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1 Introduction to Malliavin Calculus

The Malliavin calculus is an infinite dimensional calculus on a Gaussian space, which
is mainly applied to establish the regularity of the law of nonlinear functionals of the
underlying Gaussian process.

Suppose that H is a real separable Hilbert space with scalar product denoted by (-, ).
The norm of an element o € H will be denoted by ||| #.

Consider a Gaussian family of random variables W = {W(h),h € H} defined in a
complete probability space (2, F, P), with zero mean and covariance

EW (W (g)) = (h,9)n-

The mapping h — W (h) provides a linear isometry of H onto a closed subspace of H;
of L2(92).

Example 1 If B = {B;,t > 0} is a Brownian motion, we take H = L?([0,00)) and

W(h) = /OOO h(t)dB;.



Example 2 In the case H = L*(T, B, i), where y is a o-finite measure without atoms,
for any set A € B with u(A) < oo we define

W(A) = W(Ly).

Then, A — W(A) is a Gaussian measure with independent increments (Gaussian white
noise). That is, if Ay,..., A, are disjoint sets with finite measure, the random variables
W(Ay),...,W(A,) are independent, and for any A € B with u(A) < oo, W(A) has
the distribution N(0, (A)). In this case, any square integrable random variable F' €
L*(Q), F, P) (assuming that the o-field F is generated by {W(h)}) admits the following
Wiener chaos expansion

F=EF)+> IL(f). (1.1)

In this formula f,, is a symmetric function of L*(7™) and I,, denotes the multiple stochastic
integral introduced by It6 in [6]. In particular I;(f1) = W (f1). Furthermore,

E(F?) = E(F)* + ) ol fllZ2¢ny.
n=1

1.1 Derivative operator

Let S denote the class of smooth and cylindrical random variables variable of the form

where f belongs to C°(R”™) (f and all its partial derivatives have polynomial growth
order), hy,...,h, arein H, and n > 1.

The derivative of F' is the H-valued random variable given by

DF = Z gi(W(hl), W (h)) b

Example D(W(h)) = h, D(W(h)?) = 2W (h)h.

The following result is an integration by parts formula.



Proposition 1.1 Suppose that F is a smooth and cylindrical random variable and h €
H. Then
E((DF,h)u) = E(FW (k).

Proof. We can assume that there exist orthonormal elements of H, eq,...,e,, such that
h = e; and
F=fW(e),...,W(en)),

where f € C7°(R"). Let ¢(x) denote the density of the standard normal distribution on
R™, that is,

n 1 —
= (27)" 2 - 2).
ole) = n) F expl=3 3o
Then we have

of

s(ormm = B(gLoven) - [ e

R 8x1

)¢(x)dx
=/ f(@)p(x)1dr = BE(FW (e1)),

which completes the proof. m

Applying the previous result to a product F'G, we obtain the following consequence.

Proposition 1.2 Suppose that F' and G are smooth and cylindrical random variables,
and h € H. Then we have

E(G(DF,h)y) = E(~F(DG, k)i + FGW (h)).

Proof. Use
D(FG)=FDG+ GDF.

As a consequence we obtain the following result.

Proposition 1.3 The operator D is closable from L?(Q2) to L*(2; H) for any p > 1.



Proof. Let {Fy, N > 1} be a sequence of random variables in S such that
Fny — 0in LP(92),

and
DFy — nin LP(Q; H),

as NN tends to infinity. Then, we claim that 7 = 0. Indeed, for any h € H and for any
random variable F' = f(W(hy),...,W(h,)) € S such that f and its partial derivatives
are bounded, and F'WW (h) is bounded, we have

E((n,h)uF) = Aim E({(DFn,h)uF)
= Nlim E(—Fn{(DF,hyy + FNFW(h)) =0
This impliesn =0. m

For any p > 1 we denote by D! the closure of S with respect to the seminorm

B =

1Fllp = [E(F") + E(|DF[[E)]" -

For p = 2, the space D? is a Hilbert space with the scalar product

(F,G)15 = E(FG) + E((DF,DG)y).

We can define the iteration of the operator D in such a way that for a random variable
F € S, the iterated derivative D*F is a random variable with values in H®*.

For every p > 1 and any natural number k£ > 1 we introduce the seminorm on S defined
by

K v
1Ellep = | E(EP) + ) E(ID'Flfe,)
j=1
We denote by D¥? the closure of S with respect to the seminorm || - |1,

For any k > 1 and p > ¢ we have D*? C D*~14. We set D>® = N, ,D*P.

Remark 1 If H = R", then the spaces D¥” can be identified as ordinary Sobolev spaces
of functions on R™ that together with their k first partial derivatives have moments of
order p with respect to the standard normal law.
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Remark 2 The above definitions can be exended to Hilbert-valued random variables:
D*P(V), where V is a given Hilbert space.

The following result is the chain rule, which can be easily proved by approximating the
random variable F' by smooth and cyllindrical random variables and the function ¢ by
¢ * 1., where {1} is an approximation of the identity.

Proposition 1.4 Let ¢ : R™ — R be a continuously differentiable function with
bounded partial derivatives, and fix p > 1. Suppose that F = (F*',... F™) is a random
vector whose components belong to the space D'P. Then ¢(F) € D'?, and
— Jp i
D(p(F)) = 3 2 (F)DF"

=1

The following Holder inequality is proved easily, and it implies that D> is closed by
multiplication.

Proposition 1.5 Let F' € D*P, G € D¥ for k € N*, 1 < p,q < oo and let r be such
that % + é = % Then, FG € D*" and

IFG, < g 1F 1 Gk, -
Consider now the white noise case, that is, H = LQ(T, B, ). Then, the derivative DF

is a random element in L2(Q; H) ~ L2(Q x T, F ® B, P x 1), that is, it is a stochastic
process that we denote by {D,F,t € T}.

Suppose that F'is a square integrable random variable having an orthogonal Wiener chaos
expansion of the form

F=EF)+> L(f), (1.2)

where the kernels f,, are symmetric functions of L?(T™). The derivative D;F can be
easily computed using this expression.

Proposition 1.6 Let F' € L?(2) be a square integrable random variable with a devel-
opment of the form (1.2). Then F' belongs to D2 if and only if

o
Znn!anH%z(Tn) < 00
n=1
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and in this case we have

DF = ann—l<fn('vt>>‘ (13)

Proof. Suppose first that F' = I,,(f,,), where f, is a symmetric and elementary function
of the form

f(tla--' Z Qg .. zn1A¢1><---><A¢n (tla"'7tn)7 (14)
i1yeenyin=1
where Ay, Ay, ..., A, are pair-wise disjoint sets with finite measure, and the coefficients
a;,..;, are zero if any two of the indices iy, ..., 1, are equal. Then

DF =Y Y @y ,W(A,) - 1a, (1) W(A,) = nloa(fa(- 1)),

J=1141,...,in=1
Then the result follows easily. m

The heuristic meaning of the preceding proposition is clear. Suppose that F' is a multiple
stochastic integral of the form I,,(f,,), which can be denoted by

L / /fntl,... W (dt) - - W (dt,).

Then, F belongs to the domain of the derivation operator and D, F' is obtained simply by
removing one of the stochastic integrals, letting the variable ¢ be free, and multiplying by
the factor n.

We will make use of the following result.

Lemma 1.7 Let {F,,n > 1} be a sequence of random variables converging to F in
LP(QY) for some p > 1. Suppose that sup,, || F,,||x, < oo for some k > 1. Then Then I
belongs to D*»,

Proof. We do the proof only in the case p = 2, kK = 1 and assuming that we are in the
white noise context. There exists a subsequence {F,x),k > 1} such that the sequence
of derivatives DF,, converges in the weak topology of L?(Q2 x T') to some element
o € L*(Q x T). Then, for any h € H the projections of (h, DF,)) on any Wiener
chaos converge in the weak topology of L?(€2), as k tends to infinity, to those of (h,a).
Consequently, Proposition 1.6 implies F' € D2 and o = DF. Moreover, for any weakly
convergent subsequence the limit must be equal to « by the preceding argument, and this
implies the weak convergence of the whole sequence. m
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Proposition 1.8 Let I be a random variable of the space D'? such that DF = 0.
Then F' = E(F).

Proof. In the white noise case, this proposition is obvious from the Wiener chaos expan-
sion of the derivative provided in Proposition 1.6. In the general case the result is also
true, even for random variables in D!, m

Proposition 1.9 Let A € F. Then the indicator function of A belongs to D' if and
only if P(A) is equal to zero or one.

Proof. By the chain rule (Proposition 1.4) applied to to a function ¢ € C3°(R), which
is equal to 22 on [0, 1], we have
D1, = D(14)*=21,D1,

and, therefore, D14 = 0 because from the above equality we get that this derivative
is zero on A° and equal to twice its value on A. So, by the Proposition 1.8 we obtain
14 = P(A) |

1.2 Divergence operator

We denote by § the adjoint of the operator D (divergence operator). That is, 0 is an
unbounded operator on L*(2; H) with values in L?(2) such that:

(i) The domain of §, denoted by Domd, is the set of H-valued square integrable
random variables v € L?(Q; H) such that

|[E(DF, u) )| < cl|F2,
for all F € D2, where c is some constant depending on .

(ii) If u belongs to Domd, then 6(u) is the element of L?(Q2) characterized by the
duality relation
E(Fo(u)) = E(DF,u)p)

for any F' € D2



Properties of the divergence
1. E(0(u)) =0 (take F =1 in the duality formula).

2. Consider the set Sy of H-valued cylindrical and smooth random variables of the form
u = Z?Zl Fjh;, where the F; € S, and h; € H. Then, Proposition 1.2 implies that an
element u € Sy belongs to the domain of § and

n

ZFW Z (DF;, h;)
= 7j=1

We will make use of the notation D, F' = (DF,h)g, for any h € H and F' € D2
Three basic formulas

Suppose that u,v € Sy, FF € S and h € H. Then, if {e;} is a complete orthonormal
system in H

E(5(u)do(v)) = E({u,v)y) + F (Z De,(u,ej)gDe, (v, ei>H) (1.5)

1,7=1

Din(6(w)) = 8(Dpu) + {h,u) g (1.6)

§(Fu) = Fé(u) — (DF, u)g. (1.7)

Proof of (1.6): Assume u =" Fjh;. Then

Da(5(u)) = <ZFW Z<DFj,hj>H>

7j=1

_ ZFJ (h by}, + Z (DLE;W (hy) — (Dy (DF}) ) )



Proof of (1.5): Using the duality formula and (1.6) yields

E(6(u)i(v))) = E((U,D@(U)))H)—E(Z(U,GDHDQQ(U)))

=1

= L (Z (v,ei)y ((u,ei)y + 5(D6iu))>

i=1
= E(<U7U>H) + L& <Z De, (u, €j>H Dej <U76i>H> :
ij=1
Proof of (1.7): For any smooth random variable G € S we have

E(DG,Fu),;) = E({(u,D(FG)—GDF),)
= E((6(u)F —(u,DF),)G).

Remark 1 Property (1.5) implies the estimate
E (5(u)’) < E (lullz) + E (I Dullzrsn) = lullf o -

As a consequence, DV(H) C Dom d.

Remark 2 Properties (1.5), (1.6) and (1.7) hold under more general conditions:

1. u € DY?(H) for (1.5).
2. u € D¥*(H) and Dju belongs to Dom 6 for (1.6).
3. FeD"? ue Domd, Fue L*(Q;H), and Fé(u) — (DF,u)y € L*(Q) for (1.7).

Consider the case of a Gaussian white noise H = L*(T, B, ).

Proposition 1.10 Fix aset A € B with finite measure. Let F 5 be the o-field generated
by the random variables {W (B), B C A°}. Suppose that F' € L*(Q, Fac, P). Then F1,4
belongs to the domain of the divergence and



§(F1,) = FW(A).

Proof. If F'is cyllindrical and smooth, then
0(F1y)=FW(A)—(DF,14)g = FW(A) — / D.Fu(dt) = FW(A),
A

because D,FF=0iftc A. m

Consider the particular case 7' = [0,00). Then B, = W(1py) is a Brownian motion.
Let F; be the o-field generated by the random variables {B;,0 < s < t}. We say that
a stochastic process {u;,t > 0} is adapted if for all £ > 0 the random variable wu,; is F;
measurable. Then, the class L2 of adapted stochastic processes such that £ ( [;* udt) <
oo is included in the domain of the divergence and d(u) coincides with the Itd stochastic
integral:

5('&) = / UtdBt.
0

This is a consequence of Proposition 1.10 and the fact that the operator ¢ is closed.

The following theorem is based on Meyer inequalities and it is a central result in Malliavin
Calculus:

Theorem 1.11 The operator § is continuous from D*?(H) into D*=YP for all p > 1
and k > 1. That is,

16()llk-1p < Crplltellip-

The following proposition provides a precise estimate for the norm p of the divergence
operator.

Proposition 1.12 Let u be an element of D'?(H), p > 1. Then we have
O T (T —
Exercises

1.1 Let F' € D*? be given by the expansion F' = E(F) + Y > I,(f,). Show that for
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all £ > 1,

n==k
and -
E(|ID*F 327w Z anHL2 (Tn)-
n— k

1.2 Suppose that F' = E(F)+> " I,,(f,) is a random variable belonging to the space
D> = N, D*2. Show that f,, = L E(D"F) for every n > 1 (Stroock’s formula).
1.3 Let F = exp(W(h) — 5 [, h2u(ds)), h € L*(T). Compute the iterated derivatives

of F' and the kernels of its expansion into the Wiener chaos.

1.4 Let F € D'? be a random variable such that E(|F|™%) < oco. Then P{F > 0} is

Z€ro or one.

1.5 Suppose that H = L*(T). Let 6* be the adjoint of the operator D*. That is, a

multiparameter process u € L?*(2 x T*) belongs to the domain of 6* if and only if there
exists a random variable 6% (u) such that

B(F8*(u)) = E({u, D*F) 2rv))

for all FF € D*2. Show that a process u € L?(2 x T*) with an expansion
_E(ut)+zln(fn(7t))7 te Tka
n=1

belongs to the domain of §* if and only if the series

6% (u) = /TE(ut)th + ZInJrk(fn)

n=1

converges in L?((2).
1.6 Let {W,,t € [0,1]} be a one-dimensional Brownian motion. Using Exercise 1.2 find

the Wiener chaos expansion of the random variables

1 1
Fy = / (W2 4+ 20W2RdW,, Fy = / teVtdwv,.
0 0
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2 Application of Malliavin Calculus to regularity of
probability laws

The integration-by-parts formula leads to the following explicit expression for the density
of a one-dimensional random variable.

Proposition 2.1 Let ' be a random variable in the space D'2. Suppose that ”DF”2

belongs to the domain of the operator § in L*(Q2). Then the law of F' has a continuous
and bounded density given by

DF
p() = F {1 ponyd (—)] . (2.8)
ENIDEI
Proof Let 1 be a nonnegative smooth function with compact support, and set ¢(y) =
J?__w(z)dz. We know that ¢(F') belongs to D'2, and making the scalar product of its

derlvatlve with DF obtains
(D(p(F)), DF) = ¢(F)||DF|)%.

Using the duality formula we obtain

E[(F)] = E KD(%"(F ”=%>H}

- & [o (15| (29)

By an approximation argument, Equation (2.9) holds for ¥)(y) = 1j,4(y), where a < b.
As a consequence, we apply Fubini's theorem to get

Pla<F<b) = [(/ Yl d””) (ru%mﬂ
= [ 1o ()| 2

which implies the desired result. =

Notice that Equation (2.8) still holds under the hypotheses F' € D'? and
D7 (H) for some p,p’ > 1.

DF
e €
IDF|%
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From expression (2.8) we can deduce estimates for the density. Fix p and ¢ such that
i % = 1. By Holder's inequality we obtain
( 7 )
0 2
IDEZ /|,

p
In the same way, taking into account the relation E[§(DF/||DF||%)] = 0 we can deduce

the inequality
DF
i)
IDE /|,

5( DF )
IDEIE 1,

for all z € R. Now using the L?(£2) estimate of the operator § established in Proposition
1.12 we obtain

pla) < (P(F > z))"/

p(e) < (P(F <))

As a consequence, we obtain

p(x) < (P(IF| > |a])"* (2.10)

DF DF
B (B, B )-
H IDF|% ( IDE|% IDF(% ) || oo mrem)
We have
D( DF ) _ D?*F _2<D2F, DF®DF)H®H
IDE|l3 IDE|% IDF||% ’
and, hence, ,
DF 3| D*F
IDE(% ) || ron |DF|3

Finally, from the inequalities (2.10), (2.11) and (2.12) we deduce the following estimate.

Proposition 2.2 Let q, o, 3 be three positive real numbers such that % + é + % =1.

Let F be a random variable in the space D*®, such that E(|DF|,*°) < co. Then the
density p(z) of F' can be estimated as follows

@) < chap (PF] > |])
x (BUDFIE) + | D*Fll gy NPFIEN,) - (213)
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Suppose that F' = (F*,..., F™) is a random vector whose components belong to the
space D!, We associate to F' the following random symmetric nonnegative definite
matrix:

vp = ((DF',DF') ) 1< j<m-

This matrix will be called the Malliavin matrix of the random vector F'. The basic condition
for the absolute continuity of the law of F' will be that the matrix vz is invertible a.s. In
this sense we have the following result, proved by Bouleau and Hirsch (see[1]):

Theorem 2.3 Let F = (F',... F™) be a random vector verifying the following con-
ditions:

(i) Fie DY foralli=1,...,m .

(i) The matrix g safistifes det yp > 0 almost surely.
Then the law of F' is absolutely continuous with respect to the Lebesgue measure on R™.

Condition (i) in Theorem 2.3 implies that the measure (det(vg) - P) o F~! is absolutely
continuous with respect to the Lebesgue measure on R™. In other words, the random
vector I has an absolutely continuous law conditioned by the set {det(vz) > 0}; that is,

P{F € B,det(vr) >0} =0

for any Borel subset B of R™ of zero Lebesgue measure.

The following theorem is the general criterion for the smoothness of densities.

Theorem 2.4 Let F = (F',... F™) be a random vector verifying the following con-
ditions:

(i) F* € D> foralli=1,...,m.

(i) The matrix g safistifes E[(detyr)™?] < oo for all p > 2.

Then the law of F' possesses an infinitely differentiable density.
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A random vector satisfying the conditions of Theorem 2.4 is called nondegenerate. For any
multiindex o € {1,...,m}*, k > 1 we will denote by 0, the partial derivative 5 &

Ty “'ax(xk :

For the proof of Theorem 2.4 we need some preliminary material.

Lemma 2.5 Suppose that v is an m X m random matrix that is invertible a.s. and
such that |det |~ € LP(S2) for all p > 1. Suppose that the entries v/ of v are in D>,
Then (1) belongs to D> for all i, j, and
RY N N
D (7 1) T = —Z (7 1) (7 1) T DM (2.14)

k=1

Proof. First notice that {dety > 0} has probability zero or one (see Exercise 1.4). We
will assume that dety > 0 a.s. For any € > 0 define

771: det vy 771
¢ dety+e'

Note that (dety+¢)~! belongs to D> because it can be expressed as the composition of
det  with a function in C;°(R). Therefore, the entries of 7" belong to D>*. Furthermore,
for any 4,7, (v-1)" converges in LP(Q) to (y71)" as € tends to zero. Then, in order to
check that the entries of v~! belong to D™, it suffices to show (taking into account
Lemma 1.7) that the iterated derivatives of (7~1)" are bounded in L?(£), uniformly with
respect to ¢, for any p > 1. This boundedness in LP(Q2) holds, from the Leibnitz rule for

the operator D*, because (det y)y~! belongs to D>, and on the other hand, (dety+¢)~*

has bounded || - ||z, norms for all k, p, due to our hypotheses.
Finally, from the expression =1y = de—;LI, we deduce Eq. (2.14) by first applying the

derivative operator D and then letting € tend to zero. =

Proposition 2.6 Let F = (F' ..., F™) be a nondegenerate random vector. Let
G € D> and let ¢ be a function in the space C;°(R™). Then for any multiindex
a€{l,....m}*, k> 1, there exists an element H,(F,G) € D> such that

E[0ap(F)G] = Ep(F)Ho(F, G)], (2.15)

where the elements H,(F,G) are recursively given by

Hy(F.G) = 3 5(G (") DFY). (2.16)
H,(F,G) = };ak( s Hay, o) (F,G)). (2.17)
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Proof. By the chain rule (Proposition 1.4) we have

(D(o(F)), DF) g =Y 0ip(F)(DF',DF') 5 =Y dp(F)¢,

i=1 i=1
and, consequently,
Dip(F) =Y (D(p(F)), DF ) (vp")".
j=1

Taking expectations and using the duality relationship between the derivative and the
divergence operators we get

E0p(F)G]=FE [SO(F>H(¢)(F= G)] )

where H; equals to the right-hand side of Equation (2.16). Equation (2.17) follows by
recurrence. Notice that the continuity of the operator 6 (Theorem 1.11), and Lemma 2.5
imply that H; belongs to D*>°. Equation (2.17) follows by recurrence. m

As a consequence, there exists constants 3, v > 1 and integers n, m such that

[Ho(F, G)ll, < cpq ||det vz |5 IDEIR NG, -

Proof of Theorem 2.4. Equality (2.15) applied to the multiindex oo = (1,2,...,m)
yields
E[GOap(F)] = Elp(F)Ho(F,G)].
Notice that
Pl Fm

o(F) = / [ (@)

—00 —0o0

Hence, by Fubini's theorem we can write

E[GOyp(F / Oap(2)E [1{pspyHo(F, G)] da. (2.18)

We can take as J,¢p any function in C§°(R™). Then Equation (2.18) implies that the
random vector F' has a density given by

p(z) = E [1{psuyHo(F,1)] .
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Moreover, for any multiindex 3 we have
E0s0ap(F)] = Elp(F)Hg(F, Ho(F,1)))]
- / 00 () (Lo Hy(H)]
Hence, for any & € C°(R™)
- & (x)p(x)dx = - §(2)E [1(rsuyHs(F, Ho(F,1))] dz.

Therefore p(x) is infinitely differentiable, and for any multiindex 3 we have

Oop(w) = (—=1)V'E [1(psay Har (Ha(F,1))]

2.1 Properties of the support of the law

Given a random vector F' : Q0 — R™, the topological support of the law of F' is defined
as the set of points x € R™ such that P(|x — F'| <€) > 0 for all £ > 0. The following
result asserts the connectivity property of the support of a smooth random vector.

Proposition 2.7 Let F = (F',..., F™) be a random vector whose components belong
to DY2. Then, the topological support of the law of F is a closed connected subset of
R™.

Proof. If the support of F' is not connected, it can be decomposed as the union of two
nonempty disjoint closed sets A and B.

For each integer M > 2 let ¥y : R™ — R be an infinitely differentiable function
such that 0 < ¢y < 1, Yy(x) = 0 if |z| > M, Yy(z) = 1if || < M — 1, and
Sup, 3y [Vhps(2)] < o0,

Set Ayy = An{lz| < M} and By = BN {|z| < M}. For M large enough we have

Ay # 0 and By # 0, and there exists an infinitely differentiable function fj; such that
0 < fu <1, far =1 in a neighborhood of Ay, and fj; = 0 in a neighborhood of Bj,.
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The sequence (fa1ar)(F) converges a.s. and in L*(2) to 1{pcay as M tends to infinity.
On the other hand, we have

D{(futoa)(F)] = > (@m0 far)(F)DF' + (frrdoar) (F)DF']

=1

(fa0ior)(F)DF",

NE

i=1

Hence,
sup 1D [(frrtoar) ()| g < ZSJI&P 10l [| DFY| ;€ L2(€).
i=1
By Lemma 1.7 we get that 1{pc4} belongs to D', and by Proposition 1.9 this is contra-
dictory because 0 < P(F e A) <1. =

As a consequence, the support of the law of a random variable F' € D%2, is a closed

interval. The next result provides sufficient conditions for the density of F' to be nonzero
in the interior of the support.

Proposition 2.8 Let F' € D', p > 2, and suppose that I possesses a density p(z)
which is locally Lipschitz in the interior of the support of the law of F'. Let a be a point
in the interior of the support of the law of F'. Then p(a) > 0.

Proof. Suppose p(a) = 0. Set r = z% > 1. From Proposition 1.9 we know that

L(rsq) & DV because 0 < P(F > a) < 1. Fix € > 0 and set
(z) / S (y)d
e\r) = 5 _ tla—eate .
v | getla—caray)dy
Then ¢ (F') converges to 1p~qy in L"(€2) as € | 0. Moreover, ¢ (F) € DL and
1
€

D(e(F) = 5 Via-carg (F)DF,

We have

B (DA < (EQDFI (o [ ptadn)
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The local Lipschitz property of p implies that p(x) < K|z — al, and we obtain
2 P
E(ID(pe(F)E) < (E(|DF|[f) 2 27 Kv+2.

By Lemma 1.7 this implies 1;p~,; € D", resulting in a contradiction. m

The following example shows that, unlike the one-dimensional case, in dimension m > 1
the density of a nondegenerate random vector may vanish in the interior of the support.

Example Let h; and hy be two orthonormal elements of H. Define X = (X, X5),
X, = arctan W(hy), and Xy = arctan W (hy). Then, X; € D> and
DX; = (14+W(hi)*) *hs,

fori=1,2, and
2

detyx = [(1+W()*) (1 + W(ha)*)] .

The support of the law of the random vector X is the rectangle [—7, gf and the
density of X is strictly positive in the interior of the support. Now consider the vector
Y = (Y3, Ya) given by

Yi = (X1+377T)COS(2X2+7T),
3
Y, = (X1+§)sin(2X2+7r).

We have that Y; € D> for i = 1,2, and

2

ety = 4(Xy + 20 [(L+ W (n)?) (L + W(ha)?)]

This implies that Y is a nondegenerate random vector. lIts support is the set {(z,y) :
72 < 2? + y? < 47}, and the density of Y vanishes on the points (z,%) in the support
such that 7 < y < 27 and z = 0.

Exercises

2.1 Show that if F'is a random variable in D?* such that E(||DF||=®) < oo, then

”gﬁ € Dom é and

5( DF )_ §(DF) _(DF @ DF,D*F)usu
IDF|[ IDE% IDF%
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2.2 Let F be a random variable in D2 such that Gkﬁ belongs to Dom d for any
H
k=0,...,n, where Gy =1 and
DF
Gr,=9 <Gk1—>
IDF|%

if 1 <k <n+ 1. Show that F' has a density of class C" and

f(k)(x) = (—1)kE [1{F>x}Gk+1} )
0<k<n.

2.3 Set M, = fg u(s)dWs, where W = {W(t),t € [0,T]} is a Brownian motion and let

u={u(t),t € [0,T]} is an adapted process such that |u(t)| > p > 0 for some constant
p B (fOTU(t)Zdt) < 00, u(t) € D*? for each t € [0, 7], and

T
M= sup E(Dsul?)+ sup E((/ D2 juPdt)}) < oo,

5,t€[0,T) r,s€[0,T] 0

for some p > 3. Show that the density of M;, denoted by p;(z) satisfies

C 1
pu(x) < P(M] > [a])7,

7

for all £ > 0, where ¢ > ;%3 and the constant ¢ depends on A, pand p.
2.4 Let F' € D**, o > 4, be a random variable such that E(||DF|| /) < oo for all p > 2.
Show that the density p(z) of F'is continuously differentiable, and compute p/(z).

2.5 Show that the random variable F' = fol t? arctan(W;)dt, where W is a Brownian
motion, has a C* density.
2.6 Let W = {W(s,t),(s,t) € [0,1]*} be a two-parameter Wiener process. Show that

SUD(s 1)ef0,12 WV (8, ) has an absolutely continuous distribution. Show also that the density
is strictly positive in (0, 4+00).
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3 Stochastic heat equation

Suppose that W = {W(A),A € B(R?),|A| < oo} is a Gaussian family of random

variables with zero mean and covariance
EW(A)W(B) =|An B|.
That is, IV is a Gaussian white noise on the plane. Then if we set W (¢, z) = W ([0, t] x

0, z]), for t,z > 0, W = {W(t,x),t € [0,00),z € [0,00)} is a two-parameter Wiener
process.

For each ¢ > 0 we will denote by F; the o-field generated by the random variables
{W(s,z),s € [0,t],z > 0} and the P-null sets. We say that a random field {u(¢,x),t >
0,z > 0,00)} is adapted if for all (¢, x) the random variable u(t, z) is F;-measurable.

Consider the following parabolic stochastic partial differential equation on [0, c0) x [0, 1]:

ou  O*u PwW

— = —— +b(ult t =

51 = gpz Tt @) +o(ult, z)) Z o
with initial condition w(0,2) = wug(z), and Dirichlet boundary conditions u(t,0) =
u(t,1) = 0. We will assume that uy € C([0, 1]) satisfies u(0) = ug(1) = 0.

(3.19)

2w

Equation (3.19) is formal because the derivative 5=~

it by the following integral equation:

ult,z) = / G yuoly)dy + / t / G )bl ) dyds

does not exist, and we will replace

- t | G otutswds.as) (3.20)

where Gy(z,y) is the fundamental solution of the heat equation on [0, 1] with Dirichlet

boundary conditions:
oG ale

E = a—yQ, Go(xa?/) = 53:(3/)-

The kernel G(z,y) has the following explicit formula:

n=—oo

—exp(—W> } (3.21)
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On the other hand, G;(x, y) coincides with the probability density at point y of a Brownian
motion with variance 2¢ starting at x and killed if it leaves the interval [0, 1]:

d
Gi(z,y) = @Em{Bt €dy, B, € (0,1) Vse[0,1]}

This implies that

Gl ) < — ( |x_y|2) (3.22)
x,y) < exp| —————— | . :
t\T, Y Tt p At
Therefore, for any 3 > 0 we have
! 8 _8 _ Blal? 18
Gi(z,y)’dy < (Ant)"2 | e @ de=Cgt 2 . (3.23)
0 R

The solution in the the particular case ug =0, 0 =0, 0 =1 is

wrn) = [ [ ()W (ds. dy).

This stochastic integral exists and it is a Gaussian centered random variable with variance

t 1 t
/ / Gi_s(z,y)*dyds = / Gos(x,x)ds < o0,
0o Jo 0

because Gy (x, ) < Cs~ /2. Notice that in dimension d > 2, Gy (2, 7) ~ Cs~' and the
variance is infinite. For this reason, the study of space-time white noise driven parabolic
equations is restricted to the one-dimensional case.

In the case ¢ # 0 the stochastic integral is a It6 integral, defined using the isometry

property
2) _E (/Ot /01 Gt_s(x,y)2a(u(s,y))2dyds) |

d
(3.24)

The following result asserts that Equation (3.20) has a unique solution if the coefficients
are Lipschitz continuous.

/ot /01 Gies(z,y)o(uls, y))W(ds, dy)
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Theorem 3.1 Suppose that the coefficients b and o are globally Lipschitz functions.
Then there is a unique adapted process u = {u(t,z),t > 0,z € [0,1]} such that for all

T>0 -
E (/ / u(t,a:)dedt) < 00,
o Jo

and satisfies (3.20). Moreover, the solution w satisfies

sup E(|u(t,)|P) < oo (3.25)
(t,2)€[0,T]x[0,1]
forallp>2andT > 0.

Proof. Consider the Picard iteration scheme defined by

wolt, ) = / Gl y)uoly)dy

Upi1(t, ) = uo(t,x)+/0 /0 Gi—s(z,y)b(u,(s,y))dyds

and

+ / / Gros(, y)o(un(s, )W (dy, ds), (3.26)

n > 0. Using the Lipschitz condition on b and ¢ and the isometry property of the
stochastic integral with respect to the two-parameter Wiener process (3.24), we obtain

E(|un4a(t, )

<2AT+1) / / Gis(2,9)*E (lun(s,y) — un-1(s,9)[*) dyds.

Now we apply (3.23) with 3 = 2, and we obtain

/O Bl (t,7) — un(t, 2)[?)dz
<C / / E(Jttn(5,) — tn1(5,9))(t — )~ Fdyds.
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Hence,
[ Bllunaatta) = watt )Py

o%f/s/l E(Jun(r, 2) = un_1(r, 2)[)(s — r)"2(t — s)"2dzdrds
= CT// ([t (r, 2) = 1 (7, 2)[?)dzdr.

IN

Iterating this inequality yields

Z sup / E(|tuny1(t,7) — up(t, 2)|*)dr < co.

—o t€[0,1]

This implies that the sequence wu,(t,z) converges in L*([0,1] x ), uniformly in ¢ €
[0, 77, to a stochastic process u(t,x). The process u(t, ) is adapted and satisfies (3.20).
Uniqueness is proved by the same argument.

Let us now show (3.25). Fix p > 6. Applying Burkholder's inequality for stochastic
integrals with respect to the Brownian sheet and the boundedness of the function wy
yields

E(Junna(t,2)[) < e ([Juolls,

w8 ([ [ o se bt dyds)p)
> (( / t / 1 Gts<a:,y>20<un<s,y>>2dyds) )) .

Using the linear growth condition of b and o we can write

E (Junes (t,2) ) < Cy 7 (1 b E ((/Ot/ol Gt_s(x,y)2un(s,y)2dyds> )) |
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Now we apply Holder's inequality and (3.23) with 5 = p% < 3, and we obtain

E (Junsi(t,2)P) < Cpr <1+ (/Ot/oth_S(x,y)zfpzdyds)%
<[ [ Bt i)
< czgv(1-+»jﬁtjflzauun<s,y>f>dyds)

and we conclude using Gronwall's lemma. =

The next proposition tells us that the trajectories of the solution to the Equation (3.20)
are a-Holder continuous for any a < %. For its proof we need the following technical
inequalities.

(a) Let € (1,3). Forany z € [0,1] and ¢, h € [0,T] we have

t 1 -
//W@me—ame@@somﬁﬁ (3.27)
0 0

(b) Let 8 € (3,3). Forany z,y € [0,1] and ¢ € [0, T] we have

t 1
/ / G, 2) — Gu(y, 2)|Pdzds < Opglz —y[*P. (3.28)
0o Jo
Proposition 3.2 Let uy be a Holder continuous function of order% such that uy(0) =
uo(1) = 0. Then, the solution u to Equation (3.20) satisfies
p—4 p=2
E(u(t, ) —uls,y)[") < Cr(|t — s[> + |z —y[ =)

for all s,t € [0,T), z,y € [0,1], p > 2.

As a consequence, for any € > 0 the trajectories of the process u(t,z) are Holder con-
tinuous of order 1/4 — € in the variable ¢ and Holder continuous of order 1/2 — € in the
variable x.

25



Proof. We will discuss only the term

t 1
Utta) = [ [ Gisag)atuts, )W (dy. ds).
0 0
Applying Burkholder’s and Holder's inequalities, we have for any p > 6
E(U(t,z) = U(t,y)I")

t 1
s@E( L/K%xaa—Gm@wwwmm@WM%
0 0

t 1 . B2
< Cpr (/ / Gi—s(z,2) — Gi—s(y, Z)|P—2dzd5> ,
0o Jo

because fo fo (u(s, z))\p)dzds < 0. From (3.28) with 3 = -2& we know that this
is bounded by C|a: —y|T

On the other hand, for ¢ > s we can write

E(U, z) - Sivlp

t 1
+FE ( / Gi—o(z,y)Plo(u(0,y))*dydo
s 0
s 1 2p
T { / Gioo(x,y) — Go_g(z,y)|7-2 dydf
0 0

Using (3.27) we can bound the first summand by C,|t — 5|+ . From (3.23) the second
summand is bounded by

t—s 1 2p i—s -
/ /Ge(%y)”dyd@ < Op/ 022 df
0 0 0

= CIJt - syizfp_—ﬁm_

\Gt o(2,y) — Gy_g(z,y)|*lo(w(0,y))|*dydd

)

)

p—2
2

IN

1
Giol,y) 2 dydd
0
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As a consequence,

B(lU(t,2) = Uls,p)l") < Cor (lo = yl™= + [t — 5|7 |

3.1 Regularity of the probability law of the solution

In order to apply the criterion for absolute continuity, we will first show that the random
variable u(t, z) belongs to the space D!2.

Proposition 3.3 Letb and o be C' functions with bounded derivatives. Thenu(t,z) €
D2, and the derivative D, u(t, x) satisfies

Dsyu(t,z) = Gi_g(z,y)o(u(s,y))

/ / Gio(, )V (u(0, 7)) Dsyu(6, 7)did0
/ / Gr—(z, 1)’ (w8 7)) Dayu(6, 1) VW (d, di)

if s <t, and Dy u(t,z) =0 if s > t.

That is, {D; u(t,z),t > 8} is the solution of the stochastic heat equation

0D, ,u 0* Dy yu o*wW
6ty = 8:702y + ' (u) D yu + U/(U)Ds’yu—ﬁtéa:
on [s,00) x [0, 1], with Dirichlet boundary conditions and initial condition o (u(s,y))do(z—

y)-
On the other hand, Proposition 3.3 also holds if the coefficients are Lipschitz continu-

ous. In this case, we replace b'(u(t,z)) and o'(u(t,z)) by some bounded and adapted
processes.

Proof. Consider the Picard approximations u, (¢, x) introduced in (3.26). Suppose that
u,(t, ) € DY for all (¢,z) € [0,T] x [0,1] and

t 1
sup E (/ / |Dsjyun(t,x)|2dyds> < 00. (3.29)
(t,2)€[0,T]x[0,1] o Jo
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Applying the operator D to Eq. (3.26), we obtain that u,.(¢,) € D' and that
Ds,yun+1 (ta 1}) = ths (33', y)U(un(57 y))

t 1
# [ Gumala ¥ ua(6.2)) Doy 6. )it
s 0

- /: /0 Gi—o(,1)0" (un(0,1)) Dy yu, (0,7)W (d6, dn).

5(f ' / G, 0o (5,) s

< (1 +  sup E(un(t,x)2)> < (O,

t€[0,T),2€[0,1]

Note that

for some constants ', Cy > 0. Hence

t 1
E(// |D5,yun+1(t,x)|2dyds)
’ ’ t 1 t 1
< o (1+E( [ Gt_e@:,n>2|Ds,yun<e,n>|2dnd0dyds))
0 0 s 0

t t 1
S 04 (1 +/ sup / / (t - 9)_§E(|Ds,yun(9>77)|2)d9dyds> .
0 ne€f0,1]Js Jo

t 1
V(t) = sup E ( / / st,yun(t,x)deds).
z€[0,1] o Jo

Let

Then

Voa(t) < Cy <1+/Otvn(0)(t—9)—%d9)

< G (1+/0t/00Vn_1(u)(t—0)_

< Cg (1+/ Vn_l(u)du) < 00,
0

due to (3.29). By iteration this implies that
sup  Vo(t) < C,

te[0,T],2€[0,1]

=

(6 — u)—%dude)
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where the constant C' does not depend on n. Taking into account that w, (¢, x) converges
to u(t,x) in LP(Q) for all p > 1, we deduce that u(¢, z) € D2, and Du,(t,z) converges
to Du(t,z) in the weak topology of L*(Q; H) (see Lemma 1.7). Finally, applying the
operator D to both members of Eq. (3.20), we deduce the desired result. m

Furthermore, if the coefficients b and o are are infinitely differentiable with bounded
derivatives of all orders, then (¢, x) belongs to D*°.

Set Yu(ra) = fy Jo (Dsyul(t, x))* dyds and

t 1
B, = / / o (u(s,y))Gz_(x,y)dsdy.
o Jo

The following theorem asserts the existence and regularity of the density under strong
ellipticity conditions.

Theorem 3.4 Assume that the coefficients b and o are Lipschitz functions, and |o ()| >
¢ > 0 for all x. Then the law of u(t,z) is absolutely continuous for all t > 0 and all
x € (0,1). On the other hand, if b and o are infinitely differentiable functions with
bounded derivatives, then u(t,x) has a C™ density for all (t,z) such thatt > 0 and
z € (0,1).

Proof. Set H = L?*([0,1]). We have
t 1 t
[ IDatta)lds = 5 [ G a = otuls Dlds . (330)
0 t—5
where
t t 1
Iy = / H/ / Gi_r(x — 2)0o'(u(r, 2)) Dsu(r, 2)W (dr, dz)
-4 s 0
t t el
—l—/ / Gyi_r(x — 2)b (u(r, 2)) Dsu(r, 2)dr||3ds.
s 0

The first term in the inequality (3.30) can be bounded below by a constant times 4, while
the term Is is of order 97 for some v > 0. Using these ideas it is not difficult to show

that E(gamma;(’; 2y < 00 forallp>2. m
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e In [10] Pardoux and Zhang proved that u(¢, x) has an absolutely continuous distribution
for all (¢,z) such thatt > 0 and = € (0,1), if the coefficients b and o are Lipschitz
continuous and o (ug(y)) # 0 for some y € (0,1).

e Bally and Pardoux considered in [2] the Equation (3.20) with Neumann boundary condi-
tions on [0, 1], assuming that the coefficients b and ¢ are infinitely differentiable functions,
which are bounded together with their derivatives. The main result of this paper says that
the law of any vector of the form (u(t,x1),...,u(t,zq)), 0 <a; <--- <zg <1,t>0,
has a smooth and strictly positive density with respect to the Legesgue measure on the
set {o > 0}%.

4 Spatially homogeneous SPDEs

We are interested in the following general class of stochastic partial differential equations

Lu(t,z) = o(u(t,x))W(t,x) + b(u(t, z)), (4.31)

t >0, z € R?% where L denotes a second order differential operator, and we impose the
initial conditions P
U
u(0,z) = —(0,2) = 0.
(0.2) = 5(0,2)
Assumptions:

(H1) The fundamental solutions to Lu = 0 denoted by I' is a non-negative measure of
the form T'(¢, dy)dt such that T'(¢,R?) < Cr < oo forall 0 <t < T and all T > 0.

(H2) The noise W is a zero mean Gaussian family W = {W(p), ¢ € C°(R*¥1)} with
covariance

EWew) = [ [ [ et put st @32

where f is a non-negative continuous function of R\ {0} such that it is the Fourier
transform of a non-negative definite tempered measure 1 on R%.

That is,
f(x) = / exp(—2im - E)ulde),
Rd
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and there is an integer m > 1 such that

[ a1yt < .

Then, the covariance (4.32) can also be written, using Fourier transform, as

EWWw) = [ [ e Fe@nis

The completion of the Schwartz space S(IR?) of rapidly decreasing C* functions, endowed
with the inner producrt

(o= [ Fe@Fo@u) = [ [ el — sy

is denoted by H. Notice that H may contain distributions. Set Hy = L*([0,T]; H).
By definition, the solution to (4.31) is an adapted stochastic process u = {u(t,x),t >
0,z € R4}, satisfying

u(t, ) :/Ot/RdF(t—s,m—y)a(u(t,z))W(d&dy)+/Ot/Rd b(u(t — s,z —y))'(s,dy).

(4.33)
The stochastic integral appearing in formula (4.33) requires some care because the inte-
grand is a measure. We refer to Dalang [4] for the construction of this integral. The main
ideas are as follows.

4.1 Stochastic integrals

Fix a time interval [0, T]. The integral of an elementary process of the form

g(s,2) = Lap(s)la(z)X,

where 0 < a < b<T, Ae B(R?Y and X is a bounded an F,-measurable random variable
is defined as
g-W=W((a,b] x A)X.
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This definition is extended by linearity to the set £ of all finite linear combinations of
elementary processes. We have

E(lg- W) = E(X?)(b— a) / 1a(2)f (2 — y)La(w)dady = g]2aper)  (4.34)

Ra

The o-field on € x R generated by elements of the form 1,4 (s)X, is called the pre-
dictable o-field and denoted by P. The completion of £ with respect to the norm of
L3(2; Hr) is equal to the class of square integrable H-valued predictable processes:

E=L*Qx[0,T],P, P x dt; H).
The stochastic integral g- TV can be extended to the space L*(Q); Hr), and the isometry
property (4.34) is preserved.

The following proposition provides a useful example of a random distribution which belongs
to the space L?(Q2;Hr). We need the following condition on the fundamental solution
[(t,dx):

| [ i < <. (4.35)

Proposition 4.1 Suppose that {Z(t,x), (t,z) € [0,T] x R} is a predictable process,
continuous in L?(2), such that

Cy:= sup E(Z(t x)*) < oo. (4.36)

(t,x)€[0,T] xRd

Then if (4.35) holds, T'(t,dx)Z(t,x) belongs to L*(Q; Hr).

Proof. Fix 1 € C°(RY) such that 1) > 0, the support of ¢ is contained in the unit ball
of R and [, ¢ (x)dz = 1. For n > 1 set ¢, () = nth(nx) and I',,(t) = ¢« D(t). Then
for each t, I',(t) € S(R?). Then the sequence I',(¢,7)Z(t,z) is bounded in L%(Q; Hr).
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In fact, we have

B[ [ ez ol s

_E/ /R /R (1, 2)Z(t,2) f(z — y)To () Z(E y)dt
<o [ [ / Talt:)f(@ — T (t.y)de
o [ [ iFrnerute

<CZ//yfr )2 pu(dg)dt < oo.

On the other hand, the sequence I',(t,2)Z(t,x) converges weakly in L*(Q2;Hr) to
I'(t,dx)Z(t,x). In fact, for any element ¢ € H, any bounded random variable Y and
any 0 < s <t we have

(v [ [ #reyzeolF@uan)

(v [ [ [ vz - ety )

- / /]Rd [(r,dz) y UVn(WE(Y Z(r,z + w))(/ oY) f(z +w — y)dy)dw,

Rd

and this converges as n tends to infinity to

/St / L(r,d2) BV Z(r, 2)) / e)f(z = y)dy

because the functions w — E(YZ(r,z 4+ w)) and w — [L.¢(y)f(z + w — y)dy are
continuous. m

Under the assumptions of Proposition 4.1, suppose in addition that

sup  E([Z(t,2)[") < oo,

(t,z)€[0,T]|x R4
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for some p > 2. Then

“(f

U(t, dx)Z(t, x)W (dt, dx) ) < ()27}
R4

/ (s £026.00m) [ T Putas)s
// | FT(s)(©)Pu(de)ds

4.2 Existence and uniqueness of solutions

where

The following theorem gives the existence and uniqueness of a solution for Equation
(4.31) (see Dalang [4]).

Theorem 4.2 Suppose that the fundamental solution of Lu = 0 satisfies Hypothesis
(4.35) for all T > 0. Then the Equation (4.31) has a unique solution u(t,z) which is
continuous in L? and satisfies

sup  E(|u(t,z)[") < oo,
(t,z)€[0,T] xR

forall T >0 andp > 1.

Example 1. The wave equation. Let I'; the fundamental solution of the wave equation

2
We know that
4(t) = 51ge1e),
Do(t) = et — |22,
1
[s(t) = it



where o; denotes the surface measure on the 3-dimensional sphere of radius £. In particular,
for each ¢, I';(t) has compact support. Furthermore, for all dimensions d

FLAE)E) = e

Notice that only in dimensions d = 1,2,3, I'; is a measure. Elementary estimates show
that there are positive constants ¢; and ¢y depending on 71" such that

1 </T sin2(27rt]£|)d < O
0

T N S
Therefore, I'; satisfies condition (4.35) if and only if
p(dg)
< 00. 4.37
/Rd 1+1eP =% 437
Example 2. The heat equation. Let I" be the fundamental solution to the heat equation
ou 1
— — —Au=0.
o a0
Then,
—d/2 ||
D(t,z) = (2nt) " ““exp | ——=—
2t
and
FT()(€) = exp(—an2t)¢[2).
Because

T
1
2 2\ __ 2 2
| es(camtie) = (1 - ex(—anTIe),
we conclude that condition (4.35) holds if an only if (4.37) holds.

Condition (4.37) can be expressed in terms of the covariance function f as follows:

For d =1, (4.37) always holds.
For d = 2, (4.37) holds if and only if

1
(x)log —dx < 0.
|z <1 7]

For d > 2, (4.37) holds if and only if

1
———dr < 0.
|lz|<1 (@) |z[4=2 e
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4.3 Regularity of the law
Assume that the coefficients o and b and C functions with bounded derivatives. Then
for any (t,z) € [0, 7] x R?, the random variable u(¢, z) belongs to D'* for any p > 2.

Moreover, the derivative Du(t,x) is an H-valued process which satisfies the following
linear stochastic differential equation

Dgu(t,z) = T(t—s,x—dy)o(u(s,y))

/ /Rd (t —r,x— z)o'(u(r, 2)) Dyu(r, ) W (dr, dz)
+/s /Rd D(t —r,d2)V (u(r,z — 2))Dgu(r, x — 2)dr.

Theorem 4.3 Suppose that |o(z)| > ¢ > 0 for all z. Then, for allt > 0 and x € R?
the random variable u(t, x) has an absolutely continuous distribution.

Proof. It suffices to show that ||Du(t, z)||7, > 0 almost surely. We have

t 1 t
[ Dt a)pds = 5 [ 0= o~ dy)atuts, o) s - 1
0 t—0

where
t t
I; = / H/ / L(t—r,x— z)o'(u(r, 2))Dsu(r, z)W(dr, dz)
t—0 s JRd
t
+/ / Dt — v d) (u(r, = — 2))Dsulr, @ — =)dr|2ds
s JRA

< 2I51 + 2155
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We have
5
[ 0= s dvyotats. s = [ 1T, = dphotats = s, 0)ds
= [ s ot - s)@IFutaas
= /0 /Rd /Rd (s, —dy)T'(s,z —dz)f(y — z)o(u(t — s,y))o(u(t — s,2))ds
5
> 02/0 /Rd/RdF(s,x—dy)F(s,:E—dz)f(y—z)ds

e / [T s = ().

On the other hand,

B(I;1) :/ (||//Rd o — 2o (u(t — 7, 2)) Dy_ult — )W(dr,dz)H?{)ds
_E///Rd/Rd (r,e —d2)I'(r,x —dy) f(y — 2)

u(t —r, 2))o’ (u(t —r,y)(Dy_su(t — 1, 2), Di_su(t — r,y))ndydzdrds

<o’ ||2 sup B / |Dau(t, )[12)ds)

//Rd/Rd (r,x — d2)l'(r,x — dy) f(y — z)dydzdr

= I B[ IDatt, ) E)d)),
T t—
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and

Blys) — /6E(H / /RdF(r,dz)b’(u(t—r,w ) Dyt — )drHH) ds

_E/ / /R/R (r, d2)D(r, dy)b (u(t — 7, @ — ) (ult — 1,2 — y)) f(y — 2)
x (Dy_suft — 2), Dgult — 1,2 — y))rdydzdrds

< ¥ sup E( / | Dt 2)|2,)ds)

/ /R /R (r,d2)T(r,dy) f (y — 2)dydzdr

t
= I sup / Dt 2) ) d9)g(0).
R4 t—

The stationary property of the random field u(¢, ) implies that A5 := E(Li(s | Dsu(t, x)||3,)ds)

- - 2
does not depend on z. Hence, we obtain, assuming % < %

p /t||D (to)ds < L) < P (1> Sge) - 2
. sU\L, T)||aS n) = 5_29 n

c? 2

< (So0)— ) BlI) < (590) — )72 (Wl + 11) Asg(6).

Therefore
. t 2 1 4 / /112
lim P | Dsu(t, z)[|3ds < o (161l + llo'[I2,) As,
0

which converges to zero as  tends to zero. Hence,
t
P (/ | Dsu(t, z)|)35,ds = 0) =0.
0

If the coefficients b and o are infinitely differentiable with bounded derivatives of all orders,
then for all t > 0 and = € R the random variable u(t, z) belongs to the space D*>°. Then,
we have the following result on the regularity of the density.

Theorem 4.4 Suppose that there exists a constant v > 0 such that for all t > 0,
/ / ds|FT(s)(&)Pu(dé) < C. (4.38)
Rd
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Assume |o(x)| > ¢ > 0. Then, the law of u(t,x) has a C*> density for all t > 0 and
r € R4

Proof. In order to show this result we need to prove that

E< ”><oo

for all p > 2. Proceeding as before we get

P (/Ot | Dsu(t, z)||3,ds < e) <P (Ls > %29(5) - e)

2

t
/ | Doult, )12, ds
0

< (59(0) = 9B,

As before we can get the following estimates

E(I2) < (53"1/06E(H/08 /RdF(r,x—z)a'(u(t—r, z))DtSu(t—r,z)W(dr,dz)H?f) ds

§cp5p1E/06 /O/R /RdF(r,:U—dz)F(r,x—dy)f(y—z)

xo'(u(t —r, 2))o" (u(t — r,y)){(Di_su(t —r, 2), Di_su(t — r,y))ndydzdr

p

ds

t
< Cp5p1||0’|!§§E((/ ) I Dsult, z)|[3,ds)")g(8)?,
t_
and similarly,
t
E(I3,) < Cp5”_1||b'||§’.?E((/ ) I Dsult, )|3,ds)")g(0)".
tf

Set B,(8) = E(([._, || Dsu(t,x)|3ds)?). Then,

! ¢ — / / -
P ([ 1Dt o)Bds < €) < (Go0) = e W + WIS B,0at0

Suppose that we choose § in such a way that g(§) = Ze. Then,

t
P </ | Dault, 2)|ds < €> < C,7 ' By(6).
0
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To finish the argument, we need that § < C'¢” for some v > 0, and this is possible by
condition (4.38). m

Remark 1 Condition (4.38) is satisfied in the case of the wave equation in dimension
1,2,3 and for the heat equation in dimension 1 if (4.37) holds.

Remark 2 Theorems 4.3 and 4.4 generalize those proved in the references [11] and
[12].
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