IRREDUCIBLE HARISH CHANDRA MODULES FOR SL(2,R): REFERENCE GUIDE

label | condition name K-types Q action | infinitesimal | leading exps. | unitary? | comments
character
C trivial 0 0 p 0 yes unipotent
F(d) |deZ,d>1 d-dimensional d—1,...,—(d-1) 1(d@ 1) [ dp s(—=d+1) no
Df |n€eZn>1 holomorphic dis- | n+1,n+3,n+35,... i(n2 —1) | np %(n +1) yes discrete series
crete series
D, |n€eZn>1 anti-holomorphic | —(n+1),—(n+3),... | 1(n* = 1) | np s(n+1) yes discrete series
discrete series
Dar limit of discrete 1,3,5,... —% 0 % yes tempered, unipo-
series tent
Dy limit of discrete -1,-3,-5,... —% 0 % yes tempered, unipo-
series tent
P (v) | veiR2Y spherical unitary 0,+2,+4,... i(uQ —1) |vp %(:I:I/ +1) yes tempered
principal series
P_(v) | veiR>Y nonspherical uni- +1,4+3, 45, ... 107 =1) [ vp (v +1) yes tempered
tary principal se-
ries
P.(v)|ve(0,1) complementary 0,£2,+4,... 10 =1 |vp F(Fr+1) yes Selberg’s 1/4 Con-
series jecture: not auto-
morphic
Py (v) |v € C: R(v) > | principal series 0,£2,44,... 17 =1) [ vp (v +1) no
0, v ¢ (01),
v#1,3,...
P_(v) |v € C: R(v) > | principal series +1,43,45,... 107 =1) [ vp (v +1) no
0, v #2,4,

Definition of principal series: P.(v) is the Harish-Chandra module of the normalized induced representation Ind®° (¢ ® e” ® 1|P, G); so Pc(v) =~ Pc(—v) if Pc(v) is irreducible.
Canonical normalization of Casimir: Q = %H2 + %(XY +YX)
Leading exponent: 7 a leading exponent means there is a matrix coefficient whose restriction to A grows like
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as a tends to 0. Since a — 0 corresponds to going to infinity in G, R(n) > 0 means “decay at infinity on G”.




Reducibility of principal series. Fix a nonnegative integer n and set ¢ equal to the parity of n.
We have the following exact sequences:
0 — D, ® D} — P.(n) — F, — 0;

and

0 — F, — P.(—n) — D,, ® D;; — 0.

Character Formulas:

Principal series. If 7 = Ind™ (e ® e” ® 1| P, G), the character is given by the following function:
cosf  sin 9)

3

O:.(9) =0 if g is conjugate to (— sinf cosf

and
E(eut + efut)

@5,1/(9) = |et _e_t|

e . et 0
if g is conjugate to <0 ot ]

Sums of discrete series. The character of D)} @ D, (for n > 1) is given by:

—einb _ g—inf - . cos  sinf
Onlg) = 00 _ o—i0 if g is conjugate to (— sinf cosf)’
and 1
26771 et O
a1 e .
O,(g) =€ et — o 7| if g is conjugate to € (O ot )

Individual discrete series. The character of DX (n > 1) is given by:

—inb .
L, Fem e . cos sinf)
O (g9) = P — if g is conjugate to <_ sinf cosf)’
and
—nlt| ¢
fo8 a1 € e . e 0
O (g) =¢ 7|et —e | if g is conjugate to € (0 e_t) .



