
 

LEMMA tf f g X x 7 7 Y y
are homotopic as pains then f 9

Proof let life I x xD th

1 43 oh g U 1943

As f g are honotopic as pairs so

are foh goh fol got B

LEMMA let ft X Y be a homotopy

let Yoe X be a basepoint Let
24k fecxol be a path in fun

4oz f exo Cg f X

Then I It where

f T LX67 IT G y
f l it lX xo1 IT CY y

Proof Define q CtD Y by
Xfcs fgfxo for

Given ht IT X xd define EE SE 1
he 4 foh It

he is a homotopy from

Io fool do p fool To 143 to

Iz f oh L e toll a f Ln zig



COROLLARY Let fig X Y be honotopic YY pats
It f is 7 injective connected

27 surjective
3 trivial

then so is 9



DEFORMATION RETRACTS Let A CX with A path
connected Then X deformation retracts to A

if there is a homotopy

F Xx lool X

with A f x El x Vx c A

21 focxt FCX.cl id
3 f kn fcx.cl is a retract to A

THEOREM If X deformation retracts to A
then the inclusion of A in X is an

isomorphism of fundamental groups
PROOF Lef ca A X be the inclusion As A
is a retreat of X 6 is injective
Let ft realize the deformation retract
Then inof X X is

homotopic to fo id since Caof f
Therefore d Cao f 4al oCH

is surjective
EXAMPLES 112 B E ein 1151 13 detonation

refracts to GEIN
FCIE7 Ct H E to

In fact this holds for any convex subset
A clan that contain 8 More generally

if EEA the secret between IEA and E is

containedinA Hen A def retracts to E



S Year I 151 13
112 1903 deformation retracts to S e

The retraction is given by r 1121oz s

wit r In Define
F Ect G tox t.mx

1
a

IT C s l E IT Can e ga

If X deformation retracts to a point x EX then

XxY deformation retracts to 2 3 4

let F Xx Iad X be the deformhin retract
t X to Ex Define

It cxxylxlo.is Xxl by
H exist t FCX.tl y E Xxy

B xs solid torus



go
1

doesn't intersect

HOMOTOPY EQUIVALENCE X LY are homotopy equivalent
if I f X Y f g Y X with
fog tidy got eidx

A map f X Y is a homotopy equivalence if
3 g Y X with fog tidy got eidx
g is the homotopy inverse of f

THEOREM If t X Y is a homotopy

equivalence f is an isomorphism
proof let g Y X be the homotopy inverse
Then fog tidy soft idx
As idyl is an isomorphism So is f 9

Similarly goH is an isomorphism
fog f o9 f is surjective

other g of is injective
f is an isomorphism



Comments

homotopy equivalence is an equivalence relation

If X is h e to Y and Y is he to 2
ther X is 4 e to Z
If X deformation retracts to A

tier X and A are homotopy equivalent

However there are spaces that are

homotopy equivalent but neither one

deformation retracts to the other

There are spaces with the sane
fundamental group that are not homotopy

equivalent A point and 5 are an example

But this is much harder to show

We need more invariants


