











































































































t.IS.gsemofEqnation

Detn A linear equation in
variables x Xz xn

is an eqn of form

A X 192 2 1 tan Xn b Intuition
T

no powers

constants coefficients
of Xi higher

real or complex s than 1

linear M can be
ex 1 3 x 17 2 9 Xz c rearranged

2 Xz Xz TX t 52 56 2
i 3 1 6 2 9

2 Tx Itf 1567 2 1 3 0

nonexampies lie these are NOT linear

1 X 1 2 3 can't multiply variables

2 IT tix 5
can't have variable

in sq root

have variable incan't denominator

Detn A system oflinearegns
lor linearsystein

is a collection of one or more linear equs

we can solve such a system for solutions
that

satisfy all apes simultaneously














































































































Defy A solution of the system is a list

9,52 Sn of s that make each eqn

true when si Sz sn are substituted in

for Lx xz Xn

Pictures linear egg represents a flat thing

rate X 1 2 3

F H

graphed is
Zd

but alive X 1 21 2 3 4
is 1 d object graphed in 3d

but a plane is a

2 d object
in h variable X 12 21 then 5 is an ChD dim

hyperplane ie that thing

what is the graphical representation of the

solution set of a system of equs














































































































Ext solve these systems and graph

A X 3 2 3 B X 14 2 9 C 5 2 2 3

2X 1 2 8 3 1 20 12 2 6 4 2 10 1 0














































































































VOCAB
A system of linear egrs

has

1 no solution C
inconsisten
system

i i

MatrixNotation
systems of linear eqns

can be made into

matrices
coefficient

matrix

4 x 13 2 Xs 6 4 T
0 2 5

4x 1 3 2 3 3 matrix
2 2 3 8

307
O Z 5 8

3 4 matrix

Defni The size of a matrix tells how many
rows columns it has An Mxnmatn

read m by n has m rows and n columns














































































































Solving a System of linear Equis

strategy replace system by an equivalent system

observe what this corresponds to
in

augmented matrix

Ex 2 Solve this system Qu for a 3 3 system

Iii z
so

2 2 5 3 8

step1 keep x in first eqn but eliminate from

2nd 3rd eqns
4x 12 2 4 3 24

I I If ua
new equi 2 12 2 15 3 22

new system X 13 2 x 6

12 2 5 3 22

2 2 15 3 8

You finish it














































































































Check solution

Elementary Row Operations Ero

ii
3 scaling multiply all entries

of one row by

a non zero constant

note Eros are reversible

Defy Two matrices are called rowequivalent
if you can get from one to the other by
a series of EROS
note If augmentedsystems of 2 linear systems are

row equivalent then the systems have some

solution set














































































































Existence Uniqueness Qu what do these
words mean

I E
solution

2 If a solution exists is

it the only one

EXI Determine if these systems given by their

augmented matrices are consistent

B

I i














































































































1 2 Row Reduction and Echelon Forms

IIa we'll continue solving linear systems

using elementary
raw ops like we did in

1 1 but we'll explicitly Lay
out a process

for doing so We'll introduce row echelon

form REF and reduced REF

Defy A matrix is in row echelon form REF

if 1 non zero rows are above rows of all

zeros
2 leading entry of a row is to the right of

the leading entry of
the vow above it

3 Entries below a leading entry
are zero

1

intuition Its upper triangular

qq.io's EEO O DE
O O O O

non zero

any














































































































Defn continued

A matrix is in reduced row echelon form

RR EF if in addition

4 the leadingentry in each now is 7

5 each leading 1 is the only non zero

entry in its column

I t
Note Both REF REEF are called

echelon forms

Abuse of notation lingo I might use RREF
as

EEE.es a

i n
se.eie

I ai e n i i














































































































Pivotpositions
pivot position matrix entry corresponding

to

a leading 1 in RREF

pivotcolumn column containing a pivot position

Note leading entries in REF
are in same positon

as those in RR EF we can figure out

pivot positions columns from either

REF or RREF matrices
f f f pirot columns

To s Ifannon in
S
s Is

010 O the place they are in
are the pivotpositions

pivotpositrons Lee the 11 position
2,2 and 31 positions
are pivot positions






































































































Apply elem now ops to put these matrices

first in REF 4 then in RREF
Labelpivot columns and

B
positions

I I city



Solutionsotlinears ystems

RREFing an augmented matrix for a linear

system solves the system

ELI Solve the linear systems
Hint notice relationship of this problem
w Ext

A X 7 2 6 4 5 B x 1 2 5 3 3

Xz 2 4 3 2x 14 2 9

X 17 2 4 3 12 4 7

variables corresponding to pivot columns
are

called basic variables
other variables are called free variables

The general solution gives basic variables

in terms of free variables



I3VectorEquations
Changing Gears

In this section we introduce

the notion of vectors in 12h real Euclidean

space These will eventually give us

another way to describe
systems of linear

eqns
Defy A matrix with only one column

Cie

an nxi matrix is a vector in IR
I read R n

ex a vector in IR ee E 17454

note to distinguish between scalars
and vectors

your book uses bold facing for vectors
In

handwriting I'll write vectors w above

them
Scalar Muetplication Addition of vectors

a Et ft I35 Eazy
I 38

note we can only add
vectors of some size



Geometricdesaniphonofvectorsy
We can associate a vector in 1127 w a point

in IR

a f
fire'TTITI

5 112
pt Ct 2 c IR

Xz

I
i I x

I 3 4

vector addition geometrically
parallelogram

way
ex I

14,1
F

z

Ig
3

view f H



or tail to end

S p heatically
E ft

HII
as L

vectors gars
AL t tI 5,5 I c IR c d C IR

i Itv _Ttu commutativity otadditon

Lii Cuitu tw utCvtw Cassociatnity

Ciii it 18 8 5 8 Cadditve identity
Liu I 1 tu ut tu 3 additive inverse

v clutter cutter scalar mutt is distributive
vi Ctd E cuttolu different sort of

distributivity
Vii cider Lcd I associativity of

scalar meet
viii IT _I scalarmultiplicative identity



Linearcombinations
Defy Given vectors 5 Jp EIR and scalars

G Cz Cp the vector

if GF 1GB t tarun
is called a linear combination of
F jp w weights 4 Cp

htt 5V 12 is linear combo of Itv
i il v en

2 0 08 10J is

Ext let 5 14
E f

Is E
f

a linear combination of T Tz

In other words does there exist scalars x z

sit x 5 1 1 5
9

such that system
of
equs

setup x

G E f
E H K



Fact The vector eqn x FtxzJzt txnI b

has same solos as augmented matrix

I I I b

what do linear combinations look like
it's like

i f i

f l t i i e a newl i t l

i f it i i grid
sum

I y L l
I l l I l
i l t l I I

I I 5 25t t l 1 I
I Itv

Defy it Jp ER The set of all linear

combinations of I Is is called a span

of F jp or the subset of 112N spanned

by VT jp and is denoted by
span viii Fp



Geometricdesasptionofspany

spas I for FER

E

e

t 3 spanSES is a line1
through the origin isY direction of T

x

span jw for 8,3 c IR

F
span get is a plane

2

through the origin that

main

x



1.4 The Matrix Egm A 5 5

Another way to interpret
systems of linear equs

is using matrix equs
In this section we learn

several equivalent ways to answer the same

question we did in section 1.2

Multiplying a matrix by a vector computational
practice

A is mxn matrix
T T n columnsMrows

rectorycanningoafs I

L'ga a M1
X E 1 2821 t Kiran

linear combo of columns of A
with

entries of as weights

i
g

a A Itu Aut Ai

lb A ai cCAI



III
o

0
25TH

no ruin a LIE
Ex i write the system

3X 1 2 5 3 9
Xz t 4 3 0

AS a vector egg and a matrix eqn

Three ways of viewing the same problem
2

The solution set

ey i

meanI.EE aoEr manasmatix



ExI what are 3 ways we can solve the

linear system

X t 2 2 X I

2x Ii I o

RREF
z

l j
O 4 2 O



Existence of Solutions

The let A be an mxn matrix The following

statements are logically equivalent

a For each TERM the equi AE
I has a solution

b Each TERM is a linear combination of
the

columns of A

c The columns of A span 1km

Li e every TERM is in span I ai ai

d A has a pivot position in every
row

Twarning this is about the coefficient
matrix A

Not the augmented
matrix A b

Reminder I c span ai ai I means I can be

written as linear
combo of ai ai AI

E For B

III 313k
sots

Equivalent questions
For each 5 by

ER does eqn BE I

have a solution

Is each 5 Lbj aoslffsg.FI IH



Does B have a pivot position in each row
easiest
to answer
To answer the Gn we need to REF B



lissolutionsetsoflinearsyster
We've learned a few ways of solving systems

of linear loons In this section we analyze

the solutions themselves using
our

new vector notation

Defy A linear system is homogeneous if it

can be written in the form A I 8
T T

Mxn zero vector
matrix in 1km

Note A homogeneous system always has
a

solution of 5 8
called the trivial Solution

One when does a homogeneous system
have a

non trivial solution such that

i e when is there 51 5 s t AE 3

Lea ai If o
when is there non trivial solution to

A 8

augmented Matrix Discuss



O
t

one free variable if and only if
e

Ext Determine if homogeneous system has a

nontrivial solution Then describe the Sdu set

a x 3 217 3 0 plan REF the augmented
24 1 2 4 3 0 matrix Find pivot columns
X 12 2 9 3 0 see if there are any

free variables

ii t S

c r I l
no free variables

fog E nee initiation
pivotentries system



b

µ11
2 5 3 0

you finish this one

1 2 8 3 0

x 7 2 9 3 0

Ii s i

ToD Write your answer
a parametrically

and a as a vector eqn I



Note I Ibf
is a parametric vector econ

E x 8 set I Efsa's

Every solution
of A5 5 is a multiple of 3

All multiples of 8 are solutions

The solution set is a line
and notice this is a line through

the

origin

We can describe solutions to non homogeneous

systems in parametric
vector form as well

EXI Describe all solutions of Axe
5 where

note this is
A

fi Ig
and 5

140 same A from
20 Last example

I 3 5 4
augmented matrix y g o

3 7 9 5

I 0 4 16 X

I pXz free



Solutions in parametric vector form

I

Notice
For a non homogeneous system AE 5 5 15

i
A the vector eqn I tu describes Sdn set

these only differ by F



what does that look like geometrically

gp
is rists.FI

E

solute set
to AE 5

is a

EF'T eine
parallelnthfEi8
but

translated by
F

I
1

solution set to AZ 3 is

a line through the

origin

Thmi Suppose A5 5 is
consistent for some

any solution
to the homogeneous system

AT 3

Intuition The sohu.tn set of At b is just

sown set of AE
3 translated by any

particular solution
of AI 5


