CalculusllI
Practice Problems 3: Answers

1. Differertiate:
2Xx—6
3x+5"

f(x) =

Answer. Thisprodemis hereto suggst adifferentway, calledlogarithmic differentiation, of differentiating

expressiondik e this. First we rewrite thefunctionexponentially:
(1) f(x) = (2x—6)Y/2(3x+5)"Y/?
andthenwe take thelogarithm:

mm@:%mmm—@—mm+ay

Now differentiatethis equation
'(x) }[ 2 3 ]
f(x) 2'2x—6 3x+5

andnow multiply throudh by f(x), asin equation(1):

100 = 100Gl ~ g = (X 6) 230+ 572 = 2 (2x- 6)/2(3xc+ 572
2. a) tan(arccox) =
b) X—lz — tarf(arccox) =

Answer. a. Draw aright triande with hypotenise 1, ananglea, andlabelthe sideadjacento a asx sothat

o = arccex (seethefigure).

Now, by the Pythagoeantheoremthe sideoppositea haslength1 — x2. Thus

V1-x2
tan(arccox) = tana =

V1—x2



Now, for b):
1 ViI-x, 1-(1-x)

1
?—tar?(arccoso_?—( )= 2 =1.

Fromthediagram,1/x = seax, sothis alsofollows from theidentitytan? a + 1 = sea.

3. Differertiatey = arccos,/X

Answer. By thechainrule:

4. Differertiate:  g(x) = arcsir(Inx) .

Answer. By thechainrule:

1
/
X) =
90 Xy/1— (Inx)2
5. Integrate
a) 2 xdx
0 1+4x2
2 dx
) 0o 1+4x2

Answer. Fora),letu= 1+ 4x2, du= 8xdx. Then

2 xdx _1/17du_1|nu17_ln17
01+42 8J1 u 8 1 8

For b), however, we shouldmake the substitution u = 2x, du= 2dx. Then

4 arctard
o 2

Zi—} 4£—Earctam|
0 1+4x2  2Jo 1+u2 2

This prodemiillustratesthatonemustbe carefulin decidingwhatsubstitutionto make. Onehasto scanthe
integrandto seehow to write it asaprodict of afunction of u (thesubstitutiorto bemade)andthedifferential
of u.

6. Integrate:
a) ghdx
e4+1
dx
b) e+e X

Answer. For parta) recogtize thatfor u = e*, du = e*dx, andthus

efdx du

il i arctaru+C = arctare*+C .




For partb), we seethat, in orderto make the samesubstitution we needan e* in the numeator. So put it
there by multiplying by e*/e* = 1:

/ dx__ g dx _ [ € = arctare* +C
eX+e X ) XeX+ex ) eX41 ’

by parta).

7 / dx .
' VE—ax—x2
Answer . To getthisto look like somethingecogtizable,we competethesquare 5 — 4x — x2 = 9— (x+ 2)2.
Theprodemnow lookslike

/ dx B

VI-(x+22?

Thislooks liketheintegrd shouldinvolve arccosbut we needa 1 wherethe 9 is. We fix thatby the substitu-
tion 3u = x+ 2,3du = dx. Thenwe have

/L—/ 3du —/ du ——arcccsu+C——arccos)i2+C
VI-(x+22 J ve—oz J Vi@ B 3 '
8. Integrate:

a) /tar?xdx:

Answer. tarfx = se@x— 1, so

/tanzxdx: /(se(?x—l)dx:tanx—x+C.

b) / tar’ xdx =
Answer. Usingthe sameidentity
/ tart xdx = / (seéx— 1) tanxdx = / sex(secxtanx)dx — / tanxdx

é
= seTx +In(cox) +C,

usingthesubstitutioru = secx, du = secxtanxdx for thefirst integral.

9. /xtan(x2+1)dx=

Answer. Letu= x>+ 1, du= 2xdx. Then

/xtar‘(xz-i- 1dx = %/tanudu: —%In(cosu) +C= —%In(cos(xz-i- 1))+C.



dx
10. - =
0 /x2—6x+13

By competing the squarewe seethatx? — 6x+ 13 = (x— 3)?+ 4. Let u = x— 3, du = dx, sothatwe have

/ dx B / dx B / du

xX—6x+13 J (x=3)2+4 J u2+4°

Now, we know theintegral of du/(u? + 1); but how dowe do du/(u?+ 4)? Again alittle algebacomesinto
play:

u2+4:4((;)2+1).

Try thesubstitutionv = u/2, dv=du/2:

du _1 2dv —1arctan/+C—1arctanX;3+C
/u2+4_4 V241l 2 2 2 ‘



