
 
BASIC LIFTING LEMMA Let P E B be
a covering space EEE a basepoint
bo pledEB Let f coD Eos B
be a continuous map Then 3 lift

I can son E e

Homotopy Lifting Lemma let p E.eoHB.sube a covering

space F 0.17 6,17 B a continuous

map with flora bo then 3

I o ix o E with Flo o eo and f spot

Cor Let p E B be a covering
space let

f g 0,13 B
be paths with fca Sco FCI SCI
and f Epg If 5,5 1917 E

are lifts of f g with Ica geo
then f 111 5127

X is simply connected if X is path connected and IT Xix Eid



ANOTHER LIFTING LEMMA Assure that X
is simply connected and locally path
connected Let p tied Babo be
a covering space Fix a basepoint
Xo C X Then any nap

f X xd Bebo

has a unique lift
I x CE e f pot

PROOF Given xeX define FCH by
choosing a path

x off X
with Hola Xo LCH X Ther

fo L on B
is a bath to B with fodCo7 b By
the lifting Iemma food has a lift

I o D E

with Icoteo foie post We define

f X ICI This is well desired since for

any other path B with foLco7 foBcy foHH foBCH

we have 2117 547 by lemma Ic
E

toy IP

is



QUESTION Does path connected imply
locally path connected

To prove continuity we need to use that X
is locally path connected That is VxeX and allnbds U

of X there is a pathconnected nbd Vof with VCU

ICH

f E

if u

D

f ul is a nbd of xeX
Vc f 41 that is path connected



Let U be an evenly covered nbd of fix Then f 14

is a nbd of ink and there is a path connected

nbd V of with Vc f u let Us be
the component of p Yu that contains IG Let

pi be the inverse of the restriction of p to
Use We claim that I p of on V Given yeV let

B Lois Vc x

be a path with Bca X Betty Note that PCI 7 fan
so we can apply the lifting lemma to foB to find a
lift I o.is E with Eco Fad

We can also define a lift of foes by taking pfotoes As
IT of oocor ICH the uniquenessof lifts implies that F pitot B
To define Ily we need a path from Xo toy The
concatenation 2 3 is such a path so flesh Is
where 27 is the lift of fok A However the
concatenation 2 5 is a and hence the lift of fo x B
so I g 27117 2 5111 0411 IT fo pfo f y E3



Let p E ed B bo be a covering space Then

p IT E ed IT Bebo

is the induced homomorphism

We can apply the lifting lemma to f cIT Bebo

PROPOSITION If f CP C ITCEed C IT Bebo if F is the lift

off with Icote then ICI e

PROOF Choose ge IT E e such that p GI If Ther

poosEpt By the Coc if prog is the lift of p og ther

pongee ICI But the unique lift of pag is g so

g 1 ICD e BB

t

one

B



PROPOSITION P is injective

PROOF Assume that c IT E e with p HI id Then there is
a homotopy of pairs

F coisxions B
from pot to id By the homotopy lifting lemma there
is a lift

E 0,13 6,1 E

of F with Flo ol e This is a homotopy of pains
from F to the id so If id MM



FINAL LIFTING LEMMA Assure X

is locally path connected

p E ed Robo

f X x I B bot

with
Mckeel C P MCEed CR B b

Then 7 lift
I x xd Eyed

O


