CalculusllI
Practice Problems 9: Answers

In prodems1-5find theradiusof corvergenceof theseries:

Answer. We usetheratiotest:
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Answer. Again, theratiotest:
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Answer. We look attheratios:
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Answer. We look attheratios:
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Answer. Herewe obsere thatthe generaltermis of theform a, = (p(n)/n!)x", wherep is a polynomial
of degree3, Thusan = (g(n))(x"/(n—3)!), whereg is a ratio of polynomialsof degree3. Sincelim g(n)



exists, the numkersg(n) arebounded. Thus,by the comparisontest(with the exponentialseries)this series
convergesfor all x; thatis, R= co.

6. Let f(x) = %(n-{_zz]ﬂxn . Find aformua for thefundtion f.
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Answer. We have to look at the form of the series:is it obtainedfrom a serieswe know usingalgebaic
operdions, differentiation, or integration? Thetermsn+ 2, n+ 1 give a clue: thesehave beenobtainedby
two differertiations. So, we integratetwice to seewhatwe have:
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G(X) = /O “E)dt = ni%xnﬁ ,

Now, we canfactoroutax?, andobtain
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Then
F(X) =G/ (x) = 2x&+x%€¢,  f(X) = F'(x) = 2e“+ 4xe* + x%€" .
Heresanothemneto try:
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f(x) = ;(n+ 2)(n+1)x".
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7. Findthe Taylor seriescenteredat the origin for thefunction F(x) = 1"
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Substitutet® for x, andthenintegratetermby term:
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8. Findthe Taylor seriescenteedat the origin for the antiderizative (indefinite integral) of f(x) =

Answer. We startwith theseries .
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Now, substitute—x? for x andsubtractL:



Now, divide by x:
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Now integrae termby term:
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9. Find the Taylor seriescenteredat the origin for thefunction ﬁdt .
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Answer . We startwith theseries
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Now, thesecondseriesin this sumis the sameasthefirst, exceptfor thefirst term. Thus
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10. Find the Taylor seriescenteredat the origin for the function m
Answer. We startwith the series 1
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Differertiate bothsides;
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Now divide bothsidesby 2x, andchang theindex:
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We remak thatonecouldalsostartwith the seriesfor 1/(1 — x), differentiateit, andthensubstitutex? for x,
leadingto, of coursethe sameresult.

11. Find the Taylor exparsionof x® centeredat the poirt -1.



Answer . We needto find thesuccessie derivativesof f(x) = x3 atx= —1. Wefind: f(-1) = -1, f/(-1) =
3, f’(-1) = —6, f"”"(—1) = 6, andall subseqancederivaivesarezero.Thusthe Taylor expansionis
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= —1+3(x+1)+ S (x+ 1)%+ 50+ 1)% = —143(x4+1) - 3(x+ )%+ (x+1)3.

12. Findthe Taylor seriescenteredat the origin for the function coshx
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Answer. We have
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Whenwe addthetwo seriesthe oddtermscancelandthe even termsdouwble. Thus
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13. Find thefirst 5 coeficients of the Maclaurinseriesfor f(x) = eXcosx.

Answer. We have to write down the Maclaurinseriesof e* andcosx up to thefifth term,andthenmultiply
justaswe would polynomials,thronving away productswhich areof degreegreateithan5;
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14. Expand f (x) = 1+ x— 3x*>+x% in aMaclaurinseries.

Answer. Theexpressiorof apolynomialasa sumof monanialsisits expressionasa Maclaurinseries.



