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ABSTRACT

Let G = Spin(4n + 1,C) be the connected, simply connected complex Lie group of
type Bayn and let G = Spin(2n + 1,2n) denote its (connected) split real form. Then G
has fundamental group Zo and we denote the corresponding nonalgebraic double cover
by G = S}Sﬁl(Qn +1,2n). The main purpose of this dissertation is to describe a latent
symmetry in the set genuine representation theoretic parameters for G at certain half-
integral infinitesimal characters. This symmetry is then used to establish a duality of the
corresponding generalized Hecke modules and ultimately results in a character multiplicity

duality for the genuine characters of G.
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CHAPTER 1
INTRODUCTION

1.1 Duality for Verma Modules

Before stating the main result for which we are aiming (Theorem 2.4.1), we begin by
recalling a familiar case. Let G be a simple complex algebraic group with Lie algebra g and
write U(g) for its universal enveloping algebra. Choose a Cartan subalgebra h C g and let
A = A(g,b) be the corresponding root system. Write W = W (g, b) for the Weyl group of
A and fix a Borel subalgebra b D . Then b induces a choice AT = AT (g, h) of positive
roots for A and we set p to be the half sum of the elements of A*. Finally, for w € W we
define

M, = U ® Cupp
(9) Ub) p—p

to be the Verma module of highest weight wp — p and we write L,, for its unique irreducible
quotient.

A fundamental problem in the representation theory of Verma modules is to determine
the composition factors (with multiplicities) of M,,. Each such factor is known to be of the
form L, for some y € W. On the level of formal characters we seek a decomposition of the

form
ch(My) = ) nywch(Ly)  nyw€{0,1,2,...}
yeW

where it remains to compute the numbers n, ,,. A related problem asks for a type of inverse

decomposition
ch(Ly) = > Nywch(My) Ny, €Z
yeW

of an irreducible module in terms of Verma modules. A conjectural algorithm for computing
the multiplicities ny, and N, was first given by Kazhdan and Lusztig in [10]. Their

method uses the combinatorics of Hecke algebras to inductively build polynomials (now



known to be) related to singularities of the corresponding Schubert varieties. The celebrated
Kazhdan-Lusztig conjecture asserts that evaluating these polynomials at one gives the
desired multiplicities. It was later proven correct in the work of Brylinski-Kashiwara and
Beilinson-Bernstein [7], [5].

A striking feature of the Kazhdan-Lusztig theory is the existence of a type symmetry
in the multiplicities ny ,, and N, . Let wo denote the longest element of W and define the

duality map

vy:.w — W

w o  Wow.

Then W is an involution of W that implements the familiar up-down symmetry of the
corresponding Coxeter graph. Moreover, ¥ defines a type of dual Hecke module whose
combinatorics are formally reversed. On the level of multiplicities this dualization induces

the equality

Nyw = Fnww),u() (1.1)

for all y,w € W. In other words, the multiplicity of ch(M,) in ch(L,) is equal (up to
sign) to the multiplicity of ch(Ly(y,)) in ch(My(,)), where the sign is explicitly computable.
Geometrically, this suggests the representation theory of Verma modules is dual to the
singular structure of certain Schubert varieties. This observation is central to [2], with

duality playing a key role in a reformulated version of the local Langlands conjecture.

1.2 Duality for Linear Groups
We now recall the analogous result for a large class of real Lie groups. Fix a real form
G C G of G and let II(G) denote the set of equivalence classes of irreducible admissible
representations of G. For 7 € II(G), write 7 for the standard representation (Section 2.2)
corresponding to 7. For simplicity (and by analogy with the case above), we restrict our
attention to the finite set Il (G) of representations with trivial infinitesimal character. If

7 € Hiyiv(G), we again seek to understand the composition factors of 7 as

7= > m@mn m@m7)e{0,1,2,. .}
7761—Itriv(c;1)



with the sum interpreted in an appropriate Grothendieck group. Similarly, the inverse
problem asks for an expression (again in a Grothendieck group) for 7 in terms of standard

representations

7= Y. M@nmn Mpnr) e
ﬁentriv(G)

Once again, it remains to compute the numbers m(7, 7) and M (n, 7).

This problem was solved by Vogan for reductive linear Lie groups (see [14],[15],[18]) in
an extension of the results cited above. In this setting, Il (G) is no longer parameterized
by elements of a Weyl group, but rather a collection of geometric parameters (roughly,
irreducible equivariant local systems on the flag manifold). These parameters form a natural
basis for a Hecke module whose combinatorics embody a generalized Kazhdan-Lusztig algo-
rithm. The resulting polynomials (sometimes called Kazhdan-Lusztig-Vogan polynomials)
again give the desired multiplicities through evaluation at one.

In a remarkable final paper [17], Vogan describes a generalization of the duality in (1.1).

If we write
T ~ Ty < m(ﬁ'l,ﬂ'z)#o

then ~ generates an equivalence relation whose equivalence classes are called blocks. Given
ablock B = {71,...,7n} C Iiv(G), Vogan constructs a real form GV C GY of the complex
dual group, a block BY = {f1,...,7,} C II(GY), and a bijection ¥ : B — BY. As before,
the map ¥ commutes with the combinatorics of the Hecke module for B allowing one to
define a dual Hecke module ([17], Definition 13.3) isomorphic to the one for BY. On the

level of multiplicities, this implies
M(mi, 75) = £m(¥(7;), U(m)) (1.2)

([17], Theorem 1.15) as desired.

1.3 Duality for Nonlinear Groups
There are several partial results extending the above ideas to the setting of nonlinear

groups. Recall G C G is a real form of a complex simple algebraic group G. For simplicity,



we restrict our attention to monalgebraic double covers G of G, that is nonlinear central
extensions of the form

1—>{il}—>é—>G—>1.

In general, the methods cited above fail when applied to the representation theory of
G. The main difficulty stems from the fact that disconnected Cartan subgroups in G
need not be abelian. In such cases, results of Adams (see [1], Proposition 2.2) imply it
suffices to understand the disconnected center of H. Since the identity component of H is
automatically central, this reduces to understanding WO(Z(ﬁ )). Unfortunately computing
7T0(Z(f‘j )) for each Cartan subgroup of G can be a subtle problem, requiring the development
of new techniques.

In this direction, the Kazhdan-Lusztig-Vogan algorithm has been generalized for a large
class of nonlinear groups by Renard and Trapa [13]. Their method builds extended Hecke
algebra structures to track nonintegral wall crossings and computes KLV-polynomials for a
potentially large number of infinitesimal characters simultaneously.

Alternatively, the duality of equation (1.2) has been extended to include nonlinear groups

in certain cases. In [4] Adams and Trapa establish a duality theory for those G whose

corresponding root system is simply laced. Their results take advantage of the fact that

for every Cartan subgroup H C G. If G is the metaplectic group (the nontrivial double

cover the symplectic group), then all Cartan subgroups are abelian and we have

mo(Z(H)) = mo(H).
Using this fact, Renard and Trapa build a general duality theory for G in [12] by directly
extending ideas of [17].

For simple classical groups, this leaves type B. For several reasons, this turns out to
be a surprisingly subtle problem. First, there is no simple characterization of Z(ﬁ ) — in
general there are often central elements of H that are not central in G. A second difficulty
arises from the presence of short (type II) integral roots. The Hecke algebra action for such
roots is complicated (see [13], Chapter 6) and thus so is their role in any form of a duality
theory (for technical reasons these subtleties do not arise for the metaplectic group). The
final difficulty is an apparent dependence on the parity of the rank — certain self duality

results seem to hold only if the rank of G is even.



1.4 Duality for S/I;i/n(Qn +1,2n)

Let G = Spin(4n + 1, C) be the connected, simply connected complex Lie group of type
By, and let G = Spin(2n + 1,2n) denote its (connected) split real form. The fundamental
group of GG is Zs and we denote the corresponding nonalgebraic double cover by G =
8/1;51(271—1— 1,2n). In this dissertation we confront the above difficulties and establish a
character multiplicities duality for G at certain half integral infinitesimal characters (Section
6.2). Roughly speaking, a symmetric infinitesimal character is one for which the number of
genuine parameters is as large as possible. The techniques developed are original and not
simple generalizations of previous work. Moreover, it seems likely they can be extended to
handle other nonalgebraic forms in type B.

After a brief discussion of notation and fundamental theory in Chapter 2, we redevelop
the construction of linear parameters for G = Spin(n + 1,n) in Part I (Chapters 3-5).
Part II (Chapters 6-9) focuses on nonlinear parameters and in particular the structure of
nonabelian Cartan subgroups (Chapters 7 and 8). Finally, in Part IIT we specialize to even
rank and discuss the construction of the duality map ¥ for G. The difficulty is defining
a map on the level of nonlinear parameters with the appropriate representation theoretic
properties (Theorems 12.7.3, 12.7.4, and 12.7.5). Once these issue are overcome in Chapters
11 and 12, the desired character multiplicity duality is again a formal consequence of the

induced Hecke module duality described above (Theorem 12.8.4).

1.5 Future Directions

Unlike Vogan’s duality theory for linear groups, the results cited above establish nonlin-
ear duality on a case-by-case basis using special properties of the groups being considered.
We expect a more uniform approach to the duality theory of nonalgebraic double covers is
possible. In order to develop such a theory, we must first fill the remaining gaps not covered
by previous results.

The largest existing gap is odd rank groups of type B. Problems with this case arise
immediately, even for the split real forms (it is shown here a type of self-duality exists only
in the even rank case). At half integral infinitesimal character, such groups each possess two
genuine discrete series and two genuine principal series. Unfortunately, the central action
for these representations is not compatible with any kind of intrinsic definition of duality.
In particular, a dual block (possessing an opposite central action) must exist elsewhere, if it

exists at all. It is conjectured that such a block exists for a disconnected nonlinear covering



group of the same type. Moreover, we are hopeful that allowing disconnected nonlinear
coverings will ultimately lead to a complete duality theory of type B.

The other remaining gap is Fy (for technical reasons Gy is included in the results of
[4]). Tt is expected a duality theory exists and should be related to (or perhaps even a
consequence of ) the even rank duality for type B established here. With a complete (albeit
ad hoc) duality theory of simple nonlinear double covers at hand, the possibility of finding
a uniform approach (of the kind described for linear groups by Vogan) exists. Moreover, it
is reasonable to expect the duality for type B to take a leading role since this is the only
classical case that encompasses all of the nonlinear phenomenon of [13].

More broadly, we remark that some flavor of duality plays a key role in other important
results in the field. A second possibility then is to interpret nonlinear duality as a bridge
for extending existing theory to nonlinear groups. As mentioned above, Vogan duality is
central to the results of [2] suggesting a uniform duality theory might allow an extension of
the Langlands formalism to nonlinear groups. Foundations for this approach are described
by Adams and Trapa in [4]. Another example is the theory of character lifting. Adams and
Herb describe character lifting for nonlinear simply laced groups in [3]. Their work possesses
formal properties closely related to the duality of [4] suggesting one could use a nonlinear

duality theory to create a general notion of character lifting from linear to nonlinear groups.



CHAPTER 2

NOTATION AND PRELIMINARIES

2.1 Notation

Throughout this dissertation G = Spin(2n + 1,C) will denote the connected, simply
connected complex simple Lie group of type B, and G = Spin(n + 1,n) will denote its
(connected) split real form. Corresponding Lie algebras will be denoted by g and ggr with
similar notation used for subgroups and subalgebras. Let © be a Cartan involution for G
and K = G© be the corresponding maximal compact subgroup. If H is a ©-stable Cartan
subgroup of G, write H = T A for its decomposition into compact and vector pieces. Let
A(g,b) be the corresponding root system and W (g, h) the algebraic Weyl group. Finally,
the Killing form (-,-) is a natural inner product on h allowing us to identify b < h*. For
some calculations it will be convenient to use (+,-) to view roots and coroots as living in the
same vector space.

Many of the results in this dissertation depend on the formal properties of A(g,h)
and W (g, h), and not on how these objects were constructed. For this reason we find it
convenient to treat these objects abstractly whenever possible, invoking the connection to
the above Lie groups only when necessary. Therefore we fix once and for all an abstract
Cartan subalgebra h® C g and view our calculations as taking place in A = A(g, h*) and
W = W(g,h*). We then use conjugation in g to compare roots and Weyl groups from

different Cartan subalgebras in the usual way.

2.2 The Set D,

The discussion in this section is valid whenever G is a reductive linear group with
abelian Cartan subgroups. Let HC(g, K) denote the category of Harish-Chandra modules
for G and suppose Z(g) is the center of its universal enveloping algebra. Each irreducible
object X € HC(g, K) has a corresponding infinitesimal character x of Z(g) and we will only
consider X for which y is nonsingular. For any maximal torus H C G, the Harish-Chandra

isomorphism



pi Z(g) — S(p)" e

allows us to identify infinitesimal characters with W (g, ) orbits in h*.

Write HC(g, K), for the full subcategory of HC(g, K') consisting of modules with in-
finitesimal character x and let KHC(g, K ), denote its Grothendieck group. The irreducible
objects in ‘HC(g, K), (or equivalently their distribution characters) form a natural basis
of KHC(g, K), that we wish to understand. Typically this is achieved with the help of a
second basis given by (distribution characters of) equivalence classes of standard modules
[16]. Loosely, standard modules are representations induced from discrete series on cuspidal
parabolic subgroups of G and for the purposes of this dissertation we assume these objects
are known. Each standard module in HC(g, K), has a canonical irreducible subquotient
creating a one-to-one correspondence between the standard and irreducible modules.

We will frequently need an explicit parameterization for the standard (or irreducible)
objects in HC(g, K),. To this end, let D, be the set of K-conjugacy classes of triples
(H,¢,T"), where H = T'A is a ©-stable Cartan subgroup of G, ¢ is in the W (g, h)-orbit
determined by x (viewed in h*), and T is a character of T' whose differential is determined

by ¢. Specifically, we must have

A0 = |+ pf — 26,

¢

where p;” and pi are the half sums of positive (with respect to ¢) imaginary and compact
imaginary roots respectively. We refer to ([19], Chapter 3) for more details. Although
technically redundant, we will occasionally write (H, ¢,T"), for a representative triple in D,
when we wish to emphasize the infinitesimal character x.

The set D, exactly parameterizes the standard (or irreducible) elements in HC(g, K),
[16] and will be referred to as the set of linear parameters for G at x. The following

proposition gets us started understanding the set D,.

Proposition 2.2.1 ([8]). The are finitely many K-conjugacy classes of ©-stable Cartan
subgroups in G. Moreover there is a one-to-one correspondence between K -conjugacy classes

of ©-stable Cartan subgroups and G-conjugacy classes of Cartan subgroups.

The proposition allows us to work with a finite set of ©-stable Cartan representatives

{H;}. We get a corresponding finite partition

Dy = HD§<
i



where D; is the set of all triples in D, whose first element is conjugate to H;. Let A; be the
set of elements in b that are in the W (g, h;)-orbit determined by x. Clearly the normalizer
Nk (H;) acts on A; and the stabilizer of any element is Zx (H;). Let

W(G,H;) = Nx(H,;)/Zk(H;)

be the real Weyl group of H;. Then |W (G, H;)| is finite and W (G, H;) can be viewed as a
subgroup of W(g, h). Since |A;| = [W (g, h)| it follows

(W(a,b)/W(G, Hy)

is the number of distinct pairs (H;, ¢) up to K-conjugacy. Conjugacy class of such pairs are
parameterized in Chapter 9.

Finally, the differential of I' must be compatible with ¢ € b} and depending on the pair
(H;, ¢), a compatible I" need not exist. Assuming one does, there are as many choices for I’
as there are connected components in H;, and it is well known that mo(H;) & Z’Q“ for some
k. Therefore D! is finite and can be viewed as a product of W (G, H;)-orbits in A; with a
finite 2-group (assuming ¢ is sufficiently integral).

The upshot of this discussion is that D, is a finite set that can be parameterized in terms
of certain structure theoretic information for G. In Chapters 3, 4, and 5 we recall how to
determine the number of conjugacy classes of Cartan subgroups in G, their component

groups, and their corresponding real Weyl groups.

2.3 The Set D,
The complex group G is simply connected, however the real form G = Spin(n + 1,7n) has
fundamental group Zs. In particular, the unique nonlinear double cover G= Sfp;rl(n +1,n)

is a central extension of G and we have a short exact sequence
1-{+x1} - G—G—1.

Let 7 : G — G be the projection map and follow the usual convention that preimages of
subgroups under 7 are denoted by adding a tilde. For example, K = 77 1(K) is a maximal

compact subgroup of G.
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A Cartan subgroup H C G is defined to be the centralizer of a Cartan subalgebra f C g.
As the notation suggests, H = 71 (H) where H is a Cartan subgroup of G and the real
Weyl group

W (G, H) = Ng(H)/Zg(H)
is naturally isomorphic to W(G, H). These facts allow us to reduce many questions about
Cartan subgroups in G to equivalent ones about Cartan subgroups in G.

Let HC (g,f( ) denote the category of Harish-Chandra modules for G and fix a triple
(fl, gZ),f) for G as in Section 2.2. We say a module (respectively triple) is genuine if the
action of —1 (respectively I'(—1)) is nontrivial. Let HC(g, K)8" C HC(g, K) denote the
full subcategory of genuine modules in HC (g,l? ). The following proposition implies the
irreducible genuine objects in HC(g, K )8 are parameterized in the same fashion as G (see

[13] for the appropriate general statement).

Proposition 2.3.1 ([13], Proposition 6.1). The genuine standard (or irreducible) objects
in HC(g, I?)ge” are parameterized by I?—conjugacy classes of genuine triples (];NI, qﬁ,f).

-\ gen

For nonsingular x, let HC(g, K)§ " denote the full subcategory of genuine modules with
infinitesimal character y. Our goal is to understand the set 15X of K -conjugacy classes of
genuine triples (fI , ¢,f), where the orbit of ¢ € h* is determined by x. The set 25)( will
be referred to as the set of genuine parameters for G at infinitesimal character x. We
will mainly be interested in certain symmetric half-integral infinitesimal characters whose
description we postpone for now.

Although understanding ﬁx will ultimately require different techniques, for some aspects
our results for G are sufficient. For example, since G is a central extension of G, the
K -conjugacy classes of Cartan subgroups in G are in one-to-one correspondence with the K-
conjugacy classes of Cartan subgroups in G. These conjugacy classes will be parameterized
in Chapter 3.

Given a Cartan subgroup fIi, the infinitesimal character y determines a W (g, h;)-orbit
A; C bf. The group W(G, ﬁz) stabilizes H; and thus acts on A; with finitely many orbits.
In the linear case, assuming y was sufficiently integral each such orbit corresponded to at
least one irreducible module. In the nonlinear case, stronger (half) integrality conditions
on x prevent this from happening in general. We address these issues in Chapter 6.

Finally we note that Cartan subgroups of G need not be abelian. Hence their repre-

sentations may be more complicated than the characters of Cartan subgroups in G. In
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particular, if we fix a Cartan subgroup H C G and ¢ € b*, we cannot necessarily count
genuine triples (ﬁ[ , &, f) by simply counting the connected components of H. We are thus
forced to confront nonabelian Cartan subgroups and their (genuine) representations. We

handle these issues in Chapters 7 and 8.

2.4 Character Multiplicity Duality
If vy € ﬁx is a genuine parameter for G, we will denote by std(y) and irr(¥) the corre-

sponding standard and irreducible modules in HC(g, K )™ respectively. Write m(¥,4) € N

-\ gen

for the number of times irr(5) appears as a subquotient of std(d). In the group XHC(g, K)Y
we have
std(d) = Y m(¥, 6)irr(7).

v€Dy

Similarly write M(+y,0) € Z for the multiplicity of std(~y) in irr(d) and

irr(8) = Z M(y, 6)std(7)
’765)(

in KHC(g, K)§™". The uniqueness of the above expressions implies

N I
7%5: M(’y,ﬂ)m(ﬂ,é)—{ 0 425

so that the matrices m and M are inverses. The integers M(,d) are thus of fundamental

importance. We can now state the main theorem we aim to prove (see Theorem 12.8.5).

Theorem 2.4.1. Let A be a symmetric infinitesimal character (Section 6.2) and suppose
the rank of G = Spin(n + 1,n) is even. Fiz a genuine central character T' of Z(G) and let

B={v,....,%w} C 15,\ be the collection of genuine parameters in 25A with central character

L. If B' =Dy \ B, then there is a bijection U : B — B’ such that

M(vi, ;) = eim(¥ (), ¥(7:))

where €;; = 1.

Central characters are discussed in Section 11.4 and the map ¥ will be defined on various
sets throughout the course of these notes (Definitions 3.2.4, 12.7.1, and Proposition 11.5.2).
Theorem 2.4.1 will be proved in Section 12.8 and is essentially a formal consequence of the
structure and representation theoretic properties of the map ¥ (Theorems 12.7.3, 12.7.4,

and 12.7.5).



PART I

LINEAR PARAMETERS



CHAPTER 3

INVOLUTIONS IN W

We begin with the structure theory necessary for describing the set D,. Let H be a
©-stable Cartan subgroup of G = Spin(n + 1,n). The complexified Lie algebra b C g is also
©-stable and © acts on A(g,h). Since G contains a compact Cartan subgroup, the action
of © on A(g, bh) is equivalent to the regular action of an order two element 7 € W (g, h) [8].
Choose a conjugation map

i:h—h?
(Section 2.1) and write i(7) = ¢ € W (g, h*) for the induced involution on A(g, h*). Then
7y and 7, are conjugate in W(g,h*) if and only if H and H' are K-conjugate in G [8].
Therefore we have a well-defined injection from K-conjugacy classes of ©-stable Cartan
subgroups of G into conjugacy classes of W (g, h®) consisting of elements of order two.
Since the group G is split, this map is also surjective and conjugacy classes of involutions
in W(g,h?) exactly parameterize K-conjugacy classes of Cartan subgroups of G. In this

section we study involutions in an abstract Weyl group W of type B,,.

3.1 Abstract Root System and Weyl Group
Let A C (h*)* be a root system of type B,, with the usual choice of coordinates and

inner product on (h*)*, i.e.,
A={fe;te;j|1<i<j<n}U{fe |1<i<n}
with (e, ej) = 0;;. We have
n n(n —1) 9 9
Al =4 5 —|—2n:4T—|—2n:2n —2n + 2n = 2n°.
Let AT denote the usual choice of positive roots

At ={e;te;|1<i<j<n}U{e|1<i<n}
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and II the corresponding set of simple roots
MI={ei—eiy1|1<i<n—1}U{ep}.
Note that all of the simple roots are long except one. If W denotes the Weyl group, then
W =75 xS, = (sq | a €1I)

where s, is the root reflection in the simple root a. We will write an element w € W as
(€1€2...€pn,0), where ¢; € {0,1} and o € S,,. The ¢; appearing in such an expression will

be referred to as bits.
Definition 3.1.1. Given w € W define

Sw = {e]o(i)=1iand ¢ =0}
Ry, = {e|o(i)=1iande =1}
Co = feiloli)#i)

and
ng = |Syl
ny = |Ryl
ne = |Cyl.

Then n¥ counts the number of bits fixed by ¢ that are equal to zero, n!” counts the number
fixed bits equal to one, and nY counts the number of bits not fixed by o. Note that
n =ny +nY +n?. When the element w € W is clear from context, we may write n, for
nY and so forth.

It is often important to know when w possesses certain properties. For this purpose we

define the following indicator bits

oo 0 nY=0

s 1 n¥#0
P

" 1 nf#0
oo 0 nY is even
P 1 nYis odd
R 0 nyiseven
m 1 nYis odd
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The root reflection corresponding to the simple root o« = ¢; — ;41 is (0...0, s, ), where
Sq = (i i+ 1). Therefore the long simple roots correspond to simple transpositions and thus
generate the S, piece of W. The remaining simple root is short and maps to (0...01,1).
In general let Z C W denote the elements of order two in W. The elements of Z are called

involutions. In the next section we discuss convenient ways of representing involutions.

3.2 Representations of Involutions
Since we have chosen coordinates for our root system, we get a corresponding faithful
matrix representation of the Weyl group. At times it will be convenient to treat elements
of 7 as matrices, so we quickly describe the correspondence. Given an involution 6 =

(e1€2...€n,0) € T the corresponding matrix My is

[

- , o(i)=jand e =¢;=0
My = —1, o(i)=jande =¢ =1
0, otherwise

The matrices arising this way are clearly symmetric and it is easy to deduce the following

equalities
ng = il My =1}|
ny = [{i| Mg = -1}
nl = i Mg = 0}

Example 3.2.1. If § = (0001, (23)) then

My =

o O O =
O = O O
O O = O
o O O

Although the matrix representation of an involution is straightforward, it is somewhat
cumbersome for large values of n. We now introduce a way of representing involutions in
terms of diagrams. The idea is to represent the action of an involution on the standard
basis of (h*)* (equivalently the short roots in A1) in terms of a picture. Let 6 € Z and let
e; denote the ith standard basis vector. A diagram will be a sequence of symbols (read left

to right) where the ith symbol represents the action of € on e;.
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Example 3.2.2. The diagram for § = (0001, (23)) is given by
+32 —.

Here the symbol + represents that e; is fixed by 6 and the symbol — represents that ey is
sent to —eq by 0. The vectors ez and es are interchanged by 6 and this is represented by

placing the number 3 in position 2 and the number 2 in position 3.

It is also possible for 6 to interchange and negate two standard basis vectors. Negation
of interchanged vectors will be represented in diagrams by placing parentheses around the

corresponding numbers.

Example 3.2.3. If § = (1110, (23)) then

-1 0 00
0 -1 0
Mo = 0 -1 00
0 0 01
and the corresponding diagram is
- (3)(2) +.

Given 0 € I, let Dy denote its corresponding diagram. Then the number of + signs
appearing in Dy is ng, the number of — signs appearing in Dy is nf, and the number of

numbers appearing in Dy is n? (Definition 3.1.1). We now come to an important definition.
Definition 3.2.4. Let 0 = (e1€2...€,,0) € Z and define
Uh) = (€&...€,0)

where é; = ¢;+1. Then V¥ is an involution of Z called the bit flip involution. For matrices we
have —My = My gy and for diagrams W interchanges + and — signs as well as changes the
parentheses on transpositions. The examples above represent two diagrams interchanged

by W.

In particular, ¥ is a natural involution on the set Z. Extending ¥ to other representation

theoretic data is a major focus of this dissertation.

3.3 Properties of Involutions
We have seen it is important to understand the W-conjugacy classes of Z. We begin

with the following proposition whose proof is left to the reader.



17

Proposition 3.3.1. Two involutions 01 = (e1€2...€n,01) and O = (e1'ex’ ... €/, 0h) are
conjugate in W if and only if o1 and oy are conjugate in S, and n?' = n?? (equivalently
n% =nf2). In other words the conjugacy class of 0 is uniquely determined by the numbers

G 9
n, and n;.

In particular, each conjugacy class of involutions in S,, has a corresponding set of
conjugacy classes in Z. Fix 6 = (ej€ea...€,,0) € Z. If 0 = 1, Proposition 3.3.1 implies
the conjugacy class of # is determined by the number of nonzero ¢;. Clearly there are n+ 1
possibilities and thus n 4+ 1 corresponding conjugacy classes. If o is an involution that
permutes 2k bits, then Proposition 3.3.1 implies the number of corresponding conjugacy

classes is n — 2k 4+ 1 and we have the following corollary.

Corollary 3.3.2. In the setting above

n/2]
/W] = ) n-2k+1.
k=0

If n is even, this number is a perfect square.

Recall the bit flip involution ¥ : 7 — T (Definition 3.2.4). Since ny ) = nf, Proposition
3.3.1 implies ¥ descends to an involution (still denoted ¥) on Z/W. In particular, ¥ sends
the conjugacy class determined by (n,n?) to the one determined by (n?,n%). Note that ¥
will have fixed points in Z/W if and only if n is even (in which case it will have § + 1 of

them).

Example 3.3.3. Consider the case n = 4. Corollary 3.3.2 implies that |Z/W|=9. We can

view Z/W as

(1111,1)

(1111,(12)) (1110,1)

(0000, (12)(34)) (1110, (12)) (1100, 1)

(0000, (12)) (0001,1)

(0000, 1)
where an element of Z/W is labeled by a representative in Z. Here each column corresponds
to a different conjugacy class of involutions in .S, and W reflects the diagram vertically about

the middle row. The three elements on the middle row represent conjugacy classes in Z

fixed by W.
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In terms of diagrams, Proposition 3.3.1 implies the conjugacy class of 6 is determined

by the number of numbers (n) and the number of + signs (n?) that appear. Therefore a

general element of 7 is conjugate to one whose diagram is of the form
2143---+ 4+ o4+ — —.—,
Definition 3.3.4. Let 6 € 7 and recall 6 acts on A = A(g, h®). We define

A? = {aeA|b(a)=a}

A} = {aeAlba)=—a}
Al = {acAlb(a)#+a}

the imaginary, real, and complex roots respectively. The imaginary and real roots form
subsystems of A and we denote their corresponding Weyl (sub)groups by I/Vf and Wﬂg. The

set A% is not a root system, however if we write
1
n= 2% a
1
Pr = 3 >, a

AL = {aeA|(ap)=(ap)=0}
then A% . 1s a root system consisting of complex roots (see [17], Definition 3.10).
Proposition 3.3.5 ([17], Lemma 3.11). In the setting of Definition 3.3.4, we can write
AL = AUA,
as an orthogonal disjoint union with (A1) = Ag. In particular,
W¢ = {(w,0w) |w e W(A)}
is a Weyl subgroup of W isomorphic to W(Ay).

Then we have

3
N"om

Proposition 3.3.6. Let 0 € Z and let k =

w?

7

Wi

I

W (B0) x W (A

W (B,s) x W(Ap)*

n

1%

WE = W(4)

where W (A;) and W(B;) are Weyl groups for root systems of type A; and B; respectively.
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Example 3.3.7. Consider again the case n = 4. Since the isomorphism classes of Wf, Wﬂg,
and W(g depend only on the conjugacy class of 8, we may view the action of ¥ by drawing
a picture similar to the one of Example 3.3.3. We draw the same picture but replace the
label ¢ for an element of Z/W by the triple (R?, R, R%), where RY, RS, R% are the types

of the imaginary, real, and complex Weyl groups for 6 respectively.

( )

(Al,BQ X Al,l) ( B )

(A%vA%Al) (A%7A%71) (B2, B2, 1)
(B2 X Al,Al,l) ( B )

(B, Bo, 1)

Recall that ¥ is the vertical reflection about the middle row. It is clear that the involution
U interchanges Af and A% and thus interchanges Wf and Wﬂg. Note the symmetry of

elements in the middle row.

Let WY denote the centralizer in W of the element # € Z. Corollary 3.3.2 and the

following theorem allow us to count elements of order two in W.

Theorem 3.3.8 ([17], Proposition 3.12). The subgroups W and W are normal subgroups

in W?. Moreover we have
wo = (W x W) x WL

The number of elements in W conjugate to 6 is the number of elements in W divided by
the number of elements in W?. Using Proposition 3.3.6 and Theorem 3.3.8 we easily obtain

the following corollary.

Corollary 3.3.9. If 0 € Z, the number of involutions in W conjugate to 0 is given by

n! (n - n2>
S L — b C)
(n— O\

Fix an even number 0 < k < n and consider the set
X, = {eez\nﬁzk}.

Proposition 3.3.1 implies ¥ preserves X, and thus permutes its n — k + 1 conjugacy classes.
Note the left term in Corollary 3.3.9 depends only on the numbers k and n and is therefore
constant for fixed Xj. Hence the order two symmetry observed in the map W appears

numerically as the familiar symmetry of binomial coefficients.
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Example 3.3.10. Again let n = 4. Then the X}, defined above correspond to the columns
appearing in the diagram of Example 3.3.3 (with X corresponding to the rightmost col-
umn). Recall that ¥ is the vertical reflection about the middle row and thus obviously
preserves the columns. Here we draw the same picture but replace the label for an element

of Z/W by the actual number of involutions in the conjugacy class

1

12 4

12 24 6
12 4

1.

The fact that the columns are numerically symmetric is a result of the binomial coefficient

symmetry discussed above.



CHAPTER 4

STRUCTURE OF REAL CARTAN
SUBGROUPS

Let H be a ©-stable Cartan subgroup of G = Spin(n + 1,n). Then H is a real form of

a complex torus and it is well known
H (Sl)a % (RX)b % ((CX)C

for some numbers a, b, ¢ with a + b + 2¢ = n. Moreover H determines a conjugacy class of
involutions in Z (Chapter 3) via conjugation of © to A(g, h®). It is a remarkable fact that a
representative involution for H in 7 can be used to recover the numbers a, b, c. In this section
we describe this process and compute the structure of all ©-stable Cartan subgroups in G.

The calculations are carried out in the abstract root system and Weyl group of Chapter 3.

4.1 Lattices and Rank Two
Recall A = A(g,h?) is a root system of type B, with Weyl group W = W (g, h*). We

begin with some definitions.

Definition 4.1.1. Let o € A be a root and write
2
oV = @
(o, )

AV = {aV|aeA}

for the coroots of A. In coordinates we have
AV ={te;tej|1<i<j<n}uU{d2e;|1<i<n}

and it is well know that AV is a root system. The root and coroot lattices are the Z-modules
generated by A and AY and will be denoted by L(A) and L(AY) respectively. Similarly
the weight lattice in (h*)* is given by

X = {Ae®) | (\aY)eZioral aeA}.
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Let 6 € Z be an involution and suppose a € A. Then

vy 2x B 20(v) Bl
oa’) =6 ((ma)) = @), 0@) @

and we have §(AY) = AY. Moreover, if A € X then

(O(N), ") = (A, 0(a”)) = (A, 0(e)”) € Z
and 0(X) = X.
Definition 4.1.2. In the setting above we define
X{ = DeX |00 =)}

X = DeX |0 =-\}
Y = X/2X

so that Y =2 Z3. Let m : X — Y denote the corresponding quotient map and write

! = m(x9)
v? = n(x?%)

v? = vinvy’.

Given 0 € Z, let H(f) C G be a ©O-stable Cartan subgroup for which there exists a
conjugation map
i:h—p°
with i(©) = 6. The structure of H(0) is given by the following remarkable theorem. A
proof is sketched at the end of Section 8.3. See also [8].

Theorem 4.1.3. In the setting above we have
H(f) 2 (51)* x (RX)” x (C*)°
where ¢ = dimgz, (YY), a = dimg,(Y?!) — ¢, and b = dimg,(Y?) — c.

In the next section we use Theorem 4.1.3 to compute the structure of the O-stable
Cartan subgroups in G. All of the interesting aspects of this calculation can be seen in rank

two.
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Example 4.1.4. In the setting above, suppose n = 2. Then we have

<= ((6)(1)
= ((3)-(1))

In particular, X consists of vectors whose coordinates are all in Z or all in Z + % and 2X

consists of vectors whose coordinates are all even or all odd.

Case I. Suppose My = ( 01

0 and we have H () = (S')2.

10 ) (Section 3.2). Then dimz, (YY) = 2 and dimg, (YY) =

Case II. Suppose My = ( (1) _(1) > . Then

= ((0))
e - ((0)
and dimgz, (Y?) = 1 and dimgz, (Y?) = 1. However
(0)-(3)-()

is an element of 2X since its coordinates are all odd. Therefore dimgz,(Y{) = 1 and we see

H(0) = Cx.

Case III. Suppose My = < (1) [1) > . Then

- ((

-
and dimz, (Y?) = 1 and dimg, (V%) = 1. However
(1)-(-0)-(7)

is not an element of 2X since one coordinate is even and one is odd. Therefore dimgz, (Y{) =

0 and we see that H(#) = S' x R*.

| N[ —00] =
DO DO — ~_
N———— ~~——
\/

D[ DO
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-1 0

Case IV. Suppose My = < 0 —1

that H(6) = (R*)2.

It is easy to check these cases represent the four conjugacy classes of involutions W. In

) . Then dimgz,(Y?) = 2 and dimgz,(Y?) = 0 so

particular, we have computed the structure of all Cartan subgroups appearing in the linear

group Spin(3, 2).

4.2 The General Case
Let G = Spin(n + 1,n) with n > 2 and retain the notation from the previous section.

It is easy to check

>
Il
—
o O
—_
N =D | =
~_

o NN O
== NN,

: : 2 1

0 0 0 1

In particular, the same characterization of X and 2X from Example 4.1.4 holds in general.
Let 0 = (ei1€2...€,0) € T be an arbitrary involution suppose H(f) is a corresponding

Cartan subgroup. We proceed in the same manner as Example 4.1.4.
Case I. Suppose o = 1. Up to conjugation we may assume Dy is of the form

1

nf nf+1 nf+nf
where n? + n? = n (Definition 3.1.1). If n? = n or n = n we have H(#) = (S')" or

H(6) = (R*)™ respectively. If n? # 0 and n? # 0 set

U+:§€z'

Then vy € Xi, v_ € X% and we have v, —v_ € 2X since all coordinate entries are odd.

Therefore dimgz, (Y{) = 1 and

H(0) = (SH)™ 1 x (R¥)™ 1 x C*.
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0
Case II. Suppose 0 # 1, k = %, and n? = 0. Up to conjugation we may assume Dy is
of the form

2143 o + + o0 4.

Then X? is generated by k vectors of the form v* = e; — e;4q for odd 1 < i < k and Xi
is similarly generated by k vectors of the form vi = e; + €;+1. However Uﬂr —t = 2e;41 €
2X since all coordinate entries are even. Therefore every negative eigenvector projects to

something in Y and we have
H(O) = (SH)™ x (C)F.

6
Case III. Suppose g # 1, k = %, and ng = 0. Up to conjugation we may assume Dy is
of the form

2143 -+ — — ... —.

Applying the argument from Case II gives

H(O) = (R*)™ x (C)F

(SIS

Case IV. Suppose o # 1, ng # 0, nf # 0, and k = 7. Up to conjugation we may

|

assume Dy is of the form
2143 -+ 4+ 4 v 4+ — — . —.
Combining the arguments of Cases I and II gives
H(O) = (SH™—1x (RX)"™ 1 x (€)W,

Case V. Suppose o # 1 and n? = n? = 0. All such involutions are conjugate and exist

if and only if n is even. Up to conjugation we may assume Dy is of the form
2143 --- nn—1].

This case is more subtle than the previous cases because of the existence of half integral

vectors. In particular, the vectors

{e1 +eg,e3+eq,...,en_1+en}
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are not linearly independent when viewed as elements of Y since their sum is a vector whose

coordinate entries are all odd. Therefore we must consider the vectors

n

€i
vy = 5
=1
n o
- Z(—l)iJrli.
=1 2

Then v, € Xi, v_ € X% and

%
Uy —U_ :Zegi ¢2X
i=1

since it has even and odd coordinate entries. In particular, there is one positive and one

negative dimension in Y that is not contained in Y and we conclude
H() = S'xR*x (C*)z71

We summarize these results in the following corollary.

0
—_c

Corollary 4.2.1. In the setting above, let 0 € T, k = "2 , and recall the indicator bits eg, ef

of Definition 3.1.1. Then the number of C* factors for H(0) is given by
k4+e +ef—1.
Proof. Check this in each of the above cases. O

Remark 4.2.2. For each # € 7 we have computed the structure of H(#). Note that it is
possible for H(#) and H(#') to be isomorphic even if § and 6" are not conjugate in W. For

example, the involutions given by
+ - — —and(2) (1) — —

each correspond to Cartan subgroups with structure (R*)? x C*. Interestingly, the preim-

ages of these subgroups in G are not isomorphic.

4.3 The Action of U

In Chapter 3 we attached several pieces of structural data to elements of Z/W. In each

case we observed this data had a two-fold symmetry induced by the map W. In this section
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we have attached the structure of a real Cartan subgroup to elements of Z/W and we again
find a symmetry induced by W. To see this, let § € Z be a representative for an element of

Z/W. We clearly have

x7O = x0
x'0 = X

so that
Y-"‘-Ij(e) —_ Y9
yrO — y?
O = vt

and

dimgz, (V') = dimg,(v?)

dimz, YY) = dimg, (Y?)
dimz, (Yy?) = dimg, (Y?9).

The upshot is the real Cartan subgroups H (V¥ (#)) and H(#) will have the same number of

C* factors and interchanged numbers of S! and R* factors.

Example 4.3.1. Suppose n =4 and let § € 7 be a representative for an element of Z/W.
We draw the same picture as in Example 3.3.3 replacing € by the structure of H(#).
(R*)*
(RX)2 x CX (RX)2 x CX
S x RX x C* C* x C* S xR* x C*
(51)2 x C* (51)2 x CX
(sh?
Notice that vertical reflection about the middle row interchanges the S' and R* factors and

the elements on the middle row are again symmetric.



CHAPTER 5

REAL WEYL GROUPS

Let H be a ©-stable Cartan subgroup of G and recall the real Weyl group
W(G,H) = Ng(H)/Zk(H)

from Section 2.2. In this section we determine the (isomorphism classes of ) real Weyl groups
for each conjugacy class of Cartan subgroups in G. Ultimately we again conjugate to our

abstract setting and thus determine W (G, H) as a subgroup of W = W (g, h*).

5.1 Gradings
The main subtlety in describing the group W (G, H) concerns the imaginary roots. In

this section we recall additional structure of the imaginary root system that leads to a

convenient description of the real Weyl group for H ([17], Chapter 3).
Definition 5.1.1. Let A be a root system. A grading on A is a map
ISEANS/A)

such that

for all @ € A. Moreover if o, 3, and o + § are in A we require
a+08) = ela)+(0).

To see how gradings arise naturally, let H be ©-stable Cartan subgroup of G. If a €
A(g, b) is imaginary, its corresponding root space g, is fixed by © and entirely contained in
its positive or negative eigenspace. We say the imaginary root a is compact if g, is contained

in the positive eigenspace and noncompact if it is contained in the negative eigenspace.
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Proposition 5.1.2 ([17]). Let H be a ©-stable Cartan subgroup of G and let AP(g,h)
denote the imaginary roots for H with respect to ©. Define a map ¢ : A?(g, h) — Zg via

() = 0 « compact
o 1 o noncompact

Then ¢ is a grading on AP (g,h).
Corollary 5.1.3. The set Ag(g, bh) of imaginary compact roots is itself a root system.

Definition 5.1.4. Let H C G be a O-stable Cartan subgroup. Proposition 5.1.2 gives a
natural grading 7 on the imaginary roots A? (g,b) determined by ©. Choose a conjugation
map

i:h—p°
and write ¢ for the induced abstract grading e(i(a)) = n(a) of A, = A;(g,h*). We say an

abstract imaginary root « is compact if £(i(«)) = 0 and noncompact if £(i(«)) = 1.

We now return to our abstract root system A = A(g, h*) and Weyl group W = W (g, h*).
Let 6 be an involution in W and suppose € is an abstract grading of Af. Definition 5.1.1
implies ¢ is determined by its values on a set of simple imaginary roots and, a priori, all
2™ choices are allowed. However we are interested in abstract gradings coming from the
construction of Definition 5.1.4, and it turns out not all possibilities arise in practice.

To see this, recall Af is a root system of type B,, X A’f, where m = ng and k = %
(Proposition 3.3.6). The long imaginary roots that generate the A]f factor can each be
written as a sum of two short complex roots interchanged by 6. It is easy to see such
roots must be noncompact. More generally, since the group G is (quasi)split, there must
exist a positive system for Af in which all simple roots are noncompact [17]. A grading
satisfying these conditions is said to be principal ([17], Definition 6.3). In these notes,
abstract imaginary gradings are assumed to be principal unless otherwise stated.

It will be convenient to incorporate principal abstract gradings into our involution
diagrams (Section 3.2). Let # € 7 and suppose ¢ is a principal grading for Af. The
above discussion suggests we need only modify the portion of the diagram corresponding to
the B,, factor of Af. In a root system of type B,,, any grading is determined by its values
on a set of positive short roots. Since these are exactly the roots represented by + signs
in the diagram for 6, a grading can be described by indicating the + signs that represent

noncompact roots. We do this by adding a circle around the corresponding + signs.
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Example 5.1.5. Suppose m = 6 and 6 = 1 so that all roots are imaginary. If

L [11<i<3
eler) = 1 g 41<i<6

is an abstract grading, the corresponding diagram Dy(e) is

e D+ + +.

Remark 5.1.6. In terms of diagrams, it is easy to check that a grading is principal if and
only if exactly half (mT‘H if m is odd) of the + signs are circled. So the grading in the above

diagram is principal, however the grading
+ ® + - = =

is not.

5.2 Real Weyl Groups
Fix an abstract involution # and suppose € is an abstract grading of Af. Write A?c for
the set of compact imaginary roots with respect to ¢ and let ng be its Weyl group. If ¢
is principal, we have seen there is a positive system of A? for which all simple roots are
noncompact and thus A?C is exactly the set of even height imaginary roots. In this setting,

it is easy to write down their structure.

Proposition 5.2.1. In the situation above

Ly m=2
(A= W(Dm) x W(Bm)  m is even, m > 2
W(Dm+1) X W(Bm-1) m is odd, m > 2
2

2

where Dy, represents a root system of type D.

Example 5.2.2. Let n = 4, # = 1, and suppose € is a principal imaginary grading of the
form

+ & + .

Then the set of (positive) compact roots for € is

0 0 1 0 1 1
1 1 0 0 0 0
ol’'to |t -1 f't1|’toJ’{1
-1 1 0 0 0 0

Here the first two roots are positive for the Dy system and the last four are positive for the

B> system.
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Recall H(#) denotes a Cartan subgroup of G whose induced abstract involution is
conjugate to 6 (Section 4.1) and Theorem 3.3.8 implies the centralizer of # in W has the

form
Wl = (W x W) x W
The following proposition shows that W% and W (G, H(6)) are closely related.

Proposition 5.2.3 ([17], Proposition 4.16). The group W (G, H(6)) is a subgroup of W°

and we have
W(G,H() = (Rx W) xWe.
Here R C Wf is of the form
R = Ax W,
and A is an elementary abelian two-group.
Proposition 5.2.4. The group A from Proposition 5.2.3 is of the form
A=7h
where k is the number of C* factors in the Cartan H(0) (Section 4.2).
Proof. This is proved in Section 9.3. O

Although we will make no use of them, we may as well show how the ideas of this section

and the last can be used to enumerate linear parameters for G in a nontrivial case.

Example 5.2.5. Fix n = 4. We are now in a position to compute |D,| for KHC(g, K)y,
when x is regular and integral. Let H; be a ©-stable Cartan subgroup of G. Then we have

D)= —— > H;
‘ X‘ W (G, H)| X |mo(H;)|
and in terms of abstract groups we have
(W (g, 5)]
D! X |mo(H (6;))] -
il = (W(G, H(0;))|

Also
W (g, b)| = 2" x 4L.
The form of W(G, H(6;)) is given by Propositions 5.2.3 and the necessary details are
filled in by Propositions 5.2.4 and 5.2.1. The structure theory needed for this case was
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computed in Examples 4.3.1 and 3.3.7. Hence we simply choose a representative involution

0 and principal imaginary grading e for each element of Z/W and compute.

Case I. Suppose Dy(e) is of the form

+ & + 5.
Then
IRl = 1x(2'-2!) x (2%-2))
‘w@ — 1
we[ =1
Imo(H(0))] = 1
so that

Case II. Suppose Dy(e) is of the form

&+ & —.
Then
Rl = 2x(2'-2)x2
e - >
‘wﬁ‘: 1
[mo(H(0))] = 1
so that

24 . 4]
H(B) _ _
)Dx )_515f1x1_12

Case III. Suppose Dy(e) is of the form

e — —.
Then
IRl = 2x2
(wﬁ’: 22 . 9|
(W%‘: 1

mo(H(0))] = 2
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so that
24 . 4!
H(0)| — : _
DIO| = e x2 =2
Case IV. Suppose Dy(e) is of the form
@ — — —
Then
IRl = 2x1
‘W]g’ — 23.3
] -
mo(H(0))] = 2°
so that
24 . 4!
pr)‘ _ 2T 9216
‘ x 5.as.1 2 =10
Case V. Suppose Dy(¢e) is of the form
Then
Rl =1
(W]g’ = 2ty
e = 1
mo(H(0)] = 2°
so that
24 . 4!
H©O)| _ : 4 _
)=t -
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Case VI. Suppose Dy(e) is of the form

21 + & .

Then
IR = 2x2
| = 2
)w@(: 1

[mo(H ()] = 1
so that )
’DﬂmW‘;ifHX1‘“

Case VII. Suppose Dg(e) is of the form

21 @ —.
Then
Rl = 2%x1
wE| = 22
(W%’: 1
[mo(H(0))] = 1
so that L
(Df@(ziéééix1=24
Case VIII. Suppose Dy(¢) is of the form
21 — —
Then
IRl = 2x1
Wﬁ’: 22.91.2
we[ =1
mo(H(6))] = 2°
so that




Case IX. Suppose Dy(e) is of the form

214 3.
Then
Rl = 2x1
e =
we| = 2
imo(H(0))| = 2
so that A
2% .41
H()| _ _
DIO| = S <2 =8

Finally we have

|Dy| =12+ 12+ 24416 + 16 + 48 4 24 + 48 + 48 = 248.
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PART II

NONLINEAR PARAMETERS



CHAPTER 6

HALF INTEGRAL INFINITESIMAL
CHARACTER

In the previous sections we computed the structure theoretic information needed to
parameterize representations of G at regular integral infinitesimal character. We now turn
to the problem of parameterizing genuine representations of the nonlinear group G. In

particular we focus on the necessary structure theoretic ingredients.

6.1 Conjugation to h

Conjugation to h* has been our main tool for relating algebraic structures associated
with different Cartan subalgebras in g. To this point, maps relating Cartan subalgebras
have been specified only up to Weyl group conjugation. This was appropriate since we were
primarily concerned with the structure theory of Cartan subgroups. However, from now on
we will be working with finer structure and are thus forced to be more precise about our
conjugation maps.

Fix a nonsingular element A € (h*)*. Let h be a Cartan subalgebra of g, ¢ € h*, and
suppose A and ¢ define the same infinitesimal character (Section 2.2). Then there is an
inner automorphism

ireg :G—G

whose differential induces a map (also denoted iy 4)

(b)) — b°
A — 0.

The map iy 4 is not unique, however the restriction of any two such maps to (h*)* is the
same. Hence we have a well-defined family of maps {z ,\7¢/} taking (h*)* to h*, where ¢’ € h*
is in the W (g, b)-orbit of ¢. We also write i) 4 for the induced maps on Weyl groups, root
systems, and so forth. When the element A is fixed or clear from context, we will often just

write ig.
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6.2 Half-Integral Infinitesimal Characters
Our first task is to make precise the specific infinitesimal characters in which we are
interested. The Harish-Chandra isomorphism allows us to specify an infinitesimal character
by selecting a W (g, h*)-orbit in (h*)*. Since we have fixed a positive system for A(g,h*)
(Section 3.1), a nonsingular infinitesimal character is uniquely determined by an element
of the corresponding dominant chamber. For the purpose of conjugation, it will often
be convenient to specify an infinitesimal character via a dominant element of (h*)*. In

* as an infinitesimal

this context we may refer to a dominant nonsingular element of (h?)
character.

Fix an infinitesimal character A € (h*)*, a O-stable Cartan subgroup H c G, and
suppose there exists a genuine triple (f[, o, 1:),\ as in Chapter 2. Write n : Ai@ (g,h) — Zy for
the corresponding grading of A?(g, h) (Proposition 5.1.2). We have the following important

definition.
Definition 6.2.1. The abstract triple associated to (ﬁ, qﬁ,f) is the 3-tuple (0,¢, \), where

0 = i,t-0-i

e(a) = nlig(a))

with a an abstract imaginary root for #. In particular, € is an involution of A = A(g, h%)

corresponding to © and ¢ is a principal grading of Af.

It turns out existence of the genuine representation r places restrictions on the abstract

A that are allowed.

Proposition 6.2.2 ([4]). Let (H,¢,T) be a genuine triple and let (6,e,)) be the corre-

sponding abstract triple. If o € A is a long imaginary root for 6 then

v Z () =0
e )6{ Z+) o)1

If « is a long complex root for 6, then we have

Z

\% v (
(e +(a >>€{ Z+1 (a,0(a")) £0

Define a half-integer to be a number x such that 2z € Z and a strict half-integer to
be an element of Z + % If « is a long imaginary root, the proposition implies that A

must pair with o to be a half-integer. Moreover, the pairing must be integral or strict
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half-integral depending on whether « is compact or noncompact. Note the proposition
gives no restriction for long real roots or any type of short root.

If « € AT is a long positive root, then in coordinates o

= e; £ ej for some 4,j. If
« is imaginary for 6, then in order to satisfy the first part of the proposition we see that
2(\ £ ) € Z with \; = (A, e;). If we further assume that all roots are imaginary (i.e.,
0 = 1), then we see that all coordinates for A\ must have this property. In particular, we

make the following assumption.

Assumption 1. From now on our infinitesimal character A is assumed to be half-integral

when written in abstract coordinates.

We can restrict A even more if we take into account our grading . Suppose e; and e;

are imaginary roots. Then e; + e; is also imaginary and we have
(Aeitej) = (Ae) +(Ae) =X+ A

Now e; + e; will be noncompact if and only if exactly one of {e;, e;} is noncompact. In this
case, Proposition 6.2.2 implies \; + \; € Z + % and thus exactly one of {\;, \;} must be
a strict half-integer. Conversely, if e; + e; is compact then we must have \; + \; € Z and
thus either \;, \; € Z or \;, \j € Z+ % Therefore the coordinates of A corresponding to the
short compact roots must all be of the same type (integers or strict half-integers) and the
coordinates corresponding to the short noncompact roots must all be of the opposite type.

Again consider the case § = 1 and recall the grading ¢ is principal. This means exactly
half (%£! if n is odd) of the short roots must be noncompact (Section 5.1). The above
argument then implies exactly half (”7“ if n is odd) of the coordinates of A\ should be either
integers or strict half-integers. A half-integral infinitesimal character with this property is

said to be symmetric.

Assumption 2. We assume our half-integral infinitesimal character A is symmetric.

Example 6.2.3. Let n = 4,0 = 1, and A = (3,2,%,%). Then A is half-integral and

symmetric. If € is a grading defined by one of the following diagrams

o e + +
+ + & D

then the triple (6,¢, \) satisfies the conditions of Proposition 6.2.2. Conversely, abstract
triples defined via
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+ & + &
G+ S+
G+ + &
+ & & +

do not.

Example 6.2.4. Now let n = 6 and A = (5,4, 3, %, %, %) Since Proposition 6.2.2 places no

restrictions on real roots, gradings of the form

& ® — — + +
++ - - 08

are allowed under Proposition 6.2.2. However the following gradings are not

6.3 Supportable Orbits
To each genuine triple (ﬁ , (b,f) for CNJ, we have constructed a corresponding triple of
abstract data (6,e,\) satisfying the conditions of Proposition 6.2.2. An abstract triple
satisfying these conditions is said to be supportable. Supportable triples are thus abstract

manifestations of genuine triples.

Let A € (h*)* be a fixed symmetric infinitesimal character and let # be an involution
of A. We would like to understand when there exists a principal imaginary grading e such
that the abstract triple (0,e,A) is supportable. When such a grading exists we say A is

0-symmetric or 0 is supportable for A.

To begin, recall the indicator bits €/, €/, eg, and €/, (Definition 3.1.1) and assume n¢ = 0.
6 0
Since € must be principal, we need to choose exactly nST—HP of the short imaginary roots

4 6
to be noncompact. This implies exactly nS;E” of the imaginary coordinates of A must be

either integers or strict half-integers. The remaining imaginary coordinates must then be

of the opposite type.

Example 6.3.1. Let n = 4 and A = (3,2, %, %) Then A is #-symmetric for the following

involutions
+ + 4+ +
+ + 4+ -
-+ + +
+ —
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but not for the involutions
+ + - =
- - + +.
In the first case, the following diagrams represent the gradings for which the abstract triple

(0,2, ) is supportable

SO+ tor+ + OO
& + -
-+ @
® - + —or+ - @ -
@___

Remark 6.3.2. When 60 is supportable for A and ng is even, the situation is symmetric and
there will always be two choices for €. Note that symmetric and #-symmetric are the same

it =1.

Now suppose ng 2 0. Then we have
O(ei) = e;
for some ¢ and j. This implies e; + e; is noncompact imaginary and thus
(Neite) =X+ A

must be a strict half-integer. Therefore exactly one of {);, \;} must be a pure integer.

Clearly A can be 6-symmetric only if it satisfies this property for all such 1, j.

Example 6.3.3. Once again we let n = 4 and A = (3,2, %, %) Then A is #-symmetric for

the following involutions
+32+
+32—
~ 39—
4321

but not for the involutions
21 — —

2143.

Here are the gradings that work for the first case

®©32 +or +320
b 32—
—- 32—
4321.
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Fix a symmetric regular infinitesimal character A € (h*)* and let H be a O-stable Cartan
subgroup of G. Let ¢ € b* and suppose A and ¢ define the same infinitesimal character. We
would like to know when there exists a genuine triple of the form (ﬁ , D, IN“) Conjugating
the pair (E’ , @) by z;b) gives an abstract triple (6,e,\) and Proposition 6.2.2 provides a

necessary condition on (6,e,\). A wonderful fact is that this condition is also sufficient.

Proposition 6.3.4 ([4]). In the situation above, a genuine triple (H,¢,T) exists if and
only if the abstract triple (0,e, \) is supportable.

Let A be the W (g, h)-orbit of ¢ in h*. Then for each W(G, H)-orbit in A we have a
corresponding abstract triple (6,¢, A). This is well-defined since W (G, H) preserves 6 and
the set of compact roots (see Proposition 9.1.2). A W (G, H)-orbit is said to be supportable
if its corresponding abstract triple is supportable. The proposition implies there exists a
genuine triple corresponding to a W(G, H)-orbit if and only if the orbit is supportable.
This is in contrast to the linear case where each W (G, H)-orbit in A corresponds to a triple
(H,¢,T') provided the infinitesimal character is sufficiently integral. W (G, H)-orbits in A
will be discussed in detail in Chapter 9.

Example 6.3.5. Let n =4 and § = 1. In Example 5.2.5 we saw there were 12 orbits in A

mapping onto (3) = 6 possible abstract diagrams of the form

+e+8+
e+ ++
@+ +SS+
+ D+ D+

If we choose A = (3,2, %, %), then only the first two diagrams are supportable. Therefore

there will be many orbits in A that do not correspond to a genuine representation of G.



CHAPTER 7

GENUINE TRIPLES FOR H*

Fix a regular symmetric infinitesimal character A € (h*)* and let H be a O-stable Cartan
subgroup in G. Let ¢ € bh* and suppose A and ¢ define the same infinitesimal character.
Denote the W (g, h)-orbit of ¢ in h* by A. In trying to parameterize representations for é,
the replacement for the integrality of A is the supportability conditions given by Proposition
6.2.2. If ¢ is the W (G, H)-orbit (equivalently W (G, H)-orbit) in A containing ¢, we first
check to see if o is supportable. Assuming it is, we know there exists at least one genuine
triple (fl , b, f) by Proposition 6.3.4. In this section and the next we develop the structure

theory needed to determine how many such triples exist.

7.1 Genuine Central Characters
Let H be a ©-stable Cartan subgroup of G and let H be its double cover in G. Write

H for the identity component of H and similarly write (H)o for the identity component of
H. Although H may not be abelian, we do have the following lemma.

Lemma 7.1.1. (H)g is central (and thus abelian) in H.
Proof. Let g and h be elements in H. Since H is abelian, we have
lg,h] = ghg™'h™! = 1.

Therefore the commutator of any two elements in H lands in {#£1} and thus elements of

(H)p must have trivial commutator. O

Remark 7.1.2. Lemma 7.1.1 implies noncommuting elements in H live in distinct connected

components.

Let II, (H) denote the set of (equivalence classes of) irreducible genuine representations
of H and let I,(Z (H)) denote the same set for Z(H). The connection between these two

sets is given by the following proposition.
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Proposition 7.1.3 ([1], Proposition 2.2). There is a bijection

m ¢ 10, (Z(H)) — ()

sending an element x € HQ(Z(I;T)) to m(x) € Hg(PNI). Here m(x) is the unique element of
1

Hg(ﬁ) satisfying m(x) = nyx, where n = ‘ﬁ/Z(ﬁ)‘Q is the dimension of w(x).

| 2i0)

Choose a symmetric infinitesimal character A € (h*)* and suppose there exists a cor-
responding genuine triple (I;' ,¢,f). Proposition 7.1.3 implies the possibilities for T are
parameterized by (genuine) central characters of H compatible with ¢ (Section 2.2). How-
ever, (ﬁ)o is central in H by Lemma 7.1.1 and the behavior of I on (ﬁ)o is uniquely
specified by ¢. In particular, the distinct possibilities for [ are determined by the structure
of the connected components of H. The analysis of this structure is complicated and will

occupy the next several sections.

7.2 The Group M

We begin our analysis with some elementary structure theory in G. We follow closely
the treatment in [16]. Let H = T'A be a ©O-stable Cartan subgroup of G and suppose
o € A%(g, h) is a real root. The root spaces {ga,g—o} generate a subalgebra of g defined

over R and there exists a map
bo @ 5I(2,R) — gr

satisfying
“(h ) en
W(53) e n
Since H is ©-stable, we also require ¢, to commute with O, i.e.,
Pa (—'X) = O¢a(X).

It turns out these requirements do not uniquely determine ¢,; however they limit the

possibilities enough for our purposes.
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Because the group G is linear, the exponentiated map has the form

&, : SL(2,R) — G

-1 0
ma—(pa( 0 _1>€T.

It turns out my = m_, has order two in G and does not depend on the choice of ¢,. Since

and we define

H is abelian, any two of these elements commute. The following proposition determines

their remaining multiplicative properties.

Proposition 7.2.1 ([16], Corollary 4.3.20). Let o, 3, and + be real roots in Af(g,b) and

suppose
Vo= Qv Y
Then
my = Mmemg.

Fix a split ©-stable Cartan subgroup H® C G and let h® denote its complexified Lie
algebra. Then Ag(g, h®) = A(g, b®) and we define the group M as

M = (my|aeA(gbh®)).
Proposition 7.2.1 implies
M = (m,|asimplein A(g,b®) ) = (Z2)"

for any choice of simple roots. Distinct elements of A(g, h®) do not necessarily give distinct

elements of M. In particular, we have the following remarkable proposition.

Proposition 7.2.2 (see [1], Lemma 5.1). Recall Z(G) = Zy. If v is a short root in A(g, h®),
then mq, is equal to the nontrivial element of Z(G). In particular mq = mg whenever o

and B are short roots.

It is important to be able to manipulate elements of M formally in our abstract setting.
There are two ways we can accomplish this. The first is by simply declaring h* = h® and
then viewing M as a subgroup of H® as above. Alternatively, we can define an abstract
group having the same formal properties as M. In any case, the m, are viewed as formal
group elements attached to abstract roots with multiplication determined by Proposition

7.2.1. The following examples illustrate formal calculations in M.
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Example 7.2.3. Let n = 2 and suppose a1 = e1 — e and g = eg are the simple (abstract)

roots for A = A(g, h*). Write v = e; + ez and d = e; for the remaining positive roots. Then

7 = af tag

& = vV 4aof

(1) = (L) (5)
(3) = ()+()

In particular, ms = myMa, = MayMa,Ma, = Ma, (Proposition 7.2.2) and we have

and in coordinates

M = {1,mqa,, Ma, = Mg, Mg, Mg, = My} = (22)2.

In general, let a; = €; —e;41 € A for (1 < i < n) and write a, for the simple short root.
Then any element of M can be written uniquely as an ordered product mg mg ...mg" ,
where ¢; € {0,1}. In particular, elements of M are determined simply by the numbers ¢; and
can be represented by ordered bit strings of the kind in Chapter 3. In this representation,

multiplication in M becomes the familiar bitwise exclusive or operation.

Example 7.2.4. In the setting of Example 7.2.3, the bit strings corresponding to the

elements of M are given by

e «— 00
Mo, = «— 10
Ma, = ms «— 01

My = MaMq, < 1L

Proposition 7.2.5. In the notation above, we have the following correspondence between

elements of M and bit strings

Me;—e; ()...11...1.1 0---0
% 7—1

meﬁ»ej — 0...1'1...1'1 0---1.
7 7—1
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Proof. The first identification follows from Proposition 7.2.2. For the second one, let g =

e; — e; and observe
BY = of taly++aly
Finally, if v = e; + e; the identity
o= Y + 2,
verifies the third correspondence. O

Set h* = bh® so that M C H*® and let IT C A = A(g, b®) be a choice of simple roots. Our

interest in M is explained by the following proposition.

Proposition 7.2.6 (see [3]). The elements {mq, | a € I1} live in distinct connected compo-
nents of H® and
M=(my|acll)=m(H®.

In particular, the simple m,, generate the component group of H*.

In Chapter 4, we determined
H = (R*)"
so that
mo(H®) = (Za)".

Proposition 7.2.6 implies this fact as well, but it also gives explicit representatives for the
connected components of H®. A fixed, simple m, can therefore be thought of as the ‘—1’
of the corresponding R* factor. Having explicit representatives for elements of mo(H*®) will

be useful in the next sections.

7.3 The Group M

Recall we have the following short exact sequence
1 {+1} =G5 G —1.

Let H® = 7L (H?®) be a split Cartan subgroup of G and M = 7~ (M) its corresponding
subgroup. For each m, € M, choose once and for all an inverse image m, under 7m and

write 771 (mg) = {Ma, —Ma}. Clearly we have

(1\7’ _ gntl,
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Choose a set of simple roots II C A(g, h®) and fix an ordering a; < a < ... < «, of

elements in II. The structure of M is given by the following proposition and corollary.

Proposition 7.3.1 ([1], Lemma 4.8). The group M s generated by the elements

{Ma | a €11}
subject to the following relations
-1 «islon
~2 g
Ma = { 1 « is short
- _ (=1)@8") o, 3 are both long
[ i) = { 1 otherwise '

Corollary 7.3.2. Every element ofM has a unique expression of the form

~ €1 ,~ €9 ~ €n
tmy me, - Mg

where €; € {0,1}.

Suppose we again set h® = h*® so that A = A(g, h®) and M C H®. Let II C A be the
simple roots with the usual ordering. Corollary 7.3.2 implies an element of M is uniquely
specified (up to sign) by the numbers ¢;. We can therefore represent elements of M as signed

bit strings. This is the obvious ‘cover’ of our bit string representation for elements of M.
Example 7.3.3. Fix n > 2. Then a; and «g are both long roots in II with
(al, ag) = -1

In particular, Proposition 7.3.1 implies [Maq, , Ma,] = —1 and we see M cannot be abelian.

In terms of our signed bit string representation for n = 3 we have

100-010 = 110
010-100 = -110.

It will be convenient to have an explicit way of determining when two elements of M

(expressed as signed bit strings) commute. Suppose

r = X172...Tnp

Yy = Ny2---Yn
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with x;,y; € {0,1}. The following sets

nr(z,y) = ‘{Z | v = yi-1 = 1}29‘9«#1‘

nr(z,y) = ‘{Z | Ti = yiy1 = 1}1991_2‘ :
determine the noncommutativity of x and y.
Lemma 7.3.4. Two elements x,y € M commute if and only if nr(x,y) = nr(z,y) mod 2.

Proof. Since my, is central in M (Proposition 7.3.1), we may assume x, = y, = 0. Then
either z -y =y -x or x -y = —y -z, so it remains to determine the sign of the product.

Moreover, we have

V) _ { —1 «; and o  are long and adjacent
J

(ai’ & 0 otherwise

so that 1, and Mg, commute if and only if o; and «a; are not adjacent.

Consider first the product z - y and suppose 1, appears in the expression for x. Then
Mg, commutes with any m,,; (1 < j < 7 — 2) appearing in the expression for y and anti-
commutes with the m,, , term if it exists. Therefore we get a (—1) factor in the product
for each m,, term appearing in the expression for  with 7m,, , appears in the expression

for y. The number of these factors is exactly ny(z,y) for an aggregate sign factor of

(_1)”L(%y).

Similarly, the product y - x will have an aggregate sign factor of

(71)”12(1:?!)

and these two factors are equal if and only if nz(x,y) = ngr(z,y) mod 2. O

Proposition 7.3.5. Fiz n > 1. Then

~ 8 n s even

‘Z(M)‘ N { 4 n is odd
Proof. Proposition 7.3.1 implies {1,—1,7a,, —Mqa,} C Z(M) for all n. If n = 2, the
two simple elements {14, , Ma, } commute and M is abelian. Since ‘M’ = 22+1 = 8 the
proposition holds. If n = 3, Example 7.3.3 verifies there are no central elements in M except

the four elements listed above.
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If n > 4, suppose there exists a central element z = z122...2,-10. If y = y192... 9,10

is any element of M , lemma 7.3.4 implies
nr(z,y) = ngr(z,y) mod 2.

If we let y = 10...0, then

nr(z,y) = 0
np(z,y) = 2z
and thus
zg = 0 (7.1)
If we let y =0...010, then
nr(z,y) = 0
np(z,y) = zn-2
and thus
Zn—2 = 0. (7.2)

Finally, if we let y = 0...010...0 have a nonzero bit in the ¢th position (1 <i <n — 1),

then
ni(z,y) = zip1
nr(z,y) = zi-1
and thus
2ic1 = Zit1- (7.3)

Combining (7.1) and (7.3) gives z; = 0 for i even.

Suppose first n is odd. Then n — 2 is odd and (7.2) and (7.3) imply z; = 0 for all 7.
In particular, z must be trivial and we have ‘Z(M)‘ = 4. On the other hand, if n is even
there is no such restriction for the odd bits and we get nontrivial central elements of the

form z = +1010...10. Therefore ‘Z(M)’ = 8 as desired. O
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Example 7.3.6. For n = 4 we have
Z(M) = {+1, +1ha,, TMa, Moy } = (Z2)?

or in bit string notation
+0000

~ $0001
Z(M) = +1010

+1011

The following result is the expected analog of Proposition 7.2.6 for H.

Proposition 7.3.7. The elements {1,—1} live in distinct connected components of Hs.
Moreover we have
M= (g, |aell)=mn(H®).

In particular, the split Cartan subgroup H* has double the number of connected com-
ponents of H® and their multiplicative structure is given by the group M. Fix an element
¢ € (b%)* and let (6,e,)) be the abstract triple corresponding to the pair (H®, ¢) (Section
6.2). Since § = —1, all roots in A(g,h*) are real with respect to . Therefore (0,e,\)
is supportable and the pair (ﬁ 5 ¢)x extends to a genuine triple (ff s,d),f) A (Proposition
6.3.4). The number of distinct (conjugacy classes of) genuine triples extending (ET S )z will
be denoted [(E’S,gb)A}

To determine [(I:T S, ¢) A}, recall the behavior of a genuine representation T on (f[ 5)o is
determined by ¢ (Section 2.2). Then Proposition 7.1.3 implies each such r corresponds
to a genuine character of mo(Z(H?®)), i.e., a character of mo(Z(H*)) where the connected
component containing —1 acts nontrivially. Since (H®)g is central in H® (Proposition 7.1.1),
the group WO(Z(ﬁS)) appears naturally as a subgroup of Wo(ﬁs). Proposition 7.3.7 allows
us to determine this subgroup.

In particular, Proposition 7.3.7 provides a choice of representatives for the distinct
connected components of H* whose multiplicative structure is known (Proposition 7.3.1).
Therefore a connected component of H® is central if and only if its corresponding rep-
resentative is central in M. We thus have a one-to-one correspondence between genuine
representations of H® extending (H®, $) and genuine characters of Z (M ). We will denote

the set of genuine characters of Z(M) by Hg(Z(M)).
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Proposition 7.3.8. Let (.FNIS, @) be a pair with ¢ € (h*)* and corresponding abstract triple
(0,e,X). Then

[(F,0),] = [m,(2(21))
and

1,(2(00))| = | 2(3D)| /2.

Proof. The first statement follows from the above argument. The second statement follows

from Proposition 7.3.7 since —1 must act nontrivially for genuine characters of HS. O

Corollary 7.3.9 ([1], Example 3.13). Let (H®,¢)» be a pair and let (0,e,)\) denote its

corresponding abstract triple. Then
[(fjs é) ] | 4 nis even
AT 2 nois odd

Proof. Combine Proposition 7.3.8 with Proposition 7.3.5. 0



CHAPTER 8

GENUINE TRIPLES FOR H

Let A be a regular symmetric infinitesimal character and suppose (6, e, \) is the abstract
triple corresponding to the pair (f[ S ¢)x. In the previous section we determined the number
of genuine triples (f[ s, gb,f) A extending (I:f 5,¢)x (Corollary 7.3.9). We accomplished this
by constructing a subgroup M of H* that modeled the component, group wo(ff %). Genuine
triples (fI 5. 0, f) » were then in bijective correspondence with genuine representations of
Z(M).

In this section we extend this program to the other (conjugacy classes of) Cartan
subgroups in G. In particular, if H is a O-stable Cartan subgroup, we look for a subset of
H whose elements live in distinct connected components and whose multiplicative structure

we understand.

8.1 Cayley Transforms in G
We begin our analysis in the linear group G by recalling the familiar Cayley transform.
This will be our main tool for transferring information about one Cartan subgroup to
another. Let hr be a ©-stable Cartan subalgebra of gr with corresponding Cartan subgroup
H =TA. Suppose o € A(g, h) is a real root and choose a nonzero root vector X, € go NgRr.
Then ©X, € g, Ngr and X, + 0X, is fixed by ©. Define the Cayley transform of hg
with respect to « as

(h) = ker(aln,) & R(Xo + OXa).

Then (hr),, is a O-stable Cartan subalgebra of gr. Let H, = T,, A, denote its corresponding
Cartan subgroup (the Cayley transform of H with respect to ).

The Cayley transform replaces a one-dimensional subspace of hr contained in the nega-
tive eigenspace of © with a one-dimensional subspace contained in its positive eigenspace.
The Cartan subgroup H,, is thus ‘more compact’ than H. It is a fundamental fact that we
obtain any Cartan subgroup of G (up to conjugacy) by starting with H® and performing a

sequence of Cayley transforms with respect to (orthogonal) real roots.
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Fix a Cartan subgroup H C G and suppose « and [ are real roots in A(g,h). Recall
the corresponding elements m,,mg € H defined in Section 7.2. It will be important to
understand how these elements are affected by Cayley transforms. Let M(H) denote the
subgroup of H generated by the my,,

M(H) = ( mqy | a real in A(g,h) ).

Since mqy = m_q, we assume « and [ are positive with respect to a fixed positive system
in A(g, h).
Denote the adjoint action of m, on g by Ad(mg). The following proposition describes

this action for real roots.

Proposition 8.1.1 ([16], Lemma 4.3.19¢). Let H C G be a O-stable Cartan subgroup and
suppose o and (3 are distinct (positive) real roots in A(g,h). Let X, be a nonzero root vector
for a. Then

Ad(mp)(Xe) = (1)@ X,

Remark 8.1.2. If the root § € A(g, h) is short, mg is the unique nontrivial central element
in G by Proposition 7.2.2. In this case Ad(mg) should act trivially on each root space gq.

This is consistent with the proposition since (a, 3") € 27Z for all roots a.

Corollary 8.1.3. In the setting of Proposition 8.1.1, suppose 3 is a long root. Then
mg € H, if and only if o and B are orthogonal. If B is a short root, then mg € H,.

Proof. Since mg € H, mg centralizes ker(aly,) by definition. Therefore mg will be an
element of H, if and only if Ad(mg) centralizes X,. If § is long, this will happen if and
only if

(o, 8Y) = (o, B) € 2Z.

by Proposition 8.1.1. Since oo # £ we have («, 3) € {0,1,—1} and the first result follows.
If § is short the result follows from Remark 8.1.2. O

Let

denote the subgroup of elements in M (H) that are also in H,.
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Proposition 8.1.4. Let H be a ©-stable Cartan subgroup of G and suppose o € A(g,h) is
a real root. Then

M(H,) C M(H)q.
Proof. M(H,) is contained in H, by definition. Moreover we have

M(H,) = (mgé€ Hqy| B isreal in A(g, ba) )
= <m5€H|/BlsreallnA(g,h) and(@,ﬂ)zo>

N

M(H)
as desired. O

Next we consider the element m, € M(H) and show this is also an element of H, (and

thus M (H),). To see this, define
Ba = expg {R(Xa + ©X4)}.
Then B, C T, is a connected compact abelian subgroup of H,.
Proposition 8.1.5 ([16], Lemma 8.3.13). In the setting above,
TN By ={l,ma}.
In particular mq, € (Hy)o, the identity component of Hy,.

Corollary 8.1.6. Let H C G be a O-stable Cartan subgroup and suppose « is a real root
in A(g,h). Then

Proof. Propositions 8.1.4 and 8.1.5 imply
M(H)o 2 ( M(Hy), mq ).

Conversely, Proposition 3.3.6 implies the real roots of H form a root system of type
B, x Al Choose a system of positive roots in Ag(g,h) for which « is simple. If « is
contained in the Al1 factor, then the other simple roots are orthogonal to o and the result
easily follows as in Proposition 8.1.4. Hence we may assume Ag(g, ) is of type By,.

For m € M(H), write m = my, ---mq, where the a; are simple and suppose m €

M(H),. Then m centralizes X, (the root vector for ) and we need to show m &
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( M(H,), mq ). If (a,;) € {0,2} for all 4, then each my, € ( M(Hy), mq ) and we
are done. Otherwise « is long and there are exactly two terms (say mq, and mg;) in the

expression for m with (o, ;) = (o, ;) = —1. Define a new root
Y=o+ ot oy

and observe (a,v) = 0 so that m, € M(H,). But m,ms = ma,mqa,; by Proposition 7.2.1
and thus ma,ma, € ( M(Hy), mq ). It follows m € ( M(H,), mq ) and we have shown

M(H)a - < M(Ha)a Me >
as desired. O

Informally, the corollary implies we can move the root « inside the parentheses as long
as we add the element m, to the resulting group.
Let H be a ©-stable Cartan subgroup and suppose ag, ao, ..., a; are mutually orthog-

onal real roots in A(g, ). Then the iterated Cayley transform
Hayan..an = (Hay)gy) -+ oy,
of H with respect to aq, o, ..., ax is defined. Similarly we can define
M(H)ayas..ap = M(H) N Hojay..0 -

To simplify notation we will sometimes let ¢ = ajas ... ay denote a sequence of mutually

orthogonal roots in A(g, h) and write

Hc == Ha1a2...ak
M(H)c == M(H)alag...ak'

We conclude this section with the following extension of Corollary 8.1.6.

Proposition 8.1.7. Suppose H is a ©-stable Cartan subgroup of G and a1, o, ..., Qx is 6

sequence of mutually orthogonal real Toots in A(g,b). Then

M(H)alag...ak = < M(Halaz...ak)7 Moy, Magy -5 My, > .
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Proof. The proof is by induction on the number of roots. The base case is Corollary 8.1.6.

In general we have

M(H)oras..on, = M(H)NHojan...0p
= M(H)NHuan..0n; N Havas...on
= < M(Hay..o_1), Mays---sMay_, > NHa, ..o
= ( M(Hay..ap_1) N Hay.apr Mags---May_ )
= < M(Hayas..an 1 )ars Mars Mags - - mak71>
= (M(Hajas..00), Mars Mags- -, May, )
as desired. O

8.2 Cayley Transforms in W
In this section we extend Cayley transforms to our abstract Weyl group W. To begin,
let H be a O-stable Cartan subgroup of G and fix nonsingular A € (h*)* and ¢ € h* so that
A and ¢ define the same infinitesimal character. The conjugation map z;}ﬁ (Section 6.1)
induces an abstract involution 6 of A = A(g, h*) as usual. Suppose o € A(g,h) is a real
root and consider the Cayley transform of h by a. If ¢/ denotes the image of ¢ in (ha)*,

conjugation by Z;\}b/ induces a different abstract involution 6, of A. It is easy to describe

how 0 and 6, are related in W.

Proposition 8.2.1 ([16], Lemma 8.6.13). In the situation above 0o = sqo0, where sq is the

root reflection in W corresponding to (the image of ) c.

If 6 is an involution and « is a real root for 8, we define the abstract Cayley transform

of 8 with respect to a to be 0, = s,0.

Example 8.2.2. Let n = 2 and consider the positive abstract roots in A

a = e} —e
B = e1te
7= éa
0 = es.
Let # = —1 so that all roots are real. In terms of our matrix representation we have

-1 0
w70,
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The matrix representatives for the various Cayley transforms are then
w- (2
w = (20)
w o (3)
My, = ( _(1) (1) > :

Note the first two involutions and the last two involutions are conjugate in W. In terms of

diagrams we have

Dy, = (2) (1)
Dy, = 21

Dy, = + —
Dy = — +

or in terms of diagrams

We now describe the effect of a general abstract Cayley transform in terms of diagrams.
Let # € W be an involution and suppose o € A is a real root for . There are several cases

to consider since the relation between Dy and Dy, depends on both 6 and o.

Case I. Suppose a = e; is a short root. Since « is real, our diagram is of the form
De : .. —
(]
with a — sign in the ¢th position. The Cayley transform of  with respect to « then has
diagram

Dy

o
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Case II. Suppose a = e; — e; and 6 has the form

DG: .« .. —_ .« .. —_
@ J

Then « is real for 8 and the Cayley transform of 6 by « is
Do, (j) - (i)
Case III. Suppose a = e; — e¢; and ¢ has the form
Dg: woojoeeeionn.
i J

Again « is real for 6 and the Cayley transform of 6 by « is

Dy o 4

i J

Case IV. Suppose a = ¢; + ej and ¢ has the form

Dg: o — oor —
i J

Then « is real for § and the Cayley transform of 6 by « is

Dy, : oo oo

i J

Case V. Suppose a = ¢; + e¢; and ¢ has the form
Dy: o (j) - (i)

i J

Again « is real for 6 and the Cayley transform of 6 by « is

Dy + e 4

a i ]
Most of these cases were verified in Example 8.2.2 for n = 2. The general statements can
be verified by first reducing to this setting.

If aq, as, ..., ap is a sequence of mutually orthogonal real roots for @, the iterated Cayley

transform of # with respect to aq, ao, ..., a is defined and we denote it by

0a1a2---ak = ((904) .- ‘)ak’
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Example 8.2.3. Suppose 0 is of the form

Dy: «r — e —
i J

Then the iterated Cayley transform with respect to the real roots o = e; —e; and 3 = e;+¢;

is defined and gives the same result as taking o = e¢; and 3 = ¢;

Deaﬁ: _|_ _|_
t J

The proof of the following proposition will be important in later sections.

Proposition 8.2.4. Fix the involution 0° = —1 in W. Then up to conjugacy, every

tnvolution in W can be obtained from 0° via an iterated Cayley transform.

Proof. Let 6 be an involution in W. Since we are only interested in obtaining 6 up to
conjugacy, we may assume 6 has the form

2) (1) - () (nl—1) + + -+ + e

1 no nf+1 nf4+n? n—nf+1

c

3

Label the following distinguished positive roots in A
o = € — €41
Bi = e.

We construct our iterated Cayley transform using these roots in a two-step process.

Step I. Let k = nf. If k = 0 we proceed to step II. If k& # 0, consider the sequence
of (long) simple roots ai,as,...,ar_1. Since these roots are mutually orthogonal, the
corresponding iterated Cayley transform of 6° is defined. By a repeated application of Case
IT above we have

@@ R 1) —

1 k k+1 n

Dy

31a34.4ak71
Step II. Let s = n. If s = 0 we are done. If s # 0 consider the sequence of (short)
positive roots Bx+1, Bk+2, - - - Bk+s- LThese roots are mutually orthogonal and are orthogonal

to the roots ai,as,...,ar_1 appearing in Step I. Therefore the corresponding iterated

S

aras...ap_, 18 defined. By Case I above we have

Cayley transform of 6

Dos (2 (1) - (k) (B—1 . —
N O L R C N O I -
and thus 6° is the desired involution.

1.0 1Bkt1---Brts
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8.3 Component Groups for H;

Recall H® denotes a fixed split Cartan subgroup of G and M = M (H#). In this section we
describe how M changes under the specific set of Cayley transforms outlined in Proposition
8.2.4. This will ultimately lead to a description of 7o(H) for each conjugacy class of Cartan
subgroups in G.

Recall the set of conjugacy classes of Cartan subgroups in G is in bijective correspondence
with the set of conjugacy classes of involutions in W. Proposition 8.2.4 constructs a
set of representative involutions for these conjugacy classes by applying a sequence ¢ of
abstract Cayley transforms to the involution #° = —1. Since #° is the abstract involution
corresponding to any split Cartan subgroup, we can similarly apply this sequence to H*.
This sets up a correspondence

0% — H?
between representative involutions in W and representative Cartan subgroups of G.
In the notation of Proposition 8.2.4, ¢ = ajas ... ax—18k+1 - - - Br+s for some numbers k

and s, where

o = € — €t
Bi = e.

Sequences of this form occur frequently and will be referred to as standard. Additionally,

we will write
Vi = €t €t
and
mpg = mp,

for the unique element of M corresponding to short roots in A. Proposition 8.1.7 determines
the structure of the group M,. There are three distinct cases that we record here for

convenience.

e Suppose ¢ = ajas...ai_1. Then we have

M, = < M(Hcs)a May, Mags -« May_ >

e Suppose ¢ = 1 ...0s. Then we have

Me = ( M(H;), mg ).
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e Suppose ¢ = a1a3...0s—10k+1 - - - Bk+s- LThen we have
M, = < M(H?), ma,, Mags - - May_,, M3 > .
The following proposition explains our interest in M..

Proposition 8.3.1. Suppose ¢ is any sequence of mutually orthogonal real roots in H® and
M.=( M(H?), ms,...,ms, )
as in Proposition 8.1.7. Then

mo(H?) = M. /{(ms,...,ms, )

12

M(H) [ (M(H) N (mgy, -5, ).

Proof. This follows from Proposition 7.2.6, Proposition 8.1.5, and the fact that elements in
M(H?) generate mo(H?) (see [3]). The last isomorphism follows from the Second Isomor-

phism Theorem for groups. O

Proposition 7.2.6 implies the group M = M (H?) is a model for the component group
mo(H?®). Proposition 8.3.1 extends this model to the Cartan subgroups Hf. The extension is
almost perfect in the sense that mo(H?) is generated by elements of M (H?). Unfortunately
distinct elements of M (H?) can live in the same connected component of H?. However this
relationship is completely determined by the standard sequence ¢. In particular, we obtain
a model for mo(H?) in HY by choosing elements of M (H?) that are distinct modulo those
elements determined by c.

Proposition 8.3.1 describes mo(H?F) as an appropriate subquotient of M. This is our
second description of my(H) and it will turn out to be the one most useful in determining
the central components in Wo(ﬁ 5). Before we turn to this however, we verify that Proposition

8.3.1 is consistent with the results of Section 4.2.
Case I. Suppose ¢ = (31...0s and let r = n — s. Then we have

1 s

n

If s =0, then 6 = 6° = —1 and by Proposition 7.2.6 we have mo(H®) =2 M as desired. If
s = n, then 6 = 1 and mo(H?) is trivial. This is consistent with Proposition 8.3.1 since

M (H?) is also trivial. Finally, if 0 < s < n we have

Mc:<M(H§)7 mg >
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M (H?) has generators
{Mayir Mayins - Mayn_ . ma}
and thus |M(H{)| = 2". Therefore Proposition 8.3.1 implies
[mo(H)| =2

This is consistent with Case I from section 4.2.

Case II. Suppose ¢ = a1a3...0,_10k+1 - - - Bn with 0 < k < n. Then we have

Dy; @) R 4t

arageag 1Pk 1B N B ft 1 .
and
M, = < M(H?), ma;;Mags -3 May_ 1, M3 > )
Also M (H?) has generators
{my,my,, ... omq,  }.
In Proposition 7.2.5, we saw these elements differ from the elements ma,, Mag, .-, May_,
by a factor of mg. Therefore every element of M (H?) is also an element of
( May, May, ... May_,,mg )
and Proposition 8.3.1 implies the group mo(H) is trivial. This is consistent with Case II

from Section 4.2.

Case III. Suppose ¢ = ajag...ap_1 with 0 < k < n and let r = n — k. Then we have

Dby eyt D) o () (1) = oo
and
M= { M(H), ma,,May,...,May ; ).
Also M (H?) has generators
{m%,m%, e My My My gy - - - 7man717mﬁ}
and therefore the quotient M. / < May, Mags - > May_, > has generators

{makﬂ,makﬁ,...,man_l,mﬁ} .

By Proposition 8.3.1 we have
Mo (H?)| =2

This is consistent with Case III of Section 4.2.
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Case IV. Suppose ¢ = ajag...a;—10k+1---Pr+s With 0 < bk <nand 0 < s <n — k.

Let r =n — k — 5. Then we have

Dgs C2) (1) e (k) (k=1) 4 e — e

o103, —10k41--Prts 1 k k41 k+s n

The analysis for this case is exactly the same as the previous one except now mg is trivial
in the quotient. Therefore

|mo(H?)| = 2"

and this is consistent with Case IV of Section 4.2.

Case V. Suppose ¢ = aja3...ay,_1. Note this is only possible when n is even. Then we

have

and

Also M (H?) has generators
{m%,m%, e ,m%fl}
and thus the subgroup < Moy, Mags - May_, > has index two in M.. By Proposition 8.3.1
we have |mo(H?)| = 2. This is consistent with Case V of Section 4.2.
Theorem 4.1.3 determined the order of 7y(H) for each conjugacy class of Cartan sub-
groups in G. Proposition 8.3.1 determines this order as well, however it also provides a
method for selecting representatives in distinct connected components of H. The key to

reconciling these approaches is Proposition 7.2.1. In particular, Proposition 7.2.1 implies
M = L(AY)/2L(AY)

where L(AY) denotes the coroot lattice. Let 7 : L(AY) — M denote the corresponding

quotient map and suppose ¢ is a standard sequence in A. Write § = 6% and define

LAY, = {aeL(AY)]6(a) = a}
LAY = {aeL(AY)|0(a) = —a}
MY = w(L(AY)Y)
MY = z(L(AY)?)

MY = MM
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We first observe the group M (H?) is generated by elements m,, where « is a real root

for 6. In the notation above we therefore have
M(HS) = M.

Moreover, the group mo(H?) is a quotient of M(H?) by a subgroup determined from the

elements in ¢. Suppose ¢ = 6192 ...d,, so that
0 = ss,, - 55,550

Since all roots are real for 6° and the roots &; are pairwise orthogonal, it follows the

corresponding elements mg, generate Mﬁ. Proposition 8.3.1 now implies
mo(HS) =M% /M° n Mm% = M9 /MY

Since L(AY) is the lattice dual to the weight lattice X, we see Proposition 8.3.1 is actually
a dualized version of Theorem 4.1.3 for § = 6%. Since every involution in 7 is conjugate to

one of the form 6, we easily obtain the correspondence for arbitrary 6 € Z.

8.4 Genuine Triples for ﬁf

In the previous section we constructed a set of representatives for the K-conjugacy
classes of O-stable Cartan subgroups in G. These subgroups (denoted H?) were iterated
Cayley transforms of H® with respect to a standard sequence c¢. Writing fNIS = 7 Y(H?)
gives an analogous set of ©-stable Cartan subgroup representatives for G.

Let A\ be a regular symmetric infinitesimal character, ¢ a standard sequence in A, and
suppose (6,¢, A) is the abstract triple corresponding to the pair (ﬁf, ®)a. Proposition 6.2.2
provides sufficient conditions for the existence of a genuine triple (ﬁf,(b, f) » extending
(f{f 5, ¢)x. Assuming an extension exists, we are finally in a position to determine how many
such triples there are.

The approach is essentially the same as the one for H* described at the end of Chapter
7. Recall the identity component (H. ¢)o is central in H ¢ and the behavior of T on (H o
is determined by ¢. Proposition 7.1.3 reduces the problem to understanding mo(Z (.F~I 9),
which is naturally a subgroup of Wo(ﬁ 2). Therefore we simply need representatives for the

distinct connected components of H ¢ whose multiplicative structure we understand.
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Recall Proposition 8.3.1 implies
mo(He) = M(H) / (M(HZ) N (ms,, ..., ms,, )

where the elements m;, are determined by the sequence ¢. In words, representatives for the
connected components of Hf are given by choosing elements of M(H?) that are distinct

‘modulo ¢’. The following proposition (whose proof is easy) extends this to H S

Proposition 8.4.1. In the situation above

_ { 2|mo(HS)|, —1¢ (H:)o

‘WO(HS) Imo(HI)I, —1€ (Hi)o

Moreover, if ms € M(HE) then ms and —my are contained in distinct connected components

of I;'f if and only if —1 ¢ (I:Tf)o

Let {me,,...,me,} be a set of representatives for the distinct connected components of
H?. Proposition 8.4.1 implies (£) {m,,..., M, } is a set of representatives for the distinct
connected components of H ¢. Since the elements £m,, are contained in M by definition,

their multiplicative structure is given by Proposition 7.3.1.

Corollary 8.4.2. Let A be a regular symmetric infinitesimal character, ¢ a standard se-
quence, and suppose (0,e,\) is the abstract triple corresponding to the pair (fff, ). Let
{me,,...,me.} be a representative set for mo(HE) and assume (0, €, ) is supportable. Then

the number of genuine triples (I:jf, ¢, extending (f{fﬁ, @)\ is given by
[(F201] = e, | i) =1, for all 1< < k)|

_ ~ A o TTS
= Hmez | e, is central in Hc}

Remark 8.4.3. The statement of the corollary does not depend on the choices for the m,.

Proof. Suppose —1 € (PNI $)o. Then the number of genuine triples extending (ﬁ S, ¢)x is equal
to the number of connected components of H. ¢ contained in the center. Since the connected
components are represented by the elements {m,,,...,m., }, we simply need to determine

the central m,, and the result follows.

If-1¢ (ﬁf)o, then for each element of
{me, | [Me;sme,] =1, for all 1 < j <k}

there are two corresponding central connected components in H ¢ that differ by a factor if

—1. Since we are interested in genuine representations of H g, the action of —1 is fixed and
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we have only a single corresponding genuine character. Therefore the genuine characters

are parameterized by the same set as the previous case and the result follows. O

Theorem 8.4.4. Let A be a regular symmetric infinitesimal character, ¢ a standard se-
quence, and suppose the abstract triple (0,e,\) corresponding to the pair (flf,qﬁ)A 8 sup-
portable. Then

(712, 0)5] € {1,2,4}.

Proof. Let {me,,...,m¢,} C M be a set representatives for the connected components of

H?. By Corollary 8.4.2 we have
|(H2,003) = [ {1, | [ i7,] =1, for all 1< j <k}
It suffices to verify the statement for the representative involutions 6.
Case I. Suppose ¢ = (31...3s and let » = n — s. Then we have

D9§: e
1 s

n

If s = 0, then 07 = —1 and the result follows from Corollary 7.3.9. If s = n, then 6} =
and thus

[(Fz,0),] = 1.
Finally if 0 < s < n, Case I of Section 8.3 implies mo(H?) has generators
{mas+l,mas+2, . ,man_l} .
The proof of Proposition 7.3.5 then implies
[(ﬁ[s é) } | 2 riseven
P2 T 1 risodd
and the result holds.

Case II. Suppose ¢ = ajas ... a—10k+1-- - Bn with 0 < k < n. Then we have

Dy, @M BB 4t

ajag...ap_1Bgyq1---Bn 1 k k+1 n

Case II of Section 8.3 implies mo(H?) is trivial and therefore
[(Hz 0),] =1

and the result holds.
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Case III. Suppose ¢ = ajag...ap_1 with 0 < k <n and let r = n — k. Then we have

Dy

@) e () (=) = e

S
ajag...op_q 1 k

3

Case III of Section 8.3 implies mo(H?) has generators
{makﬂ,makH, e man_l,mﬁ} .
The proof of Proposition 7.3.5 then implies
[(f{rs é) } | 4 riseven
oA T 2 risodd
and the result holds.

Case IV. Suppose ¢ = aja3...05-10k+1---Brts with 0 < k <nand 0 < s < n — k.

Let r =n — k — 5. Then we have

D621a3.4.ak,16k+1“45k+5 : (?) (1) e (k) (k 2 1) k——tl o k_—ts - ; .

Case IV of Section 8.3 implies 7o(H?) has generators

{mak+s+1 ) mak+s+27 sy My, } .

The proof of Proposition 7.3.5 then implies

~ | 2 riseven
[(HC’QS))‘} - { 1 ris odd
and the result holds.

Case V. Suppose ¢ = ajas...a,—1. Note this is only possible when n is even. Then we

have
Des 2 (2) (1) - (n) (n-1).

3 fn 1 n

Case V of Section 8.3 implies mo(H?) has a single generator

{mgs}.

Therefore we have
[(ﬁfa ¢))\i| =2

and the result holds.
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Recall the indicator bits €/, ¢/, and €%, defined in Section 3.1. The results of Theorem

8.4.4 are summarized in the following corollary.

Corollary 8.4.5. Let A be a reqular symmetric infinitesimal character, ¢ a standard se-
quence, and suppose the abstract triple (0,e,\) corresponding to the pair (flf,qﬁ)A 8 sup-
portable. Then

[(F2.0))] = 2t-etat0-,

Proof. Check this for each of the cases in Theorem 8.4.4. O



CHAPTER 9

K-ORBITS

Fix a nonsingular element A € (h®)*. We have seen it is important to understand the
K-conjugacy classes of pairs (H', ¢'), where H' is a ©-stable Cartan subgroup in G and ¢’
is a nonsingular element in (h’)* such that ¢’ and A define the same infinitesimal character.
The K-conjugacy classes of such pairs will be referred to as K-orbits (for A). If we fix a set
{H;} of ©-stable Cartan subgroup representatives, the K-orbits for A are parameterized by
Ny (H;)-orbits on pairs of the form (H;, ¢),. The stabilizer of any such pair is Zx (H;) and
the quotient

W(G,H;) = Nx(H;)/ZK(H;)
is the real Weyl group for H; (Chapter 5).

Fix a ©-stable Cartan subgroup H and let A denote the W (g, h)-orbit of a nonsingular
element ¢ € (h)*. Then W(G, H) acts freely on A and thus freely on pairs of the form
(H,$)x. Therefore the K-orbits whose first entry is conjugate to H are parameterized
by W (G, H)-orbits in A. For this reason W (G, H)-orbits in A will also be referred to as
K-orbits for (the conjugacy class of) H. Since

(W (g, b)[ = [A|
the number of K-orbits for H is given by
(W (g, b)/W(G, H)I.

In Chapter 6 we constructed an abstract triple (0,e,\) corresponding to each pair

(H,®)x. In this section we study the relationship between K-orbits and abstract triples.

9.1 The Cross Action on K-orbits
Let A € (h*)* be a nonsingular element, H a ©-stable Cartan subgroup of G, and suppose
¢ € h* and A determine the same infinitesimal character. Let A C h* denote the W (g, h)-
orbit of ¢. This section makes frequent use of the conjugation maps {z A = i¢/} Sen (see

Section 6.1), so we begin by recording some easy formal properties.
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Lemma 9.1.1. Let w,0 € W(g,h) and 6 € W. Then

iw¢ = w-i¢

z‘;; = z’;l-url
ig(0) = ig-0-i,"
z;l((a = z’;l-@~z‘¢

)
o) = weig(6) - w
)

= i;l(wfl -0 - w).

Proof. The first two equalities are obvious and the second two are by definition. For the

fifth equality we have

iwg(0) = dwg 0y,

= w-i¢-9-i;1-w_l

= w-ig(f) w?

as desired. The last equality is just the corresponding inverse statement. O
Proposition 9.1.2. Let (H, )y be a pair as above and suppose w € W (G, H). Then the
abstract triples associated with (H, )y and (H,wo)y are the same.

Proof. Let © denote the Cartan involution and suppose (6,¢,\) is the abstract triple for
(H,$)x. By Lemma 9.1.1 and Theorem 5.2.3 we have

z;é(@) = i;l(uf1 -0 - w)

Moreover if o € h* is a root,
—1 . —1
() = iy w (o).
However, elements of W (G, H) preserve the set of compact roots and thus the corresponding

abstract grading is unchanged. O

Proposition 9.1.2 implies the association of abstract triples to pairs (H, ¢), is defined on
the level of K-orbits for H (viewed as W (G, H)-orbits in §*). We would like to understand
the extent to which this association is unique. We begin by recalling the familiar action of

the abstract Weyl group on A.
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Definition 9.1.3. Let w € W and ¢ € A. Define the cross action of w on ¢ as

wXg = dig-w iy ().

Alternatively we can define

wy = ig(w)

so that

wx¢ = wy(¢).

If (H,¢)y is the corresponding pair, the cross action of w on (H, )y will be denoted
’U)X(H, ¢)/\ = (H,U)XQS))\.

Lemma 9.1.4. Letw € W and ¢ € A. Then

. . -1
lwxey = lg W

1

1
Zw><¢>

= w-z'd_) .

Proof. 1t suffices to check the first equality. We have
buxe = Ty i(g)

-1 .

= ’U)¢ . Zd)

= (ig(w)) ™" -ig

as desired. ]

Proposition 9.1.5. The cross action defines a left action of W on A. Moreover, the cross
action commutes with the usual action of W(g,b) and thus descends to a transitive action

at the level of K-orbits.



73

Proof. This is well known but we prove it anyway. For wi,ws € W and ¢ € A we have

WoX (WIXP) = iy xgp Wy i;llxd)(wlxqb)

= dgowy ! wyw iy (i wy iy ()

= dg-wylwy! 'i;1(¢)

= (wowy)Xo.

This proves the first claim. For the second claim, let w € W and o € W (g, ). Then
wx(0¢) = gy w - i;(;(mﬁ)

= o-ig-w b i;l )
= g.%.w—l.i;l((b)

= o-wXxo
as desired. O

If ¢ € A, we denote the K-orbit of ¢ by [¢] and the corresponding cross action by wx[¢].

We conclude this section with a generalization of Proposition 9.1.2.

Proposition 9.1.6. Let w € W and suppose (H, @)y is a pair with corresponding abstract
triple (6,e,X). Then the abstract triple associated to the pair wx(H, )y is given by

wx (0,e,\) = (w-0-w ' wxe, \)
where wxe is the grading defined via
(wxe)(a) = e(wa).
In particular, the cross action on pairs induces an action (also called the cross action) on

abstract triples.

Proof. Let © denote the Cartan involution. Then

il (0) = il 0.,

WX @ WX @

= w-igl-@'i¢~w7

1
= w- i;l(@) cw !

= w-0-wl

So the abstract involution induced by the pair wx (H, ¢)y is w-conjugate to the involution

induced by (H, ®)x.
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Now let a € h* be a root. By Lemma 9.1.4 we have

i;iqb(a) = w~z’g1(a).

Therefore the cross action alters the abstract root correspondence by the regular action of
w. Hence the new abstract grading wxe will be the same as the abstract grading for (H, ¢)y
if we first compose € with w™!.

Finally, it is trivial to check this defines an action on the set of abstract triples. ]

9.2 The Fiber Over an Involution

We begin with our usual setup. Let A be a nonsingular element in (h*)*, H a ©-stable
Cartan subgroup of G, and ¢ € h* such that ¢ and X define the same infinitesimal character.
Let A C b* be the W (g, h)-orbit of ¢ and suppose (0, €, A) is the abstract triple corresponding
to (H,®)x. We define the fiber over 6 (denoted Hir\) to be the set of K-orbits in A whose
corresponding abstract triples begin with 6. Similarly, the fiber over (6,e,\) (denoted
(6,e,\)1) is defined to be the set of K-orbits in A with associated abstract triple (6, e, ).

Example 9.2.1. Let n = 4 and suppose H = T is compact. Then 6 = 1 and every K-orbit
= 12. Since there are only (;‘) =6

for H is in 9;. In Example 5.2.5 we computed ‘6;
possibilities for the principal abstract grading e, there must exist an abstract triple whose

fiber contains more than one K-orbit.
The order of the fiber over a fixed involution is easy to describe.

Proposition 9.2.2. Let (H, ¢)y be a pair with corresponding abstract triple (0,e,\). Then

WG

|- e

where W (G, H) C W denotes the image of the real Weyl group for H under the map i;l.

Proof. By Proposition 9.1.5 and Proposition 9.1.6, W acts transitively on 9;. Moreover,
for w € W we have (by definition)

wx[¢] = [¢] = w € W(G, H).

So W (G, H) is the stabilizer of this action and the result follows. O



75

Proposition 9.2.2 implies the set of K-orbits for H can be viewed as a product of
involutions and fibers. Numerically we have
W (g, h) W (g, ) w’

W (G, H) Wo W (G, H)
# of K-orbits for H # of involutions  size of each fiber

, it will be important to understand the transitive action

In addition to determining ‘0;
of W? on 9;. Since the situation in not changed by conjugation, it suffices to determine
this action for a set of representative involutions in Z. Retain the setting of the proposition

and recall from Section 3.3 and Section 5.2

WO = (W x W) x W
W(G,H) = (Ax WD) x W) x W

where A = Zk is a subgroup of W¢. Therefore the action of w € W% on 9; is trivial if w

is an element of W? ng, or Wg. Hence it remains to understand the action of Wf on 0;,

ic)
and specifically the action for (reflections corresponding to) noncompact imaginary roots.
A noncompact imaginary root in A(g,h) is said to be of type I if the corresponding
reflection is not induced by an element of K (i.e., by an element in N (H)). Otherwise it
is said to be of type II, with analogous terminology used for associated abstract roots. In

particular, the cross action through an abstract noncompact imaginary root is nontrivial if

and only if it is of type I (Proposition 12.5.1).

Example 9.2.3. We continue Example 9.2.1. Let (6,e,\) be the abstract triple corre-
sponding to the K-orbit [¢] where ¢ is given by the diagram

+ + & .

Let a € A" be a long root of the form a = ¢; — ¢;. Note a is noncompact if and only if

1<¢<2and3<j<4. In this case we have

(saxe)(ei) = e(saei)

= eley) # elei)

and thus the abstract triples corresponding to s, x[¢] and [¢] are different. Proposition

9.1.2 implies s, x[¢] # [¢] and therefore « is of type I. A similar argument holds for roots of
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the form a = e; +¢; and hence all long noncompact imaginary roots are of type I. However

if @« = eg or a = e4 is a short noncompact imaginary root, then it is easy to check
SaXE=¢€
and thus we can not determine (yet) the type of a.

We now outline an effective method for describing the action of W on «9:{. Let (H, @)y be
a pair with corresponding abstract triple (6, e, A) and suppose the imaginary roots o, 3 € A
are noncompact. We have seen there exists a ‘dual’ pair (H',¢') whose corresponding

abstract involution is —f#. At the end of Section 8.3 we associated the following data to —6

M = L(AY)/2L(AY)

0(c)
O(a)

o}
—a)

L(AY) = {aeLAY)]
LAV = {aeL(AY)]
M:% = m(L(AY)L?)
)=7)

M = MIPnMmzf

A\/
M=% = m(L(AY

Note the roots «, § are real for —# and recall the associated elements in M=% were denoted
Mq,Mg.
Let w € Wf and write w = s4,, ... 54, as a minimal length product of simple reflections

in I/Vf. Define the element

mgf] = e(a1)may + Say Xe(@2)May 4+ + Sa,,_y X+ + XSaq XE(n) M,
= e(a1)ma; +&(Sa;02)May + -+ + &(Say *** Sap_10n)May,

where the m,, are viewed as elements in M~Y/M;?. Note the element mif) depends on the

grading ¢ and thus on the K-orbit [¢].
Proposition 9.2.4. The definition above gives a well-defined map
w — mL‘ﬂﬂ

of W into M=%/ ML°.
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Proof. The issue is the choice of reduced expression for w. Proposition 3.3.6 implies
W = W(B,,) x W(A;)!

for some integers m and [ and thus it suffices to consider the following three cases (see [6],

Theorem 3.3.1).

Case I. Suppose s,53 = 5354, Where «, 3 are simple roots in Af. Then we have

mlfl = el@)ma +e(safB)mg
= e(a)ma +e(B)mg
= e(B)mg + e(spa)mq
= mga}sﬁ

Case II. Suppose $4535q0 = S3SaSg, wWhere «a, [ are (long) adjacent simple roots in Af.

Then we have

ml?! = e(a)mq +e(sa8)mp + e(sasga)ma

sa55sa

a)mq + e(a+ B)mg + e(B)mq

I
™

(
(
= ela+ p)ma +e(a+ p)m
= e(B)ms+e(B+ a)ma + E(a)mﬁ
(8

= £

- [¢]

SQSQSB N

ymgp + e(spa)ma + €(spsa3)ms

Case III. Suppose 54535453 = 5350535q, Where «, 3 are adjacent simple roots in Af

with « short. Then

ml?l = e(a)mq +e(saff)mp + e(saspa)ma + €(sa585a8)mg

83508350

)

= e(a)mg +e(B)mg + (o + B)mq + (B)mg

= e(a)ma +e(@)ma +e(B)mg +e(B)mg + £(B)m
)

(
(
(
(

= e(B)maq.
Similarly
Ml ey = <(O)ma+ <(sp0)ma + <(s50B)mg + <(sp5ass0)ma
= e(B)mg +e(B+ a)mq + £(B)mg + £(a)ma

= e(B)mg +e(B)mg + e(a)mq + e(a)ma + €(B)ma

(8)
(8)
(8)
(8)

= e(f)mq
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and thus
ml9 — ml9]

SgsaSﬁsa SQSQSQSQ'
O

The following proposition computes the elements m[jj, where a € A is an arbitrary (i.e.,

not necessarily simple) imaginary root. The result is as expected.

Proposition 9.2.5. Let [¢] be a K-orbit in 9:{ and let 8 € A be an imaginary root for 6.
Then

mL‘Z] = ¢(B)mg.

Proof. Tt suffices to consider the case when I/Vf >~ W(By,). Denote the long simple roots in
Af by

Qp = €; — €41

for 1 <i <m — 1. We have the following three cases for 3.
Case I. Suppose [ is of the form
B=e—ejr1=a;ta1+ -+ aq;
for 1 <1 < j so that
88 = Sa;Saj_1 * " Soii1SaiSait1 " Say_1Sa;
is a reduced expression for sg. Then

m&? = e(aj)Ma; +(Sa;@j—1)Ma;_y + -+ E(Sa; ** Saypr ) Ma,
&S0, "+ Sa; Qi 1) Mgy -+ €(Sa, 8oy =+ Say_y X )M
= e(aj)ma; +e(aj +aj_1)ma;_, +-+elaj +aj1+ -+ a;)mg,
+e(ai)ma,, +e(a; +ai1)ma, , + -+ el + -+ aj1)ma;
= 5(ai+"'+aj)mai+"'+5(ai+"'+04j)maj
= &(B)ma; + - +e(B)ma,
= e(B)mg

as desired (the last step follows from Proposition 7.2.5).
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Case II. Suppose 3 is of the form
B=e =ai+aiy1+ - +am-1+en

for 1 <7 < m so that

S8 = Sa;Sa;t1 " Sam—19emSam—1 """ Sait15q;
is a reduced expression for sg. Then

qu;] = e(a o (S0 Qi) Mgy, + -0+ (S, Sag_1€m)Mey,

)Ma
+e(Sa;** SemQm—1)May,_y + T E(Sa; * Sep "+ * Sazs, 06)Ma,

= e(ai)ma, +e(a; + aip1)ma, o+ +e(oi + -+ a1 + em)Mme,,
(i + 4 1+ 2em)Mmaq,,_, + -+

(i + 2041 + -+ + 200m—1 + 2€1)m

= e(28)ma, + -+ +e(28)ma,,_, +(B)me,,

as desired (the last step again follows from Proposition 7.2.5).

Case III. Suppose 3 = e;+e;1. This case is handled in the same fashion as the previous
cases. The reader is spared the details.

O

Let [¢] and [¢] be two K-orbits for H in 9;. For w € WY, the following proposition

[¢] (4]

describes how my,’ and my,’ are related.

Proposition 9.2.6. Let [¢] and [¢)] be two K -orbits in 9; and suppose [p] = Tx[p]. For
w € W7 we have

7

)
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Proof. Let £ denote the abstract grading corresponding to [¢] and choose a reduced expres-
sion w = $Sq,, - - - Sq, - By definition we have
m%}] = ml* [¢]
= 7xe(ar)Mma, + TXE(Sqy, 2)May + -+ TXE(Say  ** Say,_ 1 On)May,
= (7 )My + (T 80, 00)May + - 4+ (T 180y -+ Sauy_1 O )M,

= m%’l + m[ﬂﬂ

as desired. O

Proposition 9.2.6 provides an iterative method for computing mgf].

Corollary 9.2.7. Let w € Wie and suppose W = Sq,, -+ Sa, 1S @ reduced expression for w.

Then
i = )
Proof. This follows easily by induction and Proposition 9.2.6. O

Corollary 9.2.8. Let [¢] and [¢)] be two K -orbits in 91\ and suppose [p] = Tx[¢]. Then

qu[ff] | w e Wf}) = qu[jf’] | w e WZ-QH.

Proof. Proposition 9.2.6 implies these sets differ by translation through m[Td)]. O

Our interest in the elements mgf Vs justified by the following remarkable theorem.

Theorem 9.2.9 ([9]). Let (H, $)x be a pair with corresponding abstract triple (6,2, ) and

let w1 and we be elements in Wf. Then

wix[9] = wax[¢] = mif] = mif).

In particular, a noncompact imaginary root « is of type I if and only if mgi} =

in the quotient M~%/ML°.

Mg 18 trivial

Remark 9.2.10. Recall elements in M ~* /My 9 represent the connected components of the

dual torus H’. Theorem 9.2.9 implies

w1 X[¢] = wax[¢]

if and only if the elements mq[fﬂ ) mkﬂ € H' live in the same connected component.
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It follows from Theorem 9.2.9 that elements in 9; are parameterized by distinct elements

of the form mq[f], for w € W?. Formally we can write

o {mld) - (6] | w e W7}

where miJ - [¢] is a formal symbol representing the K-orbit wx[¢] with mlfl. (9] = mlfl. (9]

if and only if mgf] = m[ﬂ. The action of Wf on 9; is then

rx(mifl - [8]) = m ¥ (- [g])
= (my P mlf) ()
= mit (9]

by Proposition 9.2.6.

Example 9.2.11. We are now able to finish Example 9.2.1. Recall (6,¢, \) is the abstract
triple corresponding to the K-orbit [¢], with § = 1 and e given by the diagram

+ + & .

Then —0 = —1 so that M;e is trivial. Proposition 9.2.9 implies all noncompact imaginary
roots (including the short roots e3 and e4) are of type I. Moreover me, = m,, in M=% and
thus

Ses X [¢] = Sey X[9)].

We now give a complete description of the action of Wf =W on 0;. Let

a1 = €1 — ey

Qyp — €9 — €3

a3 = ez —ey
B = e

denote the simple roots for W. Table 9.1 summarizes the action of Wf =W on (9:[\.

Each row in the table represents a particular K-orbit in 9;. The first column assigns
each orbit a number, the second column gives the corresponding element of M~ (written
as a bit string), and the third column describes the associated abstract grading. The last
four columns give images of cross actions for the simple roots (in terms of orbit numbers
from column one).

Note that each abstract grading appears exactly twice and the corresponding elements
in M~? differ by 0001 (i.e., by a cross action through a short noncompact imaginary root).

Therefore we see the order of the fiber over any abstract triple is two.
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9.1. AcTION OF W/

orbit | my, grading |a1 oo az [
0 |0000|++ @@ 0 1 0 2
1 (0100 +® +®| 3 0 4 5
2 |00l ++ @@ 2 5 2 O
3 (1100je + +@| 1 3 6 7
4 |(0110|+® & +|6 4 1 4
5 |00l +® +@®| 7 2 8 1
6 |1110| 8 + @ +] 4 9 3 6
7 |1101}® + +®| 5 7 10 3
§ (0111 |+ @ @® +|10 8 5 8
9 |00 ® ++]9 6 9 9
100 1111} + @& +| 8 11 7 10
1 j1011 & &+ + |11 10 11 11

9.3 Fibers for G

Fix a nonsingular element A\ € (h*)*

and suppose (H, @)y is a pair for G with corre-
sponding abstract triple (6,e,\). The previous section outlined a procedure for computing
the action of Wie on 0;. In this section we use this procedure to describe the fibers over
arbitrary involutions and abstract triples for G. As usual, the picture is unchanged by
conjugation and thus it suffices to consider a representative set of involutions in Z. This
will essentially give a complete description of the set of K-orbits for A in G.

Given ) and 6, we can extend these parameters to an abstract triple (6, e, ) by selecting

) 0
nsgep of the short

a principal imaginary grading €. Recall ¢ is specified by choosing exactly

imaginary roots to be noncompact. In particular, the number of abstract triples beginning

ng
nd+ed |-
2
0

n
Proposition 9.1.2 implies there will be at least <n§ :€g> elements in 9;. The following

with 6 is given by

theorem completes the picture by determining the number of elements in the fiber over

each abstract triple for 6.

Theorem 9.3.1. Let (H,¢)\ be a pair for G and suppose (0,e,)) is the corresponding
abstract triple. Then
‘(0,5,)\)T‘ e {1,2}.
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Proof. The proof is by cases for a representative set of involutions in Z. In each case we
determine the number of elements in (6, ¢, /\)T as well as how the elements are related by

cross action.
Case I. Let 6 € T be given by the diagram

Dy:+ + -+ +
1 n

so that ng =n, nf = 0, and all roots are imaginary. Suppose w € Wf = W with w =
(00---0,0). Then

wXxe =¢

if and only if o preserves the set of compact roots. Such permutations are given by elements
of Wi‘i and thus act trivially on K-orbits.

Suppose now w = (€163 - €y, 1) is a product of reflections in short noncompact imag-
inary roots. Since me;, = me; in M=% for all i and 7, Theorem 9.2.9 implies the cross
action through any two such roots is the same. Moreover, this action is nontrivial since
M;? = {0}. Hence

](e,g,w] —9

with the elements related by a cross action in any short noncompact imaginary root (this

is a generalization of Example 9.2.11). We conclude

; Z(Z) n is even
ot| = :
‘ ’\‘ 2(%) n is odd

Case I'. Let 0 € T be given by the diagram

0
1 nf n

with nf =n- ng 2 0. The situation is the same as the previous case, except the elements

me, are now in My % Hence all short noncompact imaginary roots are of type II and thus

‘(G,E,A)T‘ —1.

0
ot = .%,).
A ns+ep

2

Therefore
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Case II. Let 6§ € T be given by the diagram

Dg: (2)(1) - (k) (k—1) + -+
1 k k+1 n

where k =nf, n? =n —k #0, and n? = 0. Then
W = W (A2 x W(B,_)

and cross actions for elements of W that live in the W (B, _}) factor behave as in Case 1.

Suppose now 7 is odd with 1 <7 < k — 1 and define the roots

Qp = €~ €41

Bi = eiteir

Then each root §; is real for # and imaginary for —f and each root «; is noncompact
imaginary for # and real for —f. Therefore it remains to determine the type of each a;. By
Proposition 7.2.5 we have

M,

7

= m€j

in M__Q/Mi_e, where £ +1 < 57 < n. Theorem 9.2.9 then implies the cross actions with
respect to sq, and s, are the same (assuming e; is noncompact). The analysis in Case I
shows this action is nontrivial and thus each «; is of type I. Since the actions are the same
we conclude

‘(Q,s,A)T‘ =2.

These elements are related by a cross action in any of the roots a; or in any short noncompact

0
n

‘QH = 2<ngfeg)-
2

Case III. Let 6 € 7 be given by the diagram

imaginary root e;. We then have

Dy: (2) (1) - (k) (k=1) — o=
1 k k+1 n

where & = nY and n = n — k # 0. The principal abstract grading ¢ and associated
abstract triple are unique for . By the results of Section 4.2, the corresponding dual torus

is connected and Theorem 9.2.9 implies

‘91‘ — ‘(G,E,A)T‘ — 1.
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Case IV. Let 0 € T be given by the diagram
Do: (2) (1) - (k) (k—1) + -+ 4+ — -0 —
1 k k+1 k+nf n

where k = n? and n? =n — k —n? # 0. Combining Case IT with Case I’ we have

’(0,5,/\)le1

0

otl= (.2
DY i W

2

Case V. Let 0 € T be given by the diagram

and therefore

Dy: (2) (1) - (n) (n—1).

1 n

Note this is possible only when n is even. As in Case III, the principal abstract grading e
and associated abstract triple are unique for 8. Suppose ¢ is odd with 1 < ¢ < n — 1 and

define the roots

Qi = € — €41

as in Case II. The analysis there shows each «; is of type I and sq, X[@] = s, X [¢] for all
i, 7. Therefore
6] = |02, 07| =2

O

Corollary 9.3.2. Let (H,¢)\ be a pair for G and suppose (0,e,)\) is the corresponding
abstract triple. Then ‘(0,5, )\)T‘ = 2 if and only if n® = 0. In other words ‘(0,5, )\)T‘ =2if

and only if the diagram Dy contains no — signs. In particular we have

0
n
T g1—€l s
o8] =2 (g )
2

Proof. Check this for each of the above cases and recall nf' = nf if ¢ is conjugate to . [
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Given a pair (H,¢), with corresponding abstract triple (6,¢,A), we can use Theorem

9.3.1 to determine the order of W(G, H). We have

W(G, H) = ((Ax W) x WE) x W

3
N"m B

where A = Z’; is the only unknown group. Let & = =£. Combining Corollary 9.3.2 with

Proposition 9.2.2 gives

T 1—€? ’I?,g Wa
)QA‘:2 s ) T WG, H)
2 b
‘ (Wia X Wn@ X W(g
(Ax W) x WE) x W
hied
‘A X Wfé‘

okoel 7 nf
T ("?“2)
2

okoel
21—679,

so that

Al =

—  gkteltel-1

Comparing this to Corollary 4.2.1 leads to a verification of Proposition 5.2.4.

~

9.4 Fibers for G

Let A € (h*)* be a symmetric infinitesimal character. Recall the set 15)\ is parameterized
by the I?—conjugacy classes of genuine triples (f[ ) gﬁ,f), where H is a ©O-stable Cartan
subgroup of é, ¢ € b* such that ¢ and A\ define the same infinitesimal character, and r
is a genuine representation of H. Theorem 8.4.4 reduces the problem to understanding
the K -conjugacy classes of genuine pairs (ﬁ , @) whose corresponding abstract triples are
supportable. A K -conjugacy class of genuine pairs (ﬁ , @) will be called a K -orbit for .
We have seen the K-orbits for A correspond naturally to the K-orbits for A\, and these were
parameterized in Theorem 9.3.1.

Let (ff ,®)x be a genuine pair with corresponding abstract triple (6,¢, A). We define the
genuine fiber over 6 (denoted é;) to be the set of K-orbits in H:r\ whose corresponding
abstract triples are supportable. In particular [(ﬁ ,0) A} # 0 if and only if [¢p] € éj\
Although the order of Hir\ can be arbitrarily large, the following theorem shows the order of

67; is always small.
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Theorem 9.4.1. Let A € (h*)* be a nonsingular symmetric infinitesimal character and
suppose (I;T, ®)a 1s a genuine pair for \. Let 0 € T be the corresponding abstract involution
and assume there ezists a supportable abstract triple beginning with 0 (i.e., 0 is supportable).
Then

‘é;’ € {1,2,4}.

Proof. We first determine the number of gradings ¢ that make the abstract triple (6,¢, \)
supportable (by assumption there exists at least one). We then use Theorem 9.3.1 to
determine the order of the fiber over each abstract triple. As usual we proceed by cases for

the diagram of 6.
Case I. Let 0 be given by the diagram

Dp:4 + - +
1 n

so that ng = n. There are two possible gradings leading to supportable abstract triples for
0 if n? is even and only one if n? is odd (see Section 6.3). In either case, Theorem 9.3.1
implies the fiber over each abstract triple is two. Therefore we have

‘éT’_ 4 nf =nis even
M7 2 nd=nisodd -

Case I'. Let 0 be given by the diagram

0
1 nf n

with n? = n —n? # 0. Combining Case I above with Case I’ of Theorem 9.3.1 gives
‘ 51’ _ ]2 nY is even
A 1 nlisodd -

Case II. Let 6 be given by the diagram

Dy: (2) (1) - (k) (k=1) + -+
1 k k+1 n

where k = n?, n? = n —k # 0, and n = 0. Combining Case I above with Case II of
Theorem 9.3.1 gives

‘QNT’— 4 nfY is even
AT 2 nfisodd
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Case I1I. Let 6 be given by the diagram
Dyi (2 (1) o (B) (b=1) — oo
1 k k+1 n

where k = ng and nf =mn — k # 0. There is only one possible abstract triple (supportable

by hypothesis) whose fiber is a singleton by Theorem 9.3.1. Therefore
8] =1.
Case IV. Let 0 be given by the diagram

Do: () (1) - (B) (k—1) + -
1 k k+1 k-+n? n

where k = n? and n = n — k —nf # 0. Combining Case I above with Case IV of Theorem

9.3.1 gives
ot 2 nY is even
‘0)\ = 0

S

1 nYis odd

Case V. Let 6 be given by the diagram

Dy: (2) (1) -+ (n) (n—1).

1 n
Note this is possible only when n is even. As in Case III, there is a unique abstract triple
beginning with 6. Theorem 9.3.1 implies its fiber has order two. Therefore we have
ot —
8] =2.
O

Recall the indicator bits €?, €’ eg, and €2, from Section 3.1. The following corollary

summarizes the results of Theorem 9.4.1.

Corollary 9.4.2. Let (I:T, @)a be a genuine pair with corresponding abstract involution

0 €I. If 0 is supportable, then
‘éj\‘ _ 21762262(1762)'
Proof. Check this for each of the cases above. O

Fix a symmetric infinitesimal character A € (h*)* and recall we have constructed a
(well-defined) abstract triple (6,e,\) for each element in Dy. Let 25§ denote the subset of
YSA whose elements have abstract triples beginning with #. We conclude this section with a

description of the size of 59, which also turns out to be small.
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Theorem 9.4.3. Let A € (h*)* be a symmetric infinitesimal character and let 0 € . If 0
1s supportable for \, then

’ﬁg\’ _ 21—6g2€$(1—6$n)21—6?26?(1—52)

— 227(62624»626%) '

In particular

‘ﬁi‘ € {1,2,4}.
Proof. Combine Corollary 8.4.5 with Corollary 9.4.2. O

Example 9.4.4. Fix n =4 and let A = (3,2, %, %) be a symmetric infinitesimal character.
We are now in a position to compute the size of the basis Dy for KHC (g, K )§. This is the
G analog of Example 5.2.5.

To accomplish this, we identify the involutions in Z that are supportable for A and

0

p» and efn depend only on the

then apply Theorem 9.4.3. Since the indicator bits €/, ¢, ¢
conjugacy class of 6, it makes sense to work one conjugacy class at a time. Since there are
543+ 1 =9 conjugacy classes of involutions by Corollary 3.3.2, we have the following nine

cases.
Case 1. Suppose 6 is given by the diagram
Dy:+ + + +.

Then 6 is supportable for A and we have

eg =1
o _ 0 _ 6 _
=6 =6, = 0
5| = et = g

Since 6 = 1, there are no other supportable involutions in Z conjugate to 8. Therefore there
are

1><‘15§‘:1><4:4

elements in ZSA for this conjugacy class.



Case II. Suppose 6 is given by the diagram
Dy:+ + + —.

Then 6 is supportable for A and we have

€, — € =

‘5/9\‘ _ 22—(6262—}—626?”) _

1

1.
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There are four conjugate involutions in Z that are supportable for A and therefore there are

4 % ‘5§‘:4x1:4
elements in 5A for this conjugacy class.
Case III. Suppose 0 is given by the diagram
Dg:— + + —.

Then 6 is supportable for A and we have

€, =€ ==

‘ﬁ/@\‘ _ 227(egez+efefn) _

0

4.

There are four conjugate involutions in Z that are supportable for A and therefore there are

4 % ‘5§‘ —4xd4=16
elements in 15A for this conjugacy class.

Case IV. Suppose 6 is given by the diagram
Dog:4+ — — —.

Then 6 is supportable for A and we have

€, =€ =

‘ﬁi‘ _ 227(€gez+eﬁefn) _

1

1.

There are four conjugate involutions in Z that are supportable for A and therefore there are

4x‘5§‘:4x1:4

elements in 75>\ for this conjugacy class.
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Case V. Suppose @ is given by the diagram
Dg:— — — —.

Then 6 is supportable for A and we have

62 =1
0 0 0
€s=€ =6, = 0
5| = -ty = g
Since # = —1, there are no other supportable involutions in Z conjugate to 6. Therefore

there are

lx‘ﬁ/e\‘:lle:zl
elements in ZSA for this conjugacy class.
Case VI. Suppose 6 is given by the diagram
Dg:4+32 +.

Then 6 is supportable for A and we have

eg =1
ef; = ef = efn =0
5] = pgnddy _ g

There are eight conjugate involutions in Z that are supportable for A and therefore there
are

8 x ’5§’:8x4:32
elements in 15>\ for this conjugacy class.
Case VII. Suppose 0 is given by the diagram
Dg:+32 —.

Then 6 is supportable for A and we have

€, =€ =

3| -y
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There are sixteen conjugate involutions in Z that are supportable for A and therefore there
are

16><’25§’:16><1:16
elements in ZSA for this conjugacy class.
Case VIII. Suppose 0 is given by the diagram
Dyg:—32 —.

Then 6 is supportable for A and we have

62 =1
o _ 0 _ 0 _
€s=€ =€, = 0
5] = 22t _ g

There are eight conjugate involutions in Z that are supportable for A and therefore there
are
8 x ’5§’:8x4:32

elements in 5A for this conjugacy class.

Case IX. Suppose 6 is given by the diagram
Dg:4321.

Then 6 is supportable for A and we have

0 0 0 0 0

€g =€) = €, = €

5] - pgady _ o

There are eight conjugate involutions in Z that are supportable for A and therefore there
are

8x’5§’:8x4:32

elements in 75,\ for this conjugacy class.

Finally we have
‘ﬁk‘ — A4 4+ 161444432416+ 32432 =144,

Example 9.4.5. Table 9.2 lists (computer generated) values for )5% at symmetric in-

finitesimal character A for small values of n



9.2. VALUES OF ‘Zﬂ‘

)

6

7

8

10

18

30

144

314

1598

4166

22344

66512

373988 |
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PART III

DUALITY



CHAPTER 10

NUMERICAL DUALITY FOR
NONLINEAR PARAMETERS

In Chapter 3 we defined the bit flip involution
v:.7—-7

on the set of abstract involutions in W. In addition to describing a symmetry of Z, ¥
determined symmetries on most of the structure theoretic information we computed for G
in Chapters 3, 4, and 5. One might then expect ¥ to lead to a symmetry on the set D, of
representation theoretic parameters for G. Unfortunately Example 5.2.5 shows this is not
the case. Our goal in this part is to show that, in some cases, the expected symmetry does
appear in the set ﬁx of representation theoretic parameters for the nonlinear group G.
Before attempting to define W explicitly on the level of parameters, we can use the
results of the previous section to verify such a map is numerically possible. It turns out this

is the case only when the rank of G is even.

10.1 Restriction to Even Rank
Let A € (h*)* be a fixed symmetric infinitesimal character and suppose 6 is an involution
in W. Recall 0 is said to be supportable for A if there exists an imaginary grading ¢ such
that the abstract triple (6,¢, \) satisfies the conditions of Proposition 6.2.2. In order for
¥ to induce a symmetry on 75)\, we clearly must have 6 supportable if and only if U(6) is

supportable. The following example shows this is not always the case.
Example 10.1.1. Suppose n = 3 and A = (2,1, %) is a symmetric infinitesimal character.
If we take 6 € T such that

Dy: — — +

then 6 is supportable for A. However the diagram for ¥(0) = —6 is given by

Dy@y: + + —
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which is not supportable for .

Let 6 € 7 and recall the indicator bits €/, €/, €. €/ for 6 from Section 3.1. The indicator

ERERS o Epv m

bits for ¥(6) are related to the ones for # through the following obvious lemma.

Lemma 10.1.2. Let 0 € Z. Then

WO =l
w0 =l
SO = g
YO 8

The next proposition shows the parity of n is the only obstruction to duality in sup-

portable involutions.

Proposition 10.1.3. Let A € (h*)* be a fized symmetric infinitesimal character, § € T,
and suppose n is even. Then 6 is supportable for A if and only if W(0) is supportable for X.

Proof. Since n is even and A is symmetric, 5 of the coordinates for A will be integers and 5
0 6
ng+e,

will be strict half-integers. Recall 6 is supportable for A if and only if =5 of the imaginary
o__ 0
coordinates are of one type (say integers wlog) and ns;” are of the other type (say strict

half-integers wlog). Then the number of real integral coordinates for @ is given by

n nf ni+é n—nf—nf—é
2 2 2 2
n e
2
_ -
B 2

(note ¢, = ez). Similarly the number of real strict half-integral coordinates for 6 is given

by

nf  nf—é n—nf—nf+e
2 2 2 2
nf—l—eg
= 5>
_ mten
- 5

Since nf = ne® and el = 6;1,(9) by Lemma 10.1.2, the result follows. O
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Prior to Proposition 10.1.3, none of the results in these notes depended on the the parity
of n. Because of Proposition 10.1.3 and Example 10.1.1 we will often assume n is even in

what follows. We begin with the following specialization of Theorem 9.4.3.

Proposition 10.1.4. Let A € (h*)* be a symmetric infinitesimal character, 0 € T, and

suppose n is even. Then

‘ﬁﬁ‘ e {1,4}
Proof. Theorem 9.4.3 implies
B = p-drddn,
Since n is even, we clearly have eg = ¢¥ . Now

On the other hand

and ’5§’ = 222 — 1 as desired. O

The following theorem shows numerical duality exists for nonlinear parameters in even

rank.

Theorem 10.1.5. Let A € (h*)* be a symmetric infinitesimal character, 0 € T, and suppose
n is even. Then
U (0 ~0
Y] =24
Proof. Proposition 10.1.3 implies 6 is supportable for A if and only if ¥(€) is. In particular
we have
=0 U0
<[t -0
if @ is not supportable for A\. Otherwise, Theorem 9.4.3 and Lemma 10.1.2 give
SUO)| a2 (YOO YO WO
‘D/\ ‘ — 92— » )
— 22—(6?6,?”-}—6262
L g2l
=0
- |

as desired. ]



CHAPTER 11

CENTRAL CHARACTERS

Fix a symmetric infinitesimal character A € (h®)*. Example 10.1.1 and Proposition
10.1.3 of the previous section imply an extension of ¥ to 75>\ is possible only when the rank
of G is even. In this case, Proposition 10.1.4 implies ‘5?\ € {1,4} for each supportable

DS

involution 8 € Z. If

=1, we have ‘5:\11(6)‘ =1 by Theorem 10.1.5 and the definition of

~y(6)

U is obvious. Therefore it remains to define W on the sets ﬁg for which ’5?\’ = ‘DA = 4.

This definition is complicated and will occupy the next several sections.

The main idea is to find structure theoretic data that characterize the elements in ﬁg,
and then use these data in extending the map W. In this section we cut the problem in half
by considering an action of 25§ on Z(é) Not surprisingly, short roots play an important

role (see Proposition 7.2.2).

11.1 Properties of Short Roots

We begin by redeveloping some material from Chapter 8. Let hr be a ©O-stable Cartan
subalgebra of gg with root system A(g,h). Recall AQ(g,h) denotes the roots in A(g,h)

that are real with respect to ©.

Lemma 11.1.1 ([16], Lemma 4.3.7). Suppose a € Af(g,h). Then there exists a root vector
Xa € go Ngr with the property

[@XayXa} = ha;
where hy € by is the coroot for . Moreover, the vector X, is unique up to sign.

Definition 11.1.2. For a fixed choice of X,, let Z, = X, + ©X, € b and define the

elements
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Then o, 6, are representatives of the root reflection s, and we have O‘Z = mg, and 53 = Mg

([11], Proposition 6.52(c)).

Remark 11.1.3. It is important to note the conditions in Lemma 11.1.1 determine the
vector X, (and thus Z,) only up to sign. This ambiguity potentially affects the elements
of Definition 11.1.2. In the group G we have

expg(21Zy) = mi =1

expa(mZy) = expa(—mZy)

so the element m,, is well-defined. Moreover

T
eXPG(*EZa) = o,

= 0aqMgy

and conjugation in o, and o, ! induces the same action on H or b, but not on G or g.
In é, the situation is more complicated. If « is short then everything is the same as for

G. If a is long

exps(2nZa) = m2 = —1

expa(mZa) = —expa(—7Za)
and the element m,, is determined by the root a only up to inverse. Moreover

™ -
expé(—gZa) = g, 1

= _&ama

so conjugation in &, and &, ! induces the same action on H if and only if 7, is central in

H.

In particular, some care is required when discussing the elements o, 6, and m, since

these elements (and their corresponding actions) are not always determined by the root
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a. Depending on the context we may need to explicitly choose root vectors satisfying the
condition in Lemma 11.1.1. One notable exception is when the root « is short, in which
case m, and the actions of o, 6, are well-defined.

Although we have a choice for the root vectors X, for each real o € A(g, ), the following

lemma shows certain choices can be used to induce others.
Lemma 11.1.4. Let o, 3,7 be roots in A%(g, h) such that

sa(B) =1

Choose root vectors X, € go and Xg € gg satisfying the conditions of Lemma 11.1.1. Then
the root vector Ad(o,)(X3) € gy also satisfies the conditions of Lemma 11.1.1.

Proof.
[©Ad(0,)Xp,Ad(00)Xg] = Ad(on) [©Xp, Xj]
= Ad(oa)hs
= h,y
as desired. O

Let a, 8 € Aﬂg(g, h) be orthogonal roots and choose X, € g, and X3 € g satisfying the
conditions of Lemma 11.1.1. Lemmas 11.1.1 and 11.1.4 imply

Ad(og) X = £ X0
The following proposition shows the nontrivial case actually occurs.

Proposition 11.1.5. Let o, € Aﬂ%(g,h) be short orthogonal roots. Choose Xg € gg

according to Lemma 11.1.1 and suppose Eq € go is a root vector for a. Then
Ad(og)Ey = —Eq.

Proof. We will calculate the adjoint action of o3 on E, explicitly using infinite series. We

begin by calculating
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ad(525)(Ea) = 5 ([Xp. Bo] + [0Xp, Ea)
s (TZ5)(Ea) = (12 X5, Bl + (25, 10X. Eu])
= (O, X, Bl + (X5, 0X. Bul)
— 7f(—zEa—QEa)
= —m°E,

where the second to last equality is given by direct calculation. Therefore we have

> ad®(2Z3)Eq >N, o T
D k! = 2.1 (2k:)!EO‘
k=0 k=0
1 i a2k+1
t3 ;0(—1) @k 1) ([Xp, Ea] + [0X3, Eu])
— cos(m)Ea + 5 sin(r) (X5, Ea] + [0X5, Ea))
= _EOL
as desired. ]

If  and (8 are short roots in A%(g,b), Proposition 7.2.2 implies m, = £mg. The

following proposition shows we always have equality.
Proposition 11.1.6. Let o and (8 be short orthogonal roots in Ag(g, h). Then mg = Mq.

Proof. Let v = a — 3 so that

SV(Q) = a— (Oé, ’Y)’Y
= a—7
= f.

Choose a root vector X, € g, according to Lemma 11.1.1. Then

ﬁlﬁ = eXpé(’/TAd(&,y)Za)

= &Vexpé(wZaﬁ;l

= 04yMa0,

= ma

by Proposition 7.2.2. O
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Following the notation in [16], let 3(mg) denote the scalar by which m, acts on the root

space gg. Proposition 8.1.1 implies
Blma) = (-1
and obviously 3(mg) = B(mq).

Lemma 11.1.7. Let h C g be a O-stable Cartan subalgebra and suppose a, 3 € Aﬂ%(g, h).
Choose root vectors X, € go and Xg € gg according to Lemma 11.1.1. Then we have

Mo, = 50"
6-[8777/046—6_1 — &él_ﬁ(ma))ma'

Proof. The first statement is proved in exactly the same way as [16], Lemma 4.3.19(c). For

the second statement we have

Madgingt = 50
Madyimgt = 6,00
Gaiadyt = 55,0 " ing
a_ﬁmaa_gl — 6_[(81_ﬂ(7ﬁa))ma
as desired. ]

Lemma 11.1.8. Let hr C gr be a O-stable Cartan subalgebra and suppose o, 3 € Aﬂ%(g, h)
are strongly orthogonal. Then the operators Ad(my), Ad(mg) commute.

Proof. Since these operators are given by the adjoint representation, we need only check
that [Z,, Z3] = 0. However this follows easily from the fact the roots o and 3 are strongly
orthogonal. O

We now turn our attention to noncompact imaginary roots. Recall AZ@ (g,h) denotes the
roots in A(g, ) that are imaginary with respect to ©. We begin with the following analog
of Lemma 11.1.1.

Lemma 11.1.9. Suppose 3 € A?(g, h) is imaginary and noncompact. Then there exists a

root vector Xg € gg with the property
[Xs,X5] = hs,

where hg € b is the coroot for 3. Moreover, the vector Xg is unique up to sign.
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Definition 11.1.10. For a fixed choice of Xz as above, let Z3 = Xz + Xi/g € h and define

the elements

mg expqg(miZs) = expg(mihg) € H

Thﬁ = expé(—ﬂih,g)Eﬁ.

The reason for this definition of mg will become clear in the next section (Corollary 11.2.5).

Remark 11.1.11. As before, Lemma 11.1.9 defines the vector Xz only up to sign. In the

group G we have
expg(2miZg) = m% =1
expg(miZs) = expg(—miZg)
so the element mg is well-defined. The same is true in the group G if 0 is short. However,
if G is long we have
exps(—2mihg) = Th?@:—l
expgs(—mihg) = —expga(mihg).
Let h C g be a ©-stable Cartan subalgebra and suppose 3 € Aze(g, h) is noncompact.
Proposition 11.2.4 and Corollary 11.2.5 of the next section imply there exists a Cartan
subalgebra h’ C g and a real root o € A(g,h’) so that mg = my. In particular, if 3 is

short then mg is nontrivial and central in G. Assuming this, we have the following analog

of Proposition 11.1.6.
Proposition 11.1.12. Let a # 13 be short noncompact roots in A?(g, h). Thenmg = mq.

Proof. Let v = a — (3. Proposition 5.1.2 implies ~ is compact and we can find an element

0 € K for which

We now proceed as in the proof of Proposition 11.1.6. O

Tracking the elements m, for various roots « will be an important component in the
definition of ¥. Proposition 11.1.6 implies there is a single mq € H associated to the short
roots in Aﬂ%(g, h) and Proposition 11.1.12 gives a single element mg € H associated to the
short noncompact roots in A?(g, h). Moreover, we must have m, = +mg by Proposition

7.2.2. Our goal in the next section is to determine this relationship (Corollary 11.2.9).
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11.2 Cayley Transforms Revisited
In Section 8.1 we defined the Cayley transform operation for Cartan subalgebras. It
turns out these transformations appear explicitly in the adjoint representation of G. Having
specific realizations for Cayley transforms will be useful in what follows. To begin, let hr be
a ©-stable Cartan subalgebra of gr. Suppose a € A(g, h) is a real root and 5 € A(g,h) is
imaginary and noncompact. Choose nonzero root vectors X, € g, and Xz € gg according

to Lemmas 11.1.1 and 11.1.9. Let

504 = %(@XOC_XOC)

¢ = 5 (X5 Xp)

and define the corresponding Cayley transform operators
Ca = Ad(expg(a))
C? = Ad(expg(p))-

Remark 11.2.1. The Cayley transform operators depend on the choices of X, and Xz up

to inverse.

The connection with our previous notion of Cayley transform is given by the following

propositions (see [11], Chapter 6 for more details).
Proposition 11.2.2 ([11], 6.68). In the notation of Section 8.1 and Lemma 11.1.1

Coz(b) = ba
Colhe) = iZ4
Ca(Za) = iha.

Proposition 11.2.3 ([11], 6.66). C?(b) is a ©-stable Cartan subalgebra of g. In the notation
of Lemma 11.1.9

Cohg) = Zg
CP(Zg) = —hg.
We will write h® = C5(h) for the Cayley transform of h with respect to 5 and

Ca : Alg,h) — Ag, ba)
¢’ Ag,h) — Ag.b°)

for the induced operations on roots.
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Proposition 11.2.4 ([11], Proposition 6.69). The root C°(3) € A(g, b?) is real and the root
Col(a) € A(g,ba) is imaginary and noncompact. Moreover, there exists a suitable choice of

root vectors so that

Cca(a)ocazccﬁ(mocﬂ:]_

In particular, the Cayley transform operators defined above are essentially inverses. The

following corollary explains the definition of mg in the previous section.

Corollary 11.2.5. Leta € A%(g, h) be a real root and choose X, € gq according to Lemma
11.1.1. Then mq = M, (a)-

Proof. The coroot for Cy () is Co(ha) = iZ4 € ha by Proposition 11.2.2. Therefore we have

Mey(a) = expa(—mi(iZa))
= expg(mZa)

= mOé
as desired. ]

Lemma 11.2.6. Let hg C gr be a O-stable Cartan subalgebra and suppose o, 3 € A%(g, h)
are strongly orthogonal. Then the operators {Cn,Cg} and {Cq, Ad(mg)} commute.

Proof. The proof is the same as Lemma 11.1.8. 0

Lemma 11.2.7. Let hgr C gr be a ©-stable Cartan subalgebra with o € Aﬂ%(g,h) a long
root. Suppose there exists a short root 3 € Ag(g, h) that is not orthogonal to a.. Then the

operators {Cq, Ad(my)} commute.

Proof. Write v = sg(a). Then a and 7 are strongly orthogonal roots in A (g,h) and the
operators {Co, Ad(m)} commute by the previous lemma. However, the elements m, and
m., differ by a central element in G (Proposition 7.2.1) and therefore Ad(my) = Ad(m.) as

operators on g. [

We now come to the main result of this section. Let hg C gr be a O-stable Cartan
subalgebra and suppose «a,( € A%(g, h) are short and orthogonal. Set v = a— 3, 6 =

a + 3, and choose a root vector X, for « satisfying the conditions of Lemma 11.1.1. Write
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Xs = s3(X,) (well-defined since 3 is short) be the induced root vector for ¢ according to

Lemma 11.1.4 and define the corresponding Cayley transform operators C, and Cs. Let
D = C(g o C'y

denote the composition. The roots D(y) and D(§) in AP(g,D(h)) are noncompact by
Proposition 11.2.4. The following proposition determines the imaginary types for D(«) and

D(p).

Proposition 11.2.8. In the situation above, the root D(a) € AP (g, D(h)) is noncompact
and the root D(B) € AP (g, D(h)) is compact.

Proof. Let Eg be an arbitrary root vector in gg and set
E, = [@X,y — X,y, Eﬁ] = [Eﬁ, X»y] € ga-

We begin by computing C,(E3). We have

ad(&,)(Bp) = ( E,

7)
ad(&,)%(Ep) = (Z) 6o [Es. X
_ (7;)2@)( X, [Ep X
N <7Z)2@X% [Ep, X4]]
- (T) [Es, [ X, 0X,]]
- (7;) hwEB]
()
and in general
e = { EE Lo
Therefore
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It remains to compute Cs(E,) and C5(Eg). Set F, = [0Xs — X5, Eg] = [0X5,E5] € g—a
and Fg = [0X; — X5, E] = [0X5, Ey] € g—p. In the same fashion as above we compute

ad(§5)" (Ea) = {((E)HF,B n odd

n
Z) E, n even

Cs(Ey) = m(—l)k(%)%E +‘§:(—1)’f7(%)2k+11?
R OO TR 2k+ 10 "?

and
n _ (%)n F, nodd
ad(&)" (Ep) { (%) Eg n even
0 ( )2k+1
Cs(Ep) = Z( 1) 2k+1 lFa
k=0
= COS(Z)Eg + isin(%)Fa.
Combining these we have
D(Eg) = Cs (cos(%)Eg —i—zsm(Z)E )
7r T
= cos( Z Eg + zsm(4)Fa)
T 7r
+ zsm(z) <COS(4)E + Zsm(Z)Fg)

) 1
= i(Ea‘f‘Fa)‘i‘i(Eﬁ_Fﬂ)'

Since D(/3) is imaginary, we must have ©@D(Eg) = +D(Eg). In order to prove D(f)
is compact, it suffices to prove the vector E, + F, is fixed by © or (more specifically)
E, = OF,. To see this, we compute

OF, = 0O[0Xs, Ej]
= [Xs5, OE]
= [spXy, OEg]
by our construction of Xs. Then a simple calculation in sly gives
[spXy, OEp] = 55Xy, 550
= sg[Xy, Eg]
and now Proposition 11.1.5 implies

sg[Xq, Eg] = [Eg, Xy] = Ea.
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Therefore we have ©D(Eg) = D(E3) implying the root D(3) is compact. The claim that

D(«) is noncompact follows from Proposition 5.1.2. O
Corollary 11.2.9. In the setting of Proposition 11.2.8, mp() = —Ma-

Proof. The coroot for « in b is given by ho = hy + hs. Therefore the coroot for D(a) in
D(h) is given by
hpwy = D(hy+hs)
= Z'(Z,y + Z(;)
= i(Zy+spZy)

by Proposition 11.2.2. Therefore

Mp@) = expa(—mihp))

= expé(—ma(ZAY +532,))
= expg(mZ,)expa(mspZs)
= TGy Gy

= mvmgm,y

as desired. Here we are using Lemma 11.1.7 and Proposition 11.1.6. Recall conjugation in

[ is well-defined since the root (3 is short. O

11.3 Abstract Bigradings
Let A € (h*)* be a symmetric infinitesimal character and suppose (fI , &, f) is a genuine
triple for A. Recall [ is an irreducible genuine representation of H whose differential is
compatible with ¢ (Chapter 2). Since the Cartan subgroup H may not be abelian, the
representation I is not necessarily one-dimensional (Proposition 7.1.3). In this section we
characterize the action of I' on certain finite order elements in H. We begin with the

following lemma.

Lemma 11.3.1 ([13], Chapter 5). In the setting above, let o € A(g,h) be a real root and

choose a corresponding mq, € H. If « is long we have



109

and f(ma) has eigenvalues +i occurring with equal multiplicity. If o is short we have

The data of Lemma 11.3.1 are conveniently packaged in the following definition.

Definition 11.3.2. Following [13], we say a long root a € Ag(g,b) satisfies the parity
condition if it is strictly half-integral with respect to ¢ (i.e., (¢,a) € Z + %) We say a
short root @ € Af(g, h) satisfies the parity condition if

F(ma) = (~D(=1®).1

(see also [16], Section 8.3 and Corollary 12.3.6). Recall the element 7, is well-defined for
short roots and we always have (¢,a) € Z. Lemma 11.3.1 implies this definition makes

sense and gives a well-defined map
- 2RAY 2

where

(a) = 0 « does not satisfy the parity condition
" - 1 « satisfies the parity condition

The following proposition is the formal analog of Proposition 5.1.2 for real roots.
Proposition 11.3.3. The map 1 defines a grading (Definition 5.1.1) on A (g, h).

Proof. It remains to verify the properties of Definition 5.1.1. This follows easily from
Proposition 11.1.6 and the fact that the parity condition for a short root « is determined

by the integer (¢, a"). O

In Chapter 5 we defined a grading e on the imaginary root system A®(g,h) for any
O-stable Cartan subalgebra h C g. Given a genuine triple (.F~I, gb,f))\, Proposition 11.3.3
defines a grading n on the real root system A% (g,b) with the same formal properties as ¢.
Applying the conjugation map z;; (Section 6.1) to {(ﬁ, o), ¢, 77} gives an abstract bigrading
(0,e,m, A) for the abstract root system A = A(g, h*). This extends the notion of an abstract
triple from Section 6.2.

It is easy to check conjugating (fl , &, f) by an element of K does not change the abstract
bigrading. In particular, abstract bigradings are defined on the level of genuine parameters
25A for G. Note that an abstract bigrading depends (potentially) on the full representative
(ﬁ , &, f) and not just the representative pair (f[ ,®). The exact nature of this dependence

is determined in the next section.
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11.4 Central Character
Let A € (h*)* be a symmetric infinitesimal character. It will be convenient in what
follows to fix a representative set of Cartan subgroups in G. To begin, let h*> C g be a split
Cartan subalgebra with corresponding Cartan subgroup H® C G. In the usual coordinates

for A(g,b%) = AR(g, ") set

Q; = €e2i—1 — €2
Bi = e2i—1+ e
Y = en.

With the exception of the pairs {«a,,v} and {3,,~}, this is a strongly orthogonal set of
roots. Choose root vectors X,, € go, and X, € g, according to Lemma 11.1.1 and induce

X,

1

€ gp, via short reflection as in Proposition 11.2.8. Define the corresponding Cayley
transform operators C,,;, Cg;, and C,. Then (up to conjugacy) we obtain every Cartan
subalgebra of g by an iterated application of these operators to h%. We use the notation
from Section 8.1 to denote the resulting Cartan subalgebras and corresponding Cartan

subgroups in G.

Definition 11.4.1. Suppose ¢ is a sequence of strongly orthogonal roots of the form above
and let H 5 C G be the corresponding Cartan subgroup. The central character of a genuine

triple (I:Tf, o, f),\ is the genuine representation of Z(é) given by restricting T to Z(é) C ﬁf

Remark 11.4.2. The central character will turn out to be an important invariant of genuine
triples. Since [ is assumed to be genuine, we automatically have f(—l) = —I. Therefore
the central character of (fI 0 0, f) » is determined by the action of [ ona single nontrivial

element in Z(G). Since ‘Z(é)‘ = 4, there are only two such possibilities.

Remark 11.4.3. Given a genuine triple (flf, o, f)A, Proposition 7.1.3 implies

Ll g = mx

1

where m = ‘I:Tf/Z (HE) > and X is a genuine character of Z(H®). In particular, central

characters are not always one-dimensional representations of Z(G). This makes it technically
incorrect to compare central characters for distinct genuine triples unless we happen to know
the dimensions of their genuine representations are equal. However, we can remedy this by

comparing the associated characters X|Z( &) from Proposition 7.1.3. Unless otherwise stated,
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this convention is in effect whenever we compare central characters for different genuine

triples.

Remark 11.4.4. The central character is clearly well defined on the level of genuine param-

eters 15A for G.
Fix a genuine triple (ﬁ 0, f) » and let 7 and € be the corresponding real and imaginary

gradings. In most cases, the central character of (ﬁ 5,0, f) » is determined by either n or €.

Proposition 11.4.5. In the above setting, suppose o € Aﬂ%(g, he) is a short real root. Then

Me s well-defined and central in G and we have

~ —1)1-n(a) . 1
F(ma) = (—1) I (¢,0) €Z+ 5
()" I (pa) €Z
Proof. This follows from Definition 11.3.2 directly. O

Proposition 11.4.6. In the above setting, suppose o € A?(g, he) is short and noncompact.

Then my, is well-defined and central in G and we have

< 1-1 () €Z+ %
L(ma) = {—1-1 (¢,0) €Z ’

Proof. Choose X, € go according to Lemma 11.1.9 and recall m, = expg(—7ihy) =

exps(mihe) is a central element in G. Then

the = i[Xa,Xa)
= —i[Xa, Xa]
= i[Xa, X4
= ihq
so that ih, € gr. It follows m, € (ﬁf)o (see also Proposition 8.3.1) and it suffices to

calculate dT'(—mihy). From the identity a(hy) = 2 and the definition of dI" in Section 2.2

we have

f(ma) = f(expé(—m'ha))

oAl (=miha) | T

o 2mi((@0) 6] @)= (200.0)) |
Now it is easy to check (pf’, o) € Z+ 3§ and (2pfz, a) € Z so that

F(ia) = —e2m@a) 1

and the result follows. O
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Remark 11.4.7. If A(g, h¥) contains a short root that is not complex, we can use Proposition
11.4.5 or Proposition 11.4.6 to determine the central character of (flf, o, f),\ If this root
is noncompact, the central character is determined by the genuine pair (f[ S,¢)x and all

genuine triples extending (ﬁ S, ¢)a have the same central character.

In Section 6.3 it was shown there are (at most) two possibilities for the imaginary grading

¢ (Remark 6.3.2). In particular, if o, 3 € AY(g,h) are short then

£(0) ==(8) < (6,a) = (¢, ) mod .

Since the structure of Definition 11.3.2 is formally the same, a similar result holds for the
real grading 7 as well. The following theorem describes the relationship between n and ¢ in

terms of these possibilities.

Theorem 11.4.8. Let (f[f, o, l:)A be a genuine triple with corresponding real and imaginary
gradings n and €. Suppose the root system A(g,bh:) contains both short real and short
noncompact imaginary roots. Then the gradings n and € are of the opposite kind. In

particular, if o € A%(g, h?) and B € AP (g, b?) are short

n(e) =e(B) <= (¢, a) # (¢, 8) mod Z.
Proof. Specializing Proposition 11.4.5 to the case n(a) = 1 gives

~, . 1-1 (p,0) €eZ+ %
F(moe) = {_11 (¢7a)€Z 2

If ¢(8) = 1, Proposition 11.4.6 gives

~ 1-1 (¢,8) €Z+3
F(mﬁ) = {_1_1 (gb,ﬁ)GZ 2

However, Corollary 11.2.9 implies mg = —m, and the result follows. ]

11.5 Central Characters in Even Rank
We continue with the notation from the previous section and assume now the rank of G
is even. Recall ’ﬁi‘ denotes the number of genuine parameters for A whose corresponding
4| € 1,4}

by Proposition 10.1.4. In the nontrivial case, the following proposition implies central

abstract triples (or abstract bigradings) begin with 6. Since G has even rank,

characters evenly partition the set 5§

Proposition 11.5.1. Assume lﬁg‘ = 4 and suppose v € 75§ Then ezactly half of the

elements in Di have the same central character as v.
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Proof. Let €?,¢% €% €% denote the indicator bits for # (Definition 3.1.1) and recall Theorem

P Ty Tm

9.4.3 implies | B

= 22~ (deptelel)  If @ = 0, Proposition 8.3.1 implies the nontrivial

central elements in Z(G) are not in (flf)o and the result clearly follows. Suppose now
dd=1= ez = 0. Then the number of ‘4’ signs in the diagram for 6 is even and there
are two possible imaginary gradings for which the abstract triple (6,e,\) is supportable
(Remark 6.3.2). Theorems 8.4.4 and 9.3.1 imply each one of these gradings occurs twice in

genuine triples for 25§\ and the result follows by Proposition 11.4.6. ]

If ’75?‘ = 1, there is obviously only one central character associated with the set 75§
The following proposition implies the other central character is associated with the image

of 15/9\ under the map W.

Proposition 11.5.2. Suppose ‘5§‘ =1 and let (0,e,m,\) denote the abstract bigrading for
v E 75§ Then ’53(6)‘ =1 and the corresponding abstract bigrading is (—0,n,e, \).

Proof. The fact that ‘15/\\1/(9)’ = 1 is Theorem 10.1.5. Theorem 9.4.3 implies ‘5?\‘ =

92=(€Sepelen) go that e = ez = ¢ = % = 1. In particular, # has an odd number of both

0
real and imaginary coordinates. Since 6 is supportable, we may assume (wlog) néTH of the

imaginary coordinates are integral and these are exactly the short noncompact imaginary

roots for e (Remark 5.1.6). However, (the proof of) Proposition 10.1.3 implies "g; Lof

the real coordinates are strictly half-integral. Since these must be noncompact imaginary
coordinates for ¥(f) (Remark 5.1.6 again), the abstract bigrading of a genuine triple for
15;\1’(0) should have an imaginary grading opposite to €. The result now follows from Theorem

11.4.8. O

Corollary 11.5.3. In the setting of Proposition 11.5.2, the central characters of 152 and

D;\P(g) are opposite.

Proof. This follows from Proposition 11.5.2 and either Proposition 11.4.5 or Proposition
11.4.6. O



CHAPTER 12

ALMOST CENTRAL CHARACTERS

Fix a symmetric infinitesimal character A € (h%)* and suppose the rank of G is even.

We have seen ’Dg

€ {1,4} for each supportable involution § € Z. In the case ‘25§) =1, the
definition of ¥ on 15/9\ is obvious and it remains to define ¥ when )ﬁﬁ‘ = 4. Using properties
of short roots, it was shown in the previous section that central characters can be used to
partly distinguish the elements in 5?\ (Proposition 11.5.1). In this section, we complete the
distinguishing process (Theorem 12.6.4) and produce an extension of the map ¥ (Definition

12.7.1). Not surprisingly, our methods now rely on properties of long roots.

12.1 Integral Cross Actions in 15A
In Section 9.1 we defined the cross action of the abstract Weyl group W = W (g, h*) on
K -conjugacy classes of genuine pairs. Here we describe an extension of the cross action to
K -conjugacy classes of genuine triples. This material will be familiar to most readers and
we refer to [16] or [19] for more details.
To begin, fix a O-stable Cartan subgroup H C G and let A(g,h) be its root system.
For each o € A(g, bh), there is a corresponding root character & of H given by the adjoint

action of H on go- The following lemma implies these characters behave like roots.

Lemma 12.1.1 ([16], Lemma 0.4.5). Suppose we have

g NaQ = E Mo

aeA(g,h) a€A(g,h)

i b* with ng, mq € Z. Then

[ & = I &
a€A(g,h)

a€A(g,h)

as characters of H.
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In particular, we can use root characters to translate between representations of (fl )o
whose differentials differ by a sum of roots. To this end we have the following lemmas whose

proofs are similar.

Lemma 12.1.2. Suppose ¢ € b* is reqular and let o € A(g,h). Then in the notation of
Section 2.2

it = pl= Y B

BEA(g,h)
200" = 20— 3 2-myB
BEA(g,h)

with ng, mg € Z.

Lemma 12.1.3. In the setting of Lemma 12.1.2, suppose o € Aze(g?h) s an 1maginary
root. Then

pf— Z ngfB a long

BeA(g,h)
Sa (¢) — B long

p? — Z ngll —a o short
BEA(g,h)

B long

with ng,mg € Z.
Proof. Let

S = {8eAP(g,0)](8,9)>0and (8,54(4)) <0}
denote the set of imaginary roots that are positive with respect to ¢ and negative with
respect to sq¢. Then
sa9) _ o1 1
P = Pi_§Zﬁ+§Z(_5)

BeS BEeS

= -8

BES
Suppose first that « is long. If every other root in S is also long, the result clearly follows.
Otherwise there are exactly two short roots in S, say 1 and 2 and we have

pet? = PP = (> B) =7

BeS
B long

= -0 B-

BesS
3 long
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where v = v1 + 72 is a long root. If « is short, then « is the only such root in & and the

result follows. O

Lemma 12.1.4. In the setting of Lemma 12.1.2, suppose o € A(g,h) is a complex root.
Then

p(f— Z ngl —ey «a long

BEA(g,h)
‘?a(d)) — B long
! p‘f — Z ngl « short
BEA(g,h)
B long

where € € {0,1} and v € A(g,h) is a short root.

¢

In particular, reflecting ¢ by s, alters the elements p; and pfi € b* by integral sums

of roots. A similar result holds for ¢ itself if we restrict to a certain subgroup of W (g, h)

(Lemma 12.1.6).

Definition 12.1.5 ([16], Definition 7.2.16). Suppose ¢ € h* is a regular element and let

Alg,h)(¢) = {aeAlgb)](pa’)el}

denote the set of integral roots for ¢. Then A(g, h)(¢) is a subroot system of A(g,h) and
we denote the corresponding integral Weyl group by W (g, h)(¢) C W (g, h).

Lemma 12.1.6 ([16], Lemma 7.2.17). In the above setting, w is an element of W (g, h)(¢)
if and only if

wp—¢ = Y ngh(ng €L
BEA(g,h)

In other words, w € W(g,h)(¢) if and only if wp — ¢ can be written as an integral sum of

r001S.

We now define the cross action of the abstract integral Weyl group on genuine triples

for G.

Definition 12.1.7 ([16], Definition 8.3.1). Let W = W (g, h*) denote the abstract Weyl
group and let w € W(X) = W(g,h*)(\). Suppose (H,¢,T), is a genuine triple for G and
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write wg = iy(w) (Section 6.1) for the image of w in A(g,h). Then wyg € W(g,bh)(¢) and

we can write

wxgp—¢=w"(¢)—¢= D 7 (na €7

acA(g,h)
by Lemma 12.1.6. Similarly, Lemma 12.1.2 implies
P =200 = (o) —200) = D maa (ma €2).
acA(g.h)

Then

gives a well-defined character of H
@ — H d(na+ma)
a€A(g,h)

by Lemma 12.1.1. We define the cross action of (E[, ¢,f)A by w via
wx' = T'-®
wx(H,$,T)x = (H,wxp,wxD)y.
Remark 12.1.8. Definition 12.1.7 describes the (abstract) cross action of W (¢) on genuine
triples for G. If H C G is a Cartan subgroup, we will occasionally need the (regular) cross

action of W(g,h)(¢) on genuine triples of the form (ﬁ , P, f) A»- The definition is obvious

from Definition 12.1.7 and will be denoted the same way.
The following lemma describes a special case when the cross action of a genuine triple

is easy to compute.

Lemma 12.1.9 ([16], Lemma 8.3.2). Let (H,¢,)y be a genuine triple and suppose o €
A(N) = A(g,h*)(N\) is a simple abstract root. Write 3 = i4(a) for the image of o in
A(g, h)(¢) and set m = (¢,3Y) € Z. Then if o is compact imaginary

SaX(_FI,Qﬁ,f))\ == (-Flv(b_mﬂ?f‘/éi(mil)))\v
if a is noncompact imaginary

sax(H,6,D)x = (H,¢—mp,T -5~ "0),,

and if a is real or complex

Sax(ﬁ7¢7f))\ = (ﬁagé_mﬁvf'g_m))\-
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Proof. We have

55 (0) = s5(0)
= ¢ - (¢7 ﬁv)ﬂ
= ¢—mp

by the definition of m. Clearly (3 is simple in the positive root system for A(g, ) determined
by ¢, and the reflection s3 permutes the positive roots other than 3. Therefore if « is real
or complex, pf“X(b = pid) and 2pf§‘x$ = 2,0?;. In the notation of Definition 12.1.7, ¢ = —m/p
and the result follows.

If o is compact we have pf“w = pf’ - B, 2,0fc‘”x¢ = pr; — 243, and (pf”‘w - 2pfc"“x¢)) -
(p;25 — Zpi) = (. Then ¢ = —mf + [ and the result follows. The case for noncompact

imaginary roots is handled similarly. O

Proposition 12.1.10 ([13], Chapter 4). Let (I;T, qﬁ,f)A be a genuine triple and suppose
w € W(A). Then wx(ﬁ[, gi),f))\ s also genuine triple. Moreover, the cross action descends

to a well-defined action on the level of genuine parameters for G.

Remark 12.1.11. For v € Dy, we will write wxv € Dy for the cross action of W (\) on

genuine parameters for G.

Corollary 12.1.12. In the setting of Proposition 12.1.10, suppose (0,e, ) is the abstract
triple corresponding to (ﬁ[,qﬁ, f))\ Then wx(0,e,\) is supportable (Section 6.3).

Proof. This follows from Proposition 12.1.10, but we can also prove it directly. It suffices

to show wx (0, e, \) satisfies the conditions of Proposition 6.2.2. Proposition 9.1.6 implies
wx(0,e,\) = (w-0-w ' wxe,\)

and « is imaginary for w - 6 - w™! if and only if

w-0-wa)=a <= (wla)=w o

1

In particular, we must have w™" « imaginary for . However

O\ (wla)Y) = (L wlaY)
= (w\aY)

= (A + Z ngf, o)

BeA
= (\aY) mod Z.
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Since wxe(a) = e(wta), the result holds for imaginary roots. Complex roots are handled

similarly. O

Proposition 12.1.13. Let v € Dy and suppose w € W(X). Then v and wxv have the

same central character (Section 11.4).

Proof. This follows from Definition 12.1.7 and the fact that root characters act trivially on
7(G). O

Fix v € Dy and suppose a € A()) is an abstract integral root. We conclude this section

with a partial description of when s, xv = v.
Proposition 12.1.14. If « is complex for v, then saXv # v.
Proof. The corresponding K-orbits not conjugate by Propositions 9.1.2 and 9.1.6. O

Proposition 12.1.15 ([13], Lemma 6.14(a)). If a is imaginary and compact for v, then

Sa XU = .

Proposition 12.1.16. If « is imaginary, noncompact, and of type I for v (Section 9.2),

then soXv # v.
Proof. The corresponding K-orbits not conjugate (by definition). O

The situation for imaginary roots that are noncompact and of type II is discussed in

Section 12.5. The situation for real roots is discussed in Section 12.3.

12.2 Extended Cross Actions
Let A € (h*)* be a symmetric infinitesimal character. Definition 12.1.7 described the
cross action of the abstract integral Weyl group W () on the set of genuine parameters 5A
with infinitesimal character A. It will be important in what follows to consider an extended
version of the cross action that includes the full abstract Weyl group W. In this section we

briefly examine the definition from [13], Chapters 3 and 4.
To begin, recall the abstract root system A = A(g,h%) and let R = L(A) C (h*)* be

the corresponding root lattice. Consider the quotient
Q=(h")"/R
and observe the natural action of W on (h*)* descends to Q. Denote the image of A in Q

by [A].
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Definition 12.2.1. A family of infinitesimal characters for X\ € (h*)* is a collection of

dominant representatives for the W-orbit of [A] in Q.

Fix A € (h*)* and suppose F(A) is a family of infinitesimal characters for \. Then every
element of F()\) is symmetric and Proposition 12.1.6 implies the stabilizer of A in W is
W (). For even values of n we have

(W (B
’W(B%) ‘W(B%)
2™ . nl

27 () 2F - (3)!

IFNI =

N3

Remark 12.2.2. In [13], the authors define Q using the weight lattice P = X instead of the
root lattice R. Either choice will suffice, however the root lattice is more convenient for our

purposes.

The abstract Weyl group W acts via the extended cross action (Definition 12.2.3) on
collections of genuine parameters whose infinitesimal characters live in families of the kind
described above. In order to define this action, it is first necessary to specify how the
infinitesimal characters in a family are related. To this end, suppose k € F(\) and w € W.

Define the element j,(w) € R by the requirement
K+ pe(w) € w- F(N)

with the convention that u,(w) = wk — k (Lemma 12.1.6) for w € W (k). We now have the

following extension of Definition 12.1.7.

Definition 12.2.3. ([13], Definition 4.1) Let A € (h*)* be a symmetric infinitesimal
character with corresponding family F (). Suppose x € F(A) and (ﬁ , D, f)n is a genuine
triple for k. If w € W set

wx¢ = ¢+ ig(ue(w™))
(070 =20 ) = (pf = 200) = Y- maa (ma € Z).
OLEA(gvh)
Then

o = dglua(w™)) + Y maa
a€A(g,h)
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determines a well-defined character ® of H by Lemma 12.1.1. We define the (eztended)
cross action of (E[, o, 1~“),{ by w to be

wxI' = I'-®
wx(H,$, 1) = (H,wxg¢,wxl).

Remark 12.2.4. As the notation suggests, Definition 12.1.7 and Definition 12.2.3 coincide
whenever w € W (k). This follows immediately from the convention y.(w) = wk — k for w

in W(k).

Remark 12.2.5. The infinitesimal character of wx (H,¢,T), is an element of F()\) that

depends on k and the element w.

Proposition 12.2.6 ([13], Chapter 4). In the above setting, let (H,,T')5 be a genuine
triple and suppose w € W. Then wx(ﬁ,¢,1~“)>\ 1s genuine triple and the extended cross

action descends to a well-defined action on the level of genuine parameters for G.

12.3 Principal Series
Fix a symmetric infinitesimal character A € (h%)* and recall the rank of G is even. Let

h® C g be a split Cartan subalgebra with corresponding Cartan subgroup H® C G.

Definition 12.3.1. Genuine representations of G whose corresponding genuine triples begin
with a split Cartan subgroup are called principal series. We may also refer to any genuine
triple of the form (f[ S,gf),f) as a principal series for G. Write psy = 25;1 for the set of

principal series representations of G with infinitesimal character .

In this section we study conjugation and cross actions in ps,. In the usual coordinates

for A(g, b%) = AR(g, b°) set

o = egi—1 — ey
Bi = ezi—1+ ey
Y = €n

as in Section 11.4. Choose root vectors X,, € go, and X, € g, according to Lemma 11.1.1

and define

% = T, May - - Ma
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The element Z is almost central in G and will play a critical role in our definition of W.

Lemma 7.1.1 and Proposition 7.3.5 imply
Z(HY) = <i(fi5)0, iy, j:2>

and a genuine character of Z(ﬁ ®) is determined by its differential and its values on ., and

Z. We have seen m, € Z(G) has order two and the order of Z is determined by

~2 ~ ~ ~

25 = (MayMay man/z)
_ ~2 ~2 ~ 2
= Mg, Mgy =T,

to be either two or four. In particular, there are four possible genuine characters of Z(ﬁ %)
with a fixed differential (Corollary 7.3.9).

Suppose (ﬁ S, 0, f) » is a principal series for G with infinitesimal character . Proposition
7.1.3 implies the isomorphism class of T is determined by its restriction to Z(ﬁ $) and this

restriction is given by

F‘Z(FIS) =my

where y is a genuine character for Z(ff %). Therefore we may treat [ as either a genuine
representation of H® or a genuine character of Z(ﬁl ®). Since the differential of T is fixed by
¢ (Section 2.2), there are four distinct possibilities for I' and |psy| = 4.

We begin with conjugation. For § € A(g, b%), recall 6(1m,,) denotes the scalar by which

Mg, acts on the root space gs and Proposition 8.1.1 implies
§(a,) = (~1)0),

Proposition 12.3.2. Let (f[s, gb,f),\ be a genuine triple and suppose 6 € A(g, h*). Choose
Xs € g5 according to Lemma 11.1.1 and write 65 for the corresponding root reflection in K.

Then G5 acts off by conjugation and we have

=N L(2) 0 is long
L(m,)L(Z) & is short =
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Proof. According to Lemma 11.1.7

B - -1
0'62:0'6 - O’Jmal . 'man/QO'é

= G5May0y '+ GoMa, 1,05

— 57 1-§(Mma
= G gy T

Suppose first that ¢ is long. If 6 = a; or 6 = 3; for some j, we have 6(1q,) = 1 for all ¢
by Proposition 8.1.1 and the result follows. Otherwise, d(mq,) = —1 for exactly two values

of i, say ¢« = j and ¢ = k. By Proposition 7.3.1 we have

a1 ~ - . - . ~
0’520'6 = My ...m(smaj ...m(;mak ...man/Q
~ 9~ ~ ~ ~
frnd —m(smal-..maj...mak...man/2
= —miz
= Z
as desired.
If ¢ is short, d(7q,) = —1 for exactly one value of i, say i = j. Now Propositions 7.3.1
and 7.2.2 imply
SO | ~ ~ o~ ~
05205 = May - MeMa, = Ma, ,
= méﬁloq mOéj e man/g
= msZz
= myz
as desired. O

Remark 12.3.3. Let v € psy and suppose (ﬁs,gb,fb\ is a genuine triple representing wv.
Proposition 12.3.2 implies v is not determined simply by its central character and the value
of T on Z. This unfortunate fact accounts for most of the misery of this (and the previous)

section.

The following proposition leads to a similar result for cross actions.

Proposition 12.3.4. If § € A(g,b®), then in the notation above

N 1 0 is long
02) = {—1 0 1s short
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Proof. Treating 0 as a character of H* we have

6(2) = 0(Mmay -+ Ma,,)
= 5(ma1)"'5(man/2)

(fl)(&%v) e (fl)(‘s’ayvl/z)
and we proceed as in the proof of Proposition 12.3.2. O

Corollary 12.3.5. Let (f]s,(;ﬁ,f))\ be a principal series and suppose § € A(N) is a long
abstract root. Write § = is(8) for the image of & in A(g,h*)(¢). Then in the notation of
Proposition 12.3.2 we have

(65-T)(2) =T(2) = (s5xT)(2).
Proof. The first equality is Proposition 12.3.2. The second equality follows from Proposition
12.3.4 and the fact that pf‘SX(b = pfgw’ = p? = pfi = 0 for a split Cartan subalgebra. O

Roughly speaking, Corollary 12.3.5 implies the operations of cross action and conjuga-
tion are equal for long (integral) roots. The situation for short roots is more complicated.
Let (ﬁ[ S o, 1~“) A be a principal series and suppose § € A()) is a short abstract root. Write
0 = iy(8) for the image of § in A(g, h*)(¢). By Proposition 12.3.2 and Proposition 12.3.4

we have
(65-T)(2) = T(ms)I(2)
(ssxD)(2) = 6(2)@2T(2)
= (-)®ITE)
so that

(65 T)(2) = (ssxD)(3) <= D(mg) = (—~1)®7"),
We have now completed the proof of the following corollary.

Corollary 12.3.6. Let v € psy be a principal series. If § € A(X) is an abstract integral

root, then
S§XU = v

if and only if § does not satisfy the parity condition for v (Definition 11.5.2).
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In the next section we extend Corollary 12.3.6 to a special collection of Cartan subgroups

of G (see Corollary 12.4.10). In general, we have the following proposition.

Proposition 12.3.7 ([13], Lemma 6.14(f)). Let v € Dy and suppose a € A% (N) is a real

abstract integral root. If o does not satisfy the parity condition for v, then soXv = v.

12.4 Even Parity Cartan Subgroups

Fix a symmetric infinitesimal character A € (h%)* and recall the rank of G is even. Let
H C G be a O-stable Cartan subgroup and suppose ¢ € h* is a regular element. Write
0= id_)l(@) for the corresponding abstract involution and let eg, eg, ef, efn be the indicator
bits for 6 (Definition 3.1.1). Note the indicator bits depend only on the W-conjugacy class
of 6 and therefore only on the K-conjugacy class of H (Chapter 3).

Since the rank of G is even, we have eg = €Y so that ‘15/9\‘ = 4 if and only if ez =e =0
(Proposition 10.1.4). A Cartan subgroup for which eg = €% =0 is said to be of even parity.
In particular, an abstract involution corresponds to an even parity Cartan subgroup if and

only if its diagram has an even number of both ‘+’ and ‘-’ signs.

Lemma 12.4.1. Let H C G be a O-stable Cartan subgroup and suppose o € Aﬂ%(g, h) is a
real root. Then H and ﬁa (Section 8.1) have the same parity if and only if « is long.

Proof. This is verified in Section 8.2, Cases I-V. O

Fix a split Cartan subgroup H® C G and recall the Cayley transform operators C,, and
Cp, from Section 11.4. The following proposition characterizes even parity Cartan subgroups

in terms of these operators.

Proposition 12.4.2. Up to conjugacy, every even parity Cartan subgroup of G can be

obtained from Hs through an iterative application of the operators Cy, and Cg,.
Proof. This is easily verified on the level of involutions from the results of Section 8.2. [

Proposition 12.4.2 implies we can associate a (nonunique) sequence in {«;, 3;} to each
conjugacy class of even parity Cartan subgroups in G. Since the corresponding operators Cq,
and Cg, commute (Lemma 11.2.6), the ordering of the roots is unimportant. To eliminate

the ambiguity, we say a sequence in {«;, 5;} is standard if it is of the form

¢; = BrPofroy - an
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with 0 <k < j < 5. Then there is a unique standard sequence associated to each conjugacy
class of even parity Cartan subgroups in G. Clearly there are
n 542
14+924... (7 1) =2
+2+--+ 2 + ( 9

49

possible standard sequences (including the empty sequence) and thus (22 ) even parity

Cartan subgroups of G (up to conjugacy). If cé? is a standard sequence we will write
ﬁf;v = C(H®) = Cp, -+~ C3,C,Cay; -~ CayCor, (H?)
for the corresponding even parity Cartan subgroup.
In the previous section, we determined the structure of the set ps, by tracking a single
element that was central in H® but not central in G. The following propositions describe

an extension of these methods to all even parity Cartan subgroups.

Proposition 12.4.3. Let cf be a standard sequence and suppose 1 < i < 5. Then My, €

ﬁfk' In particular, the product

J

£ = Mo, May M, , € H°
(Section 12.3) is an element of ﬁ:k
J
Proof. This follows from Corollary 8.1.3 and Proposition 8.1.5. O

Proposition 12.4.4. Let c? be a nonempty standard sequence and write m., for the unique
element corresponding to any short real root in H* (Proposition 11.1.6). Then the center

of f[fk s given by
J

(ﬁ[j;?)o, Magir** May, s m7> j< 2 k=0

J 7 ~
(Hy, 1) i= =0
| (H%)o ]:%,k>0

In particular, Z € Z(ﬁfk)

J

Proof. Since c? is nonempty, —1 € (fNI fk)o- The first result follows from Proposition 7.3.5
i
and Proposition 8.3.1. The details are left to the reader. The last statement follows by

Proposition 8.1.5. ]
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Corollary 12.4.5. In the setting of Proposition 12.4.4, let cg‘? be a standard sequence with
J < 5. Suppose the genuine triples (fNIfk, gb,fl))\ and (f[fk, o, f2)>\ are not f(—conjugate and
j J

have the same central character. Then T'y(Z) = —T'1(Z).
Proof. We have
U1 (it - Ta;) = Da(iia, -+ Ma,)

since Mg, « M, € (H % )o by Proposition 8.1.5. However, any genuine character extending
~ ] ~
(ka,gé),\ is determined by its restriction to Z(ka). Since (Hsk,gb,Fl)A and ( k,gb,Fg)
J J

have the same central characters we must have
Fl(m%’ﬂ o 'manm) # F2(maj+1 T man/i’)
and the result follows. O

Proposition 12.4.6. Fir a root 6 € A(g,b®) and suppose c¥

5 s a standard sequence. Write
0= CJI?((S) for the image of § in A(g,b%). Then
J

T 1 6 is long
200 = { —1 & is short
(compare with Proposition 12.3.4).

Proof. Proposition 12.3.4 implies we need only check §(rtq,) = 8(riq,) for 1 <i < 2. Recall

the value of 0(7y,) is defined by the equation
Ad(me,) X5 = 0(1a,) X5
Lemmas 11.2.6 and 11.2.7 give

Ad(rie) X5 = Ad(ma,)Cf(X5)

= Cj(Ad(ma;)Xs)
= Cj(6(ma;)Xs)
= 6(ma,)C} (Xs)
= 0(rha,) X5

so that §(1q,) = 6(1Ma,) as desired. O
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Corollary 12.4.7. Let (fffk,gf),f))\ be a genuine triple and suppose a € AP (g, hfk)(qﬁ) is
j i

an imaginary integral root. If m = (¢, "), then

S I'(2) a long
saxI'(2) = {(_1)m+11~“(§) « short

(see Remark 12.1.8 and compare with Proposition 12.1.9).

Proof. In the notation of Definition 12.1.7, Lemma 12.1.3 implies

([ —ma + Z ngB + Z 2-mgf a long
3 long BEA(g,b°,)
BEA(BH,) 5
— J
4 —ma — o+ Z nglB + Z 2-mgB « short
8 long BEA(g,b%,)
BEA(3:H%)) €
\ J
and the result follows by Proposition 12.4.6. O

Corollary 12.4.8. Let (I:Tfk, ¢,f)>\ be a genuine triple and suppose « € Ag(g, b‘zk)(qﬁ) s a
i 5

complex integral root. If m = (¢, "), then in the notation of Proposition 12.1./

< (DT along
saxI'(2) = {(_1)mf(5) a short

Proof. In the notation of Definition 12.1.7 and Lemma 12.1.4 we have

( —ma — €y + Z ngB + Z 2-mgB «long
8 long BeA(g,b,)
B€A<g,bfk) ‘j
— J
v —ma + Z ngB + Z 2-mgp a short
8 long BeA(g,b,)
BEA(BI)) <
J
and the result follows by Proposition 12.4.6. O

We will occasionally need the following generalization of Corollary 12.4.7.

Corollary 12.4.9. Let f]% C G be an even parity Cartan subgroup with j = 5 and let

a € AP(g, hj,?) be an imaginary root (not necessarily integral). Suppose there exist genuine
J

triples of the form (flfk,qﬁ,fl),\ and (ﬁc“’k, Sq O, fg))\. If m = (¢,a") then
7 j

S (=1)2"T1(2) « long
2(2) = {(—1)m+1f1(2) « short
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Proof. Since 7 is an element of (H % )o (Proposition 12.4.4), it suffices to consider differen-
i
tials. Write o; = Cf(ai) for the image of the root a; in A(g, b%) (Section 12.3) and let hg,
J

denote the corresponding coroot. Suppose first that « is long. Lemma 12.1.3 gives

Ty = sa(0) +pi"@ — 2070
= ¢p—ma+pl— Y ngB—(2pL— Y 2 -mgp)

B long BEA(g,b°%,)
BEA(g,hfk) 5

J
dly — ma — Z ngB + Z 2-mgp
8 long BeA(g,b5%,)
BGA(g,bfk) 5
J

and Proposition 12.4.6 implies nontrivial changes come only from the —ma term. From the

definition of Mg, (Definition 11.1.10) we have

fQ(g) — fl (2)e—ma(7rihal )6—ma(7rih52) . efma(mhak)

fl(Z)e—mﬂ'i(a,ai/)e—mﬂ'i(a,ag) . e—mm‘(a,aZ)
with k = §. Now if o = @;, then (a, @) = 2 and (o, @}) = 0 for j # i. Therefore
fg(g) = fl(g)e—Qmm‘

and the result follows. Otherwise there are exactly two numbers, say ¢ and j, for which

(o, @) = (o, @) = —1 so that
f2(2) _ fl (2)em7riem7ri
_ f1(2)62mm
and the result follows. The case for « short is similar. O

Corollary 12.4.10. Let v € D,. If o € A(g,h*)(N) is a real integral root for v, then

saXv = v if and only if a does not satisfy the parity condition.

Proof. The proof is the same as for Corollary 12.3.6 using Proposition 12.4.6. O

12.5 Cayley Transforms in D,
In Section 12.1, we extended the cross action of the (integral) abstract Weyl group to
YSA. This operation produced new elements in 15A whose corresponding Cartan subgroups

were conjugate. In this section we extend the Cayley transform operation of Section 11.2
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to 25)\. Not surprisingly, this operation produces new elements whose corresponding Cartan
subgroups are not conjugate. This material is well known and we refer the reader to [14]
and [16] for more details.

To begin, let H = TA be a O-stable Cartan subgroup of G and fix a noncompact
imaginary root a € A?(g,h). Choose a corresponding Cayley transform operator C¢

(Section 11.2) and write

CY(H) = H*=T"A"
Fo _ e
HY = TrAC.
The following proposition describes the relationship between T and T°.

Proposition 12.5.1 ([16], Lemma 8.3.5). If o is of type I (Section 9.2) then T® = T, If

« is of type II, s, has a representative in T \ff“ and

('Tva/ﬁa 3

In particular, H® = ﬁf‘ if and only if a is of type L

Definition 12.5.2 ([14], before Theorem 4.4). Fix a genuine triple (H,¢,T)y and write
¢ = C%(¢) for the image of ¢ in h*. Let ff‘ be the irreducible representation of I;ff
satisfying
F(l)l’f“la = T ’~
e = expg(9®fa)-
According to Proposition 12.5.1, we define an irreducible representation of H* via

B _ ff‘ B a type 1
- Indgz 'Y atypell
1

Proposition 12.5.3 ([14], before Theorem 4.4). In the setting of Definition 12.5.2, suppose
« 1s of type II. Then re = Indgz ff‘ is reducible if and only if the element s, € T centralizes
1

fla In this case we write
r+« = r¢ere

with fi irreducible. In particular, re s always reducible if T is abelian.
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We now define the Cayley transform of a genuine triple through a simple noncompact

imaginary root.

Definition 12.5.4 ([14]). Let T = (H,¢,T) and suppose o € A(g, h) is noncompact and
simple for ¢. Define the Cayley transform of T by « to be

(ﬁ[ “, 0, fa)/\ } I'® irreducible

CH(T) = - - - ~
v (H*, ¢, T9)a, (Ha,d>a,f‘3)>\} otherwise

In particular, C*(T) is double valued if and only if « is of type II and I'® is reducible
(Definition 12.5.2). If § € A = A(g, h*) is an abstract noncompact simple root for T, we
define the abstract Cayley transform of T by 3 to be C'+(# ().

Proposition 12.5.5 ([13], Lemma 6.14(g)). In the setting of Definition 12.5.4, suppose «

is long. Then C*(Y) is single valued and we have
dimT*) = m-dim(D)

where

B 1 o type I
"= {2 o type 1T~

Proof. The fact that C*(Y) is single valued is proven in [13]. The statement about dimen-

sions is an easy consequence of Proposition 12.5.1 and Definition 12.5.2. ]

The following proposition implies the Cayley transform is well-behaved and descends to

the level of 5)\.

Proposition 12.5.6 ([14]). The elements appearing in the definition of C*(Y) are genuine
triples for G. Moreover they have the same infinitesimal character as T and are well defined

up to I?—conjugacy.

Remark 12.5.7. For v € 15,\, denote the Cayley transform on the level of genuine parameters
for G by C*(v) € 15,\. If (j:l, o, f),\ is a genuine triple representing v, we will write

dim(v) = dim(T).

Proposition 12.5.8 ([13], Proposition 6.12). Let v € Dy and suppose o € AY(g,54)(N\) is

an abstract integral noncompact root that is of type II for v. Then soXv = v if and only

dim(C%(v)) = dim(v).
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Corollary 12.5.9. In the setting of Proposition 12.5.8, suppose v has a representative
genuine triple of the form (fNIfk,(j)?f),\. Then soXv # v.
i

Proof. The existence of a implies we must have j < § and k > 0 (Theorem 9.2.9). Then
Proposition 7.1.3, Proposition 12.4.4, and Cases I and IV of Section 4.2 imply

1
dim(v) = (2712—1) 2 = <2”$2>é )

Similarly we have
1
dim(C(v)) = (2”5)2
1
dim(C*(v)) _ <2”f" )24;2

dim(v) onp—2
and the result follows from Proposition 12.5.8. O

We will also need an inverse version of Definition 12.5.4. This is most easily stated in

terms of abstract roots. We refer the reader to [13] or [14] for more details.

Definition 12.5.10. Let v € 25A and suppose « € A%(g, h?) is a simple abstract root that

is real for v. Define the inverse Cayley transform of v by « to be
Co(v) = {U/ €Dy | C(V) = U} .

More explicit definitions of inverse Cayley transforms appear in [14] and [16]. The follow-
ing proposition gives an important characterization of when the inverse Cayley transform

is nontrivial.

Proposition 12.5.11 ([13]). In the setting of Definition 12.5.10, Co(v) is nonempty if and
only if « satisfies the parity condition (Definition 11.3.2).

12.6 The Map p

Fix a symmetric infinitesimal character A € (h*)* and recall the rank of G is even. Let

c;? be a nonempty standard sequence and recall the element z = mg, -+ Mg, n € Iflf?

(Proposition 12.4.3). Suppose (ﬁ:k,qb) A is a genuine pair for which the corresponding
j

abstract triple (0, e, \) is supportable (Section 6.3). In particular, 25?\) = 4. In this section
we use the element Z, along with central character (Section 11.4), to completely distinguish

the elements in ’.5§
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Definition 12.6.1. Given an abstract involution § € Z, let n?. denote half the number of
abstract coordinates that are both interchanged and negated by 6. In terms of diagrams, n?

is exactly half the number of parentheses appearing in Dy (Section 3.2).
Definition 12.6.2. The principal series map
.70
©: D)\ — psy

is defined as follows. For v € 50, choose a genuine triple T = (ﬁ[ 5 @, fl) A beginning with
H csk and representing v. Write I' for the unique genuine character of Z(H fk) corresponding
j j

J

to I'; (Proposition 7.1.3). Then there is a unique genuine character I'% of Z(H®) with
differential (C]’-“)_l(qb) and

Fjm,) = Ti(m,)
5(2) = T ()"
Here 7., denotes the nontrivial central element of G corresponding to the short roots in

A(g,b®) (Proposition 11.1.6). Let T be a genuine representation of Hs corresponding to
fg and define

p(I') = It
(1) = (ﬁs>(cjl?)_1(¢)7f2)>\
p(v) = [(H*(C}) ™ (#),T2)x| € psy.

In other words, p(v) is defined to be the principal series represented by the genuine triple
(H?, (Cj’?)_l(gb), ). In particular, v and p(v) have the same central characters (Remark
11.4.3). The strange definition of fg(%) gives the map p nicer properties (see Theorem

12.7.3).
Proposition 12.6.3. The map p is well defined.

Proof. The issue is the choice of genuine triple T = (ﬁ 5 @, fl) » representing v. It suffices
J

to show p(Y) is K-conjugate to p(w - T) with
w-YT = (ﬁf,?,w : ¢,w-f1),\
J
and w € Nf((ﬁfk)/Zf((flfk) = W(G, ﬁfk) (Section 5.2). Note w - I'; is defined only up
J J J

to K -conjugacy, however the corresponding character of Z(f[ fk) is well defined. Since it is
j
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the character that matters for Definition 12.6.2, this level of precision is sufficient for our
purposes.

We begin by observing the differentials of (1) and p(w - YT) will always be conjugate
in (h%)* by an element of K. Moreover, any genuine representation of H* with a fixed
differential is determined by its values on 7, and Z. Since conjugation cannot change m.,
we simply need to understand the effect of conjugation on Z. This is done for principal
series in Proposition 12.3.2. Therefore it remains to understand the effect of conjugation in

H % Conjugating by w does not change the value of n? .,

J
I (Thy)”zr term in the definition of I'j(Z).

so we may effectively ignore the

Proposition 5.2.3 implies
W(G, ﬁf?) ~ W ((Ax W) x Wa).
Our proof is by cases based on the element w.

Case I. Suppose w € W¥. Then conjugation commutes with (CJ'?)_1 and p(Y) is clearly
conjugate to p(w - ).

Case II. Suppose w € W. We may assume w = s, for a € AP(g, hi§)(¢) imaginary
and compact. Write @ = (Cf)_l(a) for the image of o in A(g, h®). If a is long, Proposition
12.3.2 implies (sz- 9(I'1))(2) = p(I'1)(Z). In particular, p(T) is conjugate to p(s,-T) if and
only if I'1(2) = 54 - I'1(2) and this follows from Proposition 12.1.15 and Corollary 12.4.7.

If « is short, set m = (¢, ") € Z. Proposition 12.3.2 implies

(sa- pT))(E) = pT1)(ha)pT1)(Z)
and Corollary 12.4.7 gives
sa T1(2) = (—1)™IT(2).
Therefore p(Y) is conjugate to p(sq - 1) if and only if
p(T)(ma) = (1)1

or if and only if @ satisfies the parity condition for p(Y). Since « is assumed to compact,

this follows from Theorem 11.4.8.
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Case III. Suppose w € A. Then
w e WP(g,h%) = W(B,e) x W(A)*
J

(Proposition 3.3.6) and w can be expressed as a product of orthogonal reflections in non-
compact imaginary roots ([17], Corollary 5.14).

If j < §, the group A is generated by reflections in noncompact imaginary roots of type
IT (Section 9.2). Suppose first that « is long and let w = s,. Then « is an element of the
(A1)F factor of A®(g, hi§) and we must have o = Cf(ai) for some i. In particular, there
exists a Cartan subgroup HS = C*(H %) (Section 11.2) containing Z and a representative
of sq (Proposition 12.5.1). Since Z is central in H?, Z commutes with s, and we have
I'1(2) = sq - T'1(2). The result now follows as in Case I1.

Suppose « is short and of type II. Corollary 12.4.7 gives
saxD1(2) = (=1)™IT(3)
and Corollary 12.5.9 implies s, Xv # v. Therefore we must have
sa-T1(2) = (=1)™Ty(3)

by Corollary 12.4.5. In particular, () and p(s, - T) are conjugate if and only if @ does
not satisfy the parity condition for p(T'). Since « is assumed to be noncompact, this follows

from Theorem 11.4.8.

Finally let j = § and w = s.ss5, where § and e are orthogonal imaginary roots in

A?(g, hik) that are noncompact and of type I. Set my = (¢,8), ma = (¢,€"), and suppose
j
first that § and € are long. Then m1,ms € Z + % and Corollary 12.4.9 implies

ss-T1(2) = (=1)-Tu(3)
sc-T1(2) = (-1)-Tw(3)
sess - T1(3) = (=1)2-T1(3) =T (3).

as desired. If § is long and e is short, then m; € Z—i—% and mo € Z. Corollary 12.4.9 implies

s Tu(®) = (—)™ L)

sess-T1(2) = (1) -Ty(3).
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This is the desired result since € is noncompact. Finally if both § and € are short we have

si-Ti(2) = (~)™*-Ty(3)
se-T1(2) = (=)™ F1.Ty(3)
sess-T1(2) = (=1)™*tm2.T(3)
= Tu(%)

since mq + mo € 2Z. The result follows from Proposition 12.3.4.

Case IV. Suppose w € Wg. This case is handled in the same fashion as the previous

cases. The reader is spared the details. O
Theorem 12.6.4. In the setting of Definition 12.6.2, the map

p: DY — psy
s a bijection.

Proof. Proposition 11.5.1 implies g is, at worst, 2 to 1. In particular, if w,v € 5§ have the
same central character, it remains to show p(w) # p(v). Recall 6 is a supportable abstract
0 _

involution for the genuine pair (ﬁ[fm #)x and let €7, €9, € = ¢’ = 0 be the corresponding
J
indicator bits (Definition 3.1.1). The proof is by cases for the standard sequence c?.

Case I. Suppose j < 5 and k = 0 so that ¢ =0 and ¢/ = 1. Corollary 8.4.5 implies
[(Fs 0] = 2dadi-d) =y
J

Therefore each element of ZS?\ has a representative beginning with (fI fk, ®)x and the result
J

follows from Corollary 12.4.5.

Case II. Suppose j < 5 and k > 0 so that e‘j = ef = 1. Corollary 8.4.5 implies
[(FI,00] = 2t-adi-d =2
J

and there are two K-orbits in the genuine fiber é; of § (Section 9.4). Since 7~ € (H % )o by
_ i

Proposition 12.4.4, both genuine triples extending (H?,, ), have the same central character
i

and the result follows by Corollary 12.4.5.
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n

Case III. Suppose j = 5 and k > 0 so that ¢/ =1 and ¢/ = 0. Corollary 8.4.5 implies
(15,0 = 220 1,
J

Then m,, € (ﬁfk)o = ﬁfk by Proposition 12.4.4 and there are two K-orbits in é; with a
J j
fixed abstract grading and central character (Proposition 11.4.6). Theorem 9.3.1 implies
these orbits differ by cross action in any short noncompact root. Let T = (.FNIfk, (ﬁ,f) A be
_ J
a genuine triple extending (H oy ®)x and let a € A(g, h*) be a short noncompact root. Set
J
m = (A, «") and write @ = ig(a) for the image of a in A(g,h%). Corollary 12.4.7 and
Proposition 12.3.2 imply
saxD(2) = (=1)™HT(3)
sa- p(0)(2) = o) (ma)p(I)(2).
In particular, (1) # @(sqaxY) if and only if a does not satisfy the parity condition
(Definition 11.3.2) for p(Y). Since « is noncompact, this follows by Theorem 11.4.8.

Case IV. Suppose j = § and k = 0 so that eg = ef = 0. Corollary 8.4.5 implies
(15, 00:] = 2 hadi-d =2
J

Then Z € (I:Tf?)o, I (I:Tf?)o (Proposition 12.4.4) and the K-orbits in QNI\ each have two
genuine triples with opposite central characters extending them. Let T = (H%, ¢,T")) be a
genuine triple extending (ﬁ f;c, ¢) and suppose « is a long imaginary root in A(g, biﬁ) Then
« is noncompact of type I (Theorem 9.2.9) and thus (H{, ¢,I') and (HCS?, Sa - ®,8q - I')y are
not conjugate in K. Ifm= (¢, ), then m € Z + % and Corollary 12.4.9 implies

sa-T(2) = (=1)*"-L(3)
= (=1)-I(3).

Since a is long, (1) and g(sq - T) are not conjugate in K by Proposition 12.3.2. O

In particular, the map @ associates a unique principal series to each element in 75§

(whenever 52 = 4). This completes the process of distinguishing the elements of 5§ for

even parity Cartan subgroups and will play a critical role in the next section.
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12.7 Extension of V¥

Let A € (h%)* be a symmetric infinitesimal character and recall the rank of G is even.

We are finally in a position to extend the bit flip involution (Definition 3.2.4)
v:.:7—-71

to the level of genuine parameters for G. The extension requires much of the structure
theory from the previous sections including central characters (Definition 11.4.1) and the
map @ (Definition 12.6.2).

Fix a split Cartan subgroup H® C G and recall psy, denotes the set of principal series

for A (Section 12.3). Choose an involution
T PS) = PS)

that switches central character. In other words, for v € ps, we require 7(v) and v to have
opposite central characters. Since |psy| = 4, Proposition 11.5.1 implies there are exactly

two choices for 7.

Definition 12.7.1. Let 6 be a supportable abstract involution for A (Section 6.3) and let
vE 15?\ If ‘15/9\‘ =1, ¥U(v) is defined to be the unique element in 25;9 (Theorem 10.1.5). If

‘5?) =4, define
U(v) = weDy?
where w is the unique element in 15;9 with 7(p(v)) = p(w).

The construction in Definition 12.7.1 immediately leads to the following extension of

Proposition 11.5.2.

Proposition 12.7.2. Let v € YSA and suppose (6,2,m,\) is the corresponding abstract
bigrading (Section 11.3). Then ¥ (v) has abstract bigrading (—0,m,e, \).

Proof. If ’5?’ = 1, this was proven in Proposition 11.5.2. If ”.’5)(’ = 4, we observe v and

U(v) have opposite central characters and the result follows from Theorem 11.4.8. ]
We now prove two important properties of the map V.
Theorem 12.7.3. Let o € Ag, h%)(\) be an abstract integral root. If v € Dy, then

U(saxv) = sax¥(v).
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Proof. Let (0,¢,n,\) be the abstract bigrading for v. We have
—(5a050"Y) = sa(—0)sq "t

and the result holds on the level of involutions (see Proposition 9.1.6). If )15?\‘ = 1, the
elements v and ¥(v) are determined by their involutions and we are done.
If ‘52‘ = 4, we need to show 7(p(sqxv)) = p(sax¥(v)). Since 7(p(v)) = (¥ (v)) by

definition, it suffices to show
p(saxv) = p(v) <= P(sax¥(v)) = p(¥(v)).
The proof is by cases (for a change) based on the type of « for v.

Case I. Suppose « is imaginary and compact for v. Then « is real for ¥(v) and does

not satisfy the parity condition (Proposition 12.7.2). Therefore,

SaXU = v

SaxX¥(v) = ¥(v)
by Propositions 12.1.15 and 12.3.7 and we have

p(saxv) = p(U)
Psax¥(v) = p(¥(v))

by Proposition 12.6.3.

Case II. Suppose « is imaginary and noncompact for v. Proposition 6.2.2 implies « is
short and Proposition 12.7.2 implies « is real for ¥(v) and satisfies the parity condition.

Then

SaXV # W

sax¥(v) # VY(v)
by Corollaries 12.5.9 and 12.4.10. Therefore

p(saxv) # p(v)
p(sax¥(v)) # p(¥(v))

by Theorem 12.6.4.
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Case III. Suppose « is short and complex for v. Choose a genuine triple (ﬁfk, o, f) A
j

representing v and recall the element nY, from Definition 12.6.1. It is easy to check

sa X0 0
Moo = n, 1

If m = (\,a"), then Proposition 12.4.8 implies
p(saxv) =p(v)
(=)™ T (@)L = ()T ()" T () =
(-1 =

By the same argument we also have p(sox¥(v)) = p(¥(v)) <= (—1)"™ = 1 and the

result follows.

Case IV. Suppose « is long and complex for v. This is handled in the same fashion as
Case III and is left to the reader.
O

Theorem 12.7.4. Let v € ZSA and suppose o € A(g,h?) is an abstract simple root that is

imaginary and noncompact. Then « is real for ¥(v) and we have
Y(CHv)) = Ca(¥(v)).
Note this is an equality of sets (Definitions 12.5.4 and 12.5.10).

Proof. Let (0,e,mn,\) be the abstract bigrading for v. Since (—6,7,e,A) is the abstract
bigrading for U(v) (Proposition 12.7.2), « is real for U(v) and satisfies the parity condition.

Case I. Suppose ‘5?\‘ =1 and « is long. Then C*(v) must be the unique element of
153*’\”9 (Proposition 8.2.1). Similarly, Co(¥(v)) is the unique element of 5?‘(70) = 15;30‘(9)

and the result follows.

Case II. Suppose ‘5?‘ = 1 and « is short. Using Theorem 9.2.9, it is easy to check «

must be of type II. Since ‘ﬁi‘ = 1, we must have s, xv = v and Proposition 12.5.8 implies

C*(v) = {w+,w_}C15f\a(9)

is double valued. In particular, ¥(wy) and ¥(w_) are exactly the elements in 25:9\"‘(70)

with the same central character as U(v) (Proposition 11.5.1). Therefore it suffices to show

Ca(¥(v)) is double valued and this follows immediately from Corollary 12.5.9.
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Case III. Suppose DY| = 4 and « is short. Then both C%(v) and Coa(¥(v)) are single
A

valued and the result follows for the same reasons as in Case 1.

Case IV. Suppose ‘5§’ = 4 and « is long. Choose a representative T = (ﬁfk,qb, f))\
J
for v with H?, C G an even parity Cartan subgroup. Proposition 12.5.5 implies C*(v) is

single-valued and we have

)

W = W(B,e) x W(A)*
W(G, HS) = (Ax W) x WE) x W
J

from Propositions 3.3.6 and 5.2.3. Suppose first that « is an element of the A’f factor of

Af. Then j > k and conjugation in Wg allows us to choose the representative T such that
_ . k
a =ig(a) = Cj(ay).

In particular, Ca(ﬁfk) =H % Is an even parity Cartan subgroup of G. Since « is long,
j -1

Definition 12.5.2 directly implies

so that

p(v) = p(C*(v)).

A similar argument holds for ¥(v) and ultimately gives

and the result follows.
Now suppose « is an element of the W(Bng) factor of A?. Then k£ > 0 and conjugation

in VVZHC allows us to choose the representative T such that
a = ’i¢(0&) = C]k(j:ak)

In particular, CE(I:T fk) =H E’k_l is an even parity Cartan subgroup of G and we proceed as
J j
above.

O
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We will need an extension of Theorem 12.7.3 to the full abstract Weyl group W. The
precise statement requires a bit of setup. Let A € (h*)* be a symmetric infinitesimal
character and suppose F(\) is a family for A (Definition 12.2.1). For each x € F(\) we

define a map @, : D, — ps, as in Definition 12.6.2 and let

= I e: I n—>HpS-

KEF(X) KEF(X) KEF(A

Identifying ps, with ps, in the obvious way gives a map
©: H D, — psy.
KEF(N)
Fix an involution 7 : ps, — ps, as above and define maps U, : D, — Dy for k € F(A)
(Definition 12.7.1). Finally set

ve I v 11 - I1

KEF(N) KEF(N) KEF (A
Theorem 12.7.5. In the notation above, let o € A(g,h® ) be a long abstract root and

suppose so & W(N\). If & € F(X) and v € Dy then
U(saxv) = sax¥(v).

Proof. Let (0,e,n, k) be the abstract bigrading for v. On the level of involutions, the result

follows as in Theorem 12.7.3. If ’5,2 = (v) are determined by their

involutions and we are done.

1t ‘1551 -

p(saxv) =p(v) <= p(sax¥(v)) = p(¥(v))
and Proposition 6.2.2 implies it suffices to check this for complex and noncompact imaginary

roots. Combined with Remark 12.2.5, the details are as in Theorem 12.7.3 and are left to
the reader. 0

12.8 Character Multiplicity Duality

Let A € (h*)* be a symmetric infinitesimal character. We begin with one final definition.

Definition 12.8.1 ([13], Definition 6.7). Let § be an involution in Z and recall AT denotes
the set of abstract roots that are positive for A\. The length of 6 is defined to be
1 1
(o) =5 {ae AT [0(a) ¢ AT} + dim(0-1)

where 6_; is the negative eigenspace for 0. If v € 75A and (0,e,)) is the corresponding

abstract triple, we define ¢(v) = ¢(6).
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Proposition 12.8.2. In the setting of Definition 12.8.1, £(v) € NT.

Proof. First suppose v € psy so that § = —1 and recall n > 0 denotes the rank of G. From

Section 3.1 we have

1 1
L(v) = §n2 + 3"
_onn+1)  [(n+1
2\ 2
and the result follows. We now proceed as in [16], Lemma 8.6.13. O

Suppose now the rank of G is even and fix a map WV : ﬁA — 5>\ as in Definition 12.7.1.

Proposition 12.8.3. Let v € 15A and suppose (0,e,\) is the abstract triple for v. Then
¥ (v)) = (";1) —L(v).

Proof. Set

mi = [{acAt|0(a) ¢ AT}
mo = dim(ﬁ_l).

Clearly we have

(W (v)) = £(T(0) = £(-0)

n2—m1 n—ms

2 2
_ n(nt+1) mi+my
N 2 2
1
- (3w
as desired. ]

Fix a family F()\) of infinitesimal characters for A and suppose I' is a genuine central
character of Z(G). Let B = {y1,...,7} C Dy be the collection of genuine parameters in
5A with central character I. If 6; = U(~;), write B = {61,...,0,} = 15A \ B and extend
the map ¥ (and thus the sets B and B’) as in Theorem 12.7.5. Let M (respectively M)
denote the free Z[q, ¢'] module with basis B (respectively B'). As in [13], we view M and
M’ as Hecke modules for the extended action of the Hecke algebra H(W) ([13], Definition
9.4). The integer matrix M (Section 2.4) for B (respectively B’) is then determined from
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the combinatorics of M (respectively M’). The interested reader is referred to [19] for a
reasonably concise account of this process.
For our purposes, only the following formalism is important. Define the dual Z[q, ¢~ !]

module

M* = Homy, ,-1)(M, Z[g, g ')

and extend M* to an H(W)-module as in [13], Theorem 11.1. Write B = {%1,...,%,} for
the dual basis of M* and define the Z[q, ¢~ !]-linear map

oM — M
5 — (_1)5(%‘)51"

Theorem 12.8.4. In the above setting, ® is an isomorphism of H(W)-modules.

Proof. Tt suffices to check the equivariance of the operators in H(W) corresponding to
simple roots. Depending on the root type and length, there are many cases to consider. For
integral roots, the details are as in [17], Proposition 13.10. For strictly half integral roots,
the details are as in [13], Theorem 11.1. In each case the result is a formal consequence of

Theorems 12.7.3, 12.7.4, and 12.7.5. ]

Theorem 12.8.5. Let \ be a symmetric infinitesimal character and suppose the rank of
G is even. Fiz a genuine central character T of Z(G) and let B = {y1,...,7} C Dy be

the collection of genuine parameters in 15)\ with central character T. If 6; = V() and

B ={61,...,6,} = Dy \ B, then

M, ) = (~ 10000 (3, 6, (12,1
(Section 2.4).
Proof. This follows immediately from Theorem 12.8.4 and Lemma 13.7 of [17]. O

Example 12.8.6. We verify Theorem 12.8.5 in the case n = 2 and A\ = (%,1). Let «
(respectively () denote the unique short (respectively long) abstract simple root in AT and
recall Example 9.4.5 implies ‘25>\‘ = 18. Write B = {v0,...,78} C 25A for the collection
of parameters in 25)( with trivial genuine central character. The structure of B is given by
Table 12.1.

Each row in the table corresponds to the element ; € B listed in the first column. The

second column gives the length of ; and the third column gives the image of the (integral)
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cross action for s,. The final two columns give the images of the Cayley transforms (when
defined) for the simple roots § and « respectively. If §; = W(y;) then the structure of
B’ = {ds,...,00} is given by Table 12.2.

Using the methods of [13] one verifies the matrix M for B is given by

10 -1 0 -1 1 1 0 -1

1 0 -1 -1 1 1 -1 0

1 0 0 -1 0 0 O

1 o 0 -1 0 O

M = 1 -1 -1 0 O
1 0 -1 0

1 0 -1

1 0

1

with respect to the ordering above. Similarly, the matrix m for B’ is given by

1 01
1 0
1

_ o = O

0
0
1
1
1

_ o O = OO
_ o O = O OO

R O R R~ RFER RO
— O, ORFR FHRF O

with respect to the opposite order. Theorem 12.8.5 implies the matrix M equals the
antitranspose (i.e., reflection about the opposite diagonal) of the matrix m up to sign.

The reader is invited to verify this for the above matrices.



12.1. STRUCTURE OF B

B | length | sq X v | B:C(v:) | a:C(y)
Y0 0 ol V2 Y4
M 0 Y0 V3 V4
2 1 V5 Y0 *

V3 1 Y6 7

Y4 1 V4 * {71,7}
V5 2 V2 V7 *

Y6 2 V3 8 *

Y7 3 Y7 V5 *

V8 3 V8 V6 *

12.2. STRUCTURE OF B’

B’ | length | sq X 6; | B:C(vs) | a: C(i)
s 0 08 06 *

07 0 o7 05 *

56 1 53 58 *
5|1 5 5; «

04 2 04 * {71,701}
55| 2 5 5 «

52 2 55 50 *

01 3 do 03 04

do 3 01 09 04
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