
Calculus II
Practice Problems 11: Answers

1. Show thatthegraphof thepolarequationr � acosθ � bsinθ is acircleof radius
�

a2 � b2 goingthrough
theorigin. Whereis its center?

Answer. Let c � � a2 � b2 andθ0
� arctan� b � a � , so that a � ccosθ0 andb � csinθ0. Thenthe equation

becomes
r � c � cosθ cosθ0

�
sinθ sinθ0 � � ccos� θ � θ0 �

whichisacirclethroughtheoriginwith diameterc andcenterontherayθ � θ 0. Thecenterisat � 1� 2��� ccosθ0 � csinθ0 � �� a � 2 � b � 2� . Thiscouldalsobeseenby multiplying thegivenequationby r andchanging to cartesiancoordi-

nates,getting
x2 � y2 � ax

�
by

andthencompleting thesquare.

2. Graphr � 3 � cosθ � � 3sinθ � .
Answer. Following problem1, we have c �
	 32 � � 3� 3� 2 � 6 andθ0

� arctan
�

3 � π � 3. Thus,this is

thecircle r � 6cos� θ � π � 3� , sincearctan
�

3 � π � 3. Thecenteris at � 3� 2 � 3 � 3� 2� . For thegraph, seethe
figure.
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3. Whatis thepolarequation of anellipse,with onefocusat theorigin, vertex at thepoint(-1,0) anddirectrix
theline x � � 3?
Answer. Thegeneralequationof suchanellipseis

r � ed
1 � ecosθ

whered is thedistancebetweenfocusF anddirectrix L , andthusd � 3; ande is theeccentricity. Knowing
thevertex tells ustheeccentricity: from �VF � � e �VL � we get1 � e � 2� , soe � 1� 2. Thustheequationis

r � 3� 2
1 �� 1� 2� cosθ �

4. Identify thecurve: y � 2sin� 5θ � .



Answer. This is thefive-petaledrose.Thefirst petallies betweenθ � 0 andθ � π � 5 andhaslength2.

5. Graphr2 � cos� 2θ � . This is calleda lemniscate.
Answer. We make this tableof thevalues:

θ 0 π
4

π
2

3π
4 π

r 1 0 � 0 1

with thestarindicatingthat r is not definedwhencos� 2θ ��� 0. But on theotherhand, whencos� 2θ ��� 0,
we should considerthenegative squareroot aswell, for r. Finally, asθ goesfrom π to 2π we gettheimage
reflectedin thex-axis.This gives thegraph:
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6. Find thelengthof thespiralr � e2θ from θ � 0 to θ � 2π .
Answer. Herer � e2θ � dr � 2e2θ dθ . Thusds2 � 4e4θ dθ 2 � e4θ dθ 2, andwehave

Length ��� 2π

0
ds ��� 2π

0

�
5e2θ dθ �

�
5

2
� e4π � 1�

7. Find thelengthof thespiralr � e � θ for θ � 0.

Answer. Herer � e � θ � dr � � e � θ dθ . Thusds2 � e � 2θ dθ 2 � e � 2θ dθ 2 � 2e � 2θ dθ 2, andwehave

Length � � ∞

0
ds � � 2 � ∞

0
e � θ dθ � � 2 lim

A � ∞
� 1 � e � A � � � 2

8. Find theareainsidethelimaçon r � 3
�

sinθ .

Area � 1
2
� 2π

0
r2dθ � 1

2
� 2π

0
� 3 � sinθ � 2dθ � 1

2
� 2π

0
� 9 � 6sinθ � sin2 θ � dθ �

1
2
� 2π

0
� 9 � 1 � cos� 2θ �

2
� dθ � 19

2
π �

9. Find theareainsidethecardioid r � 1 � sinθ andabove thex-axis.



Answer. Sincethecardioidis symmetric about they-axis,thedesiredansweris twice theareainsidethefirst
quadrant:

Area � 2 � π � 2
0

1
2

r2dθ � � π � 2
0

� 1 � sinθ � 2dθ � � π � 2
0

� 1 � 2sinθ � sin2 θ � dθ �
� π � 2

0
� 3
2
� 2sinθ � cos� 2θ �

2
� dθ � 3

4
π � 2

10. Whatis theslopeof thespiralr � θ at thepoints θ � 2πn for n apositive integer? Whatabout thespiral
r � eθ at thesamepoints?

Answer. We useequation (15) of thenotes.Sincer � θ � dr � dθ � 1, andwe have, for theslopem (of the
tangent line) of thefirst spiral:

m � θ cosθ � sinθ� θ sinθ � cosθ �
soat θ � 2πn, we getm � 2πn. As for thelogarithmic spiral,we saw, in example 26,thatthespiralr � e aθ

makesa constant angle(whosetangent is a) with theray from theorigin. At thepoints 2πn, this ray is the
x-axis,andfor ourcurve a � 1; thuswe havem � 1 atall points.A calculationusing(15)corroboratesthis:

m � eθ ��� sinθ � cosθ �
eθ � cosθ � sinθ � � tan� θ � π � 4� �


