5/4,—1
Thus the absolute maximum is 5/4, and the absolute minimum is -1. Note that at x = 0 we have a local mini-
mum.

6. Lety= 13 Find the intervals in which y is increasing; in which y is decreasing.
Answer. Differentiate the function:
y_x2—4x+3—x(2x—4)_ —x?+3
B (X—4x+3)2 (@ —4x+3)2°

Since the denominator is a square, the sign is determined by the numerator. When x? < 3, y' is positive, and
when x2 > 3 it is negative. Thus y is decreasing in the intervals (—c, —/3), (v/3,), and is increasing in the

interval (—/3,v/3).

7. For what number x between 0 and 1 is x1/3 — x a maximum?

Answer. Lety=xY3—x. Weseethaty=0atx=0and 1,andatx=1/8, y=1/2—1/8> 0, so there isa
maximum between 0 and 1. To find it, we differentiate:

y = %x_2/3—1.

This is zero at x = 373/2, so this is the only critical point, and thus must be the maximum point.

8. Show that the equation 2x'2 — 3x8 + x = 0 has a root strictly between 0 and 1.

Answer. Let f(x) = 2x2—3x8+x = 0. we have f(0) = 0 and f(1) = 0. Differentiating, we find f'(x) =
24x11 —18x°+ 1, s0 f/(0) >0, and f'(1) > 0. Thus f is increasing at both endpoints, so that f has positive
values just to the right of 0, and negative values just to the left of 0. By the intermediate value theorem then,
there is some point c strictly between 0 and 1 at which f(c) = 0.



