CalculusllI
Practice Problems 2: Answers

1. Solwetheinitial valueprodem:
4y +3y=¢, y(0)=7.

Answer. First solve the homa@eneas equation which canbe written asdy/y = —(3/4)dx, which hasthe
solutiony = Ke=(3/4% We try y = ue~(3/4X in the original equaion. Theleft handsideis

4y + 3y = 4(ue” /) 4 3ue™ /9% = 4ule= (/DX _ 3ue=(/MX 4 3ue= (/DX = 4/e= (/9%
sotheoriginal equatia, in termsof u is
ayle(B/Hx — g or U= %e(7/4)>< ,
which hasthe solution
u= ;e”/“)x +C sothat y= (;eﬂ/“)x +C)e & = ;e" +Ce (34

Theinitial conditiongivesC = 48/7, andthesolutionis y = (1/7)(e* + 48~ (3/4%),

2. Solve theinitial valueprodem:

x)/—3y:x2, y(l) 4.

Answer. Firstsolvethehonpgeneusequation xy’ — 3y = 0:

d_y:3dx

y ~ sothat Iny=3Inx+C,

which gives usy = Kx3. Now try y = ux® andsolve for u. Theleft handsideof theorigind equatioris
xy — 3y = ()’ — 3ux® = x(UE + 3ux?) — 3ux® = X' .

Sowe haveto solve x*u’ = x2, oru’ = x=2, so
u:—)—1(+C sothat y:(—)—1(+C)X3:Cx3—x2.

Theinitial valuesgive4 =C — 1,s0C = 5, andour solutionis

y=5c-x2.

3. If I invest$ 8,000 at 12.5percen peryear(conpourdedcontinwusly)in how mary yearswill my invest-
mentbeworth $ 30,000 ?

Answer. Theamouwnt | have aftert yeas is givenby P(t) = P,e"t whereP, = 8000andr = .125 Now for
my prodem, | wantto find t suchthatP(t) = 30000. So,we mustsolve

3000 = 800e!-1291

fort. We get.12% = In(30/8) = 1.3218, sot = 1.3218/.125 = 10.57 years.



4. At whatrate(contiruouslycorrpounded) shouldl invest$10000soasto have $14,000in five years?

Answer. Herewe havethesameequation P(t) = Py, butwhatis givenis P, = 1000, t =5, P(5) = 14000,
andwe areasledto find r. We solve
1400 = 100We™ |

obtainirg 5r =In1.4,orr = .33655 = .0673, sotherateshouldbe 6.73%.

5. Thehalf-life of Rossidium, , is 4,801 years.How longwill it take for amassof Rossidium, , to decayto
98 % of its original size?

Answer. This is oncemorea growth/decayprodem, sothe relevart equatia is P(t) = Pye'. We havent
beengiventherater, but we aretold the half life. Sofirst, we usethatinformationto find r, by solvingthe
basicequationwith Py = 1, t = 4801, P(t) =.5: .5=¢€%% sor =In(.5)/480L = —1.44 x 10~%. Now,
we wantto solvefor t, with P(t) = .98:
98— g~ L44x107"% ’
giving
In.98

t=— "
—1.44% 104

= 140years.

6. According to Newton’s Law of Cooling, if a hot objed is immersednto a cool ervironmen, the rate of

decreas®f the tempeatureof the objectis proportioral to the differencein the tempeatureof the object
andits ervironmen. If, then,h(t) is thetemperatte of the objectattimet, andT,, is thetemperéure of the
ervironmen, Newton'’s law says

dh _
dat
wherek is the coeficient of cooling. Supposehata bodyat 95° Celsiusis immersedn a waterbathheld
at5° Celsiusandthecoeficientof coolingis k =.08. Whatwill bethetempeatureof thebody in 10minutes?

D) —k(h(t) = To) ,

Answer. Giventheabore information,we have to solve theinitial valueproblem

@:—.OS(h—S), h(0) =95,
dt
andfind thevaluewhent = 10. First we separateariales:
dh
hTS —_— _.O&jt

andintegratebothsides:
In(h—5)=—-.08+C

andthenexponentiate:h = 5+ Ke~%&, Theinitial condtion tells uswhatK is: 95= 54K, soK = 90,and
theequationis h=5+90e~%, At t = 10, we obtainh = 5+ 40.44 = 45.44°.




7. Supmsethat| wish to make icedteaof teaat the boiling point, to be consumedn threeminutes. To get
theteaascold aspossible shouldl putin anice cubeimmedidely, or justbefae thethreeminutesareup?

Answer. Accordirg to equation(1) in prablem 6, the rate of decreas®f temperatte is proportioral to the
differenceof the tempeatureof the object andthetemperatte of the environment,sowe canexpectlargest
rateof coolingwhentheteais hottest.This suggestshatwe shoud cooltheteadown first, andthenaddthe
ice cube.

To illustratethis, let's compae the two processesassuminghat the effect of addinganice cubeis to
dropthetempersureby 20%,andthatthecoeficient of cooling is k = .3. We assumeheteais attheboiling
point (100°), andthe roomis at 15°. Following the agumentfor prablem 6, the solutionto the differential
equatiam (1) is

2 h(t) = To+ (T = To)e™,
whereT, is theinitial temperatte of the hot objed.

Now, in thefirst case we putin theice cubefirst, droppng the temperéure of the teato 80°. Then(2)
takesover, so
h(3) = 15+ (80— 15)e™3(®) = 41.42° .

In the seconctase hatual coolingleadsto thetempeature
h(3) = 15+ (100— 153 = 49.56°

which drops by 20% by addingtheice cube,to atempeatureof 39.64°. Not a big difference,but enowgh to
substantiatéhe conclision.

8. A lake contaning 300,M0 acre-feebf waterhas20%salinity. Clearwaterflows in from rivers, andoutat
adam,bothattherateof 4,000acre-fetperday. In howv maydayswill thesalinity beredwedto 10%?

Answer. Let S(t) betheamoun of saltin thelake attimet. Initially we have §(0) = .2(300) = 60thousad
acre-fet of salt. Ondayt, thefractionof saltin thelakeis S(t)/300,sotheamaunt of salteliminatedin that
dayis AS= (S/300)(4) thousandhcre-fet. This gives usthe differentialequationfor theamoun of saltin
thelake:

4
ds= _ﬁ)Sdt = —.013dt .

Thesolutionis S(t) = Ke~0132 andtheinitial conditiongivesk = 60. Whenthelake has10%salinity, we
have S(t) = 30. Thusthetime at whichwe have 10%salinity is the solutionof

30= 6013

sothatt =1In(1/2)/(—.0133) = 52.12days.

9. A pord is in theform of a cylinder of radius100ft. anddepth8 ft. Waterflows into the pondattherate
of 100 cu. ft./hr andseepdnto the ground through the poraus bottomat a rate proportional to the volume,
wherethe constanof proportionality is .000b. Whatis the maxinum heightof waterin the pord thatcanbe
achieved? If thewaterlevel in the pondis 2 feetattime t= 0, whatis the heigh after1000days?

Answer. LetW(t) betheamoun of waterin the pondattimet, measuedin cubicfeet. Takinginto account
boththeinflow andthe seepagewe have thedifferentialequation

dd_VtV = 100—.0005W .



Now, sincetheprablemis aboutthe heicht of thewaterin thepord, we changeo thevariable h(t), theheigh.
UsingV = mr?h, theformua for the volume of a cylinder, andr = 100,we have W = 10*7h. This givesthe
differentialequationfor h:

h
(3) 104”2.7 = 100— .0005(10*m)h = 100—57th .
The maximum height is attainedwhenh’ — 0, or 100— 57rth = 0, sois h = 6.37 feet. Now, for the second

guestionwe have to solve (3). Separatingyariableswe get

dh 1

5mh_100 107wt

leadingto thesolution

1 t
- In(5m—100) = — 7= +C

whichwe canrewrite as
In(57th— 100 = —.0005: +C .

Expmentiating we get

h= %’ +Ke™ 003 _ g 374 Kg—0008

Theinitial conditionh = 2 whent = 0, finally gives

h=6.37—4.37e—:00®

Now substitute = 100Q andobtainh = 6.37— 4.37e~-> = 3.719feet

10. Waterflows into anelasticball at a rateof 4 cu. in/minute Theball hasa purctureout of which water
flows at a rate proportional to the volume of waterin the ball, wherethe constanof proportiondity is .02.
Assumingthe ball is emptyat the beginning, how muchwateris in the ball after20 minutes?

Answer. LettingW(t) betheamouwnt of waterin theball, the datagiventells usthatthe rateof chang of W

is givenby thedifferentialequation

d—W=4—.02\N.
dt

This canberewrittenasdW/(.02W — 4) = —dt whichintegratesto

1
D—Zln(.OZW—4) =—-t4+C,
which integratesto .02W — 4 = Ke~92, Sincetheball is emptyatthe beginning, W = 0 whent = 0, we find
K = —4, andfinally we have

_4 ~.02t
W_.Oz(l e ).

Now att = 20, we obtain
W =200(1—e~#) =6593cu.in.



