











































































































1 6 Applications of linear Systems

Goal You might expect
real life problems to have

one solution These two applications show

you that multiple solutions
can arise naturally

Lxt Balancing Chemical Equs
5 from
book

13253 t H2O H 1303 1 H2S unbalanced

Boron sulfide reacts violently with water to

form boric acid and hydrogen sulfide gas
The unbalanced eqnis green above

Balance

the chemical econ
need same of atoms on right as on left side

atoms can be neither destroyed nor created

Think of molecules
as vectors Ffg

B Ss givenbyfogy
Ha 1

HsaBg3 f
and H2S as

µq














































































































balanced chemical eqr Las vector eqr c 6

H t i Ip
III EH

O I O X _Xy Xs

12oz 3 211
nE xz zx

0 I 3 O x5 3Xy
3 O o I

J Xy free

A

given that we need whole number of atoms

find one solution to balance this chemical
con














































































































EXI Network Flow 12 in book 1.6

Flow of some quantity through a
network

a Find general traffic pattern
in freeway network

flow rates are in carsImmiete
200

x IB ckeyidean.noio0 flow is
40 flow out

X 5 wire4 JD Nsx Xz XzYu Xs 70

60

Pki apply flow is flow out at eachjunction

A 400 the X

B

C
D

total system

augmented
matrix

RREF and solve














































































































b Describe general traffic pattern when
the road 1.6

whose flow is Xy is closed

c When Xy O what is minimum value of Xi














































































































1.7 linear Independence

In this section we introduce a key idea in linear

algebranamely linear
independence We define

the concept then work through some

strategies of determining the
linear independence

of a set of vectors through computation
and

through inspection

Lasts ectms QI whendoes this have non trivial

A I 3
Solus

homogeneous Thossectioni
Translate to a homogeneous vectorecon
econ IX taut taxa 3 and

answer same qtr

Ded Vectors Ji Jp EIR are linearly

i i

if the e.gr ht has a non trivial son i e

y F G
G Cp C IR not all zero

St

tianya.IE
mmencwsaIU














































































































t

a Determine if I I I is linearly independent

b Find a linear dependence relation among 55
5

if possible

play determine if C has non trivial Sdn If so

find relationship between VT VTandVT

Ca x
txaf.gs tx3fIJ ff doens.YIITsedn

I p p pO O O O
r a

p
bas Affablevariables

Note for Cbd There are infinitely many dependence
relationships














































































































We could have done this for columns of a 1.7

matrix

Fact The columns of A are linearly independent

IFF the eqn AT 3
has only the trivial Sdn

linearIndependenceofoueartwovect
When is a set containing a single vector 8 Uh indep

What can go wrong
I e when does the econ

x 5 5 have a non trivial sober

only when 8 5

J is tin indep iff J to

When is a set containing two vectors tin videos

What could go wrong
I e when does the efm

x I xz J have a non trivial son

X T Xz

if f only if it is nonzero multiple
of and x to

I I are tin indep iff f is not a
multiple of Tz














































































































Take away we can determine by inspection
7

calculating in our head whether sets of 1 or 2

vectors are lui indep

Exe Are I I tin widep

Cas I f's E sa

b T I
E f

Thin I Ip is lin dependent iff at least

one Ji I sie p is a lui combination of the

other vectors

This develops a relationship
between linear

independence and linear combinations
and span














































































































Exe Given it and E

f
1.7

a describe spas I t

b Show that weC Spain T iff it IS are

linearly dependent
a we can tell by inspection that I t E are

tin widep Why

they span a plane
in IR

M3 the x Xz plane

Fact Two ten videos
vectors

in 112 span a plane in IR

c
lie a 2nd space

Anotherfact ulin videos

vectors in 112M span an n dein

subspace of 112M

b our first proof yay
let it c span h T Then we can

I write in as I c I 1Gt
we l prove guitar 8 8 has non trivial
claimmgoof Sohn
this director














































































































I 8,3 is linearly dependent 1.7

Assume I Jin are bi defatuast

Then by the previous
thm we know one of the

vectors is a tin combo of the other vectors

Cassel it is lui combo of E t E

je spasSIE this is my
personal symbol for
the proof is done

Case2 If 8 or it is led combo of other 2

vectors then we have

T quit g f Lor I D Jtdf

where 9 Cz are not both 0

a Ee Ei car E fi IIT
what if

B is bi Combo of Ttu 6 0

E E spas 3 then we have
J c it
but we already
showedthats not
true 1in Ca














































































































1.7

E what did we show

I cSpain J I 5,5 lin dep

relationship between spas and lender dependence

allows us to visualize lui independence

nX3 Ny
J

f F X
X

if 58,55 bi dep
if I J 53 lis indep

it is in the plane it is not on the

spanned by it and 5 plane spanned by
f and T

Sometimes linear dependence is automatic

Thm If a set contains more vectors than

entries in each vector then the set is linearly

dependent














































































































Ext Aue I 3 i f f t 7

be indep i e does x 3 xp
1 31361 1

have non trivial solar

I 36 I notice this will always have
a

free variable
we can have at most

2 pivot

columns
non trivial solus exist

lin dependence

This If a set I Jp contains the Zero vector

then it is linearly dependent
set

Why If I 3 then the egg

of to t tove 1 lui tova 1
to Jp 3

is true line there's a nontrivial Sdn

they are lein deep














































































































1 8 Introduction to linear transformations

Importantfactimatricesarefunctionst
A I 3 j Y 5 1

A takes vectors
in 1124 to vectors in IR

I 3 I 3 hit 3 Ent

Function Notation ht
wdomain

me set

mapping of all images
transformation

A
eof Af for all

an element
FEIR is the

of the domain range

Notice The domain and codomain tell us size

of A A is m n
range tells us rows

domain columns














































































































1 8

Ext A

f ft II IE
A 1122 1123

is a transformation
I i Ax

a Find the image of it
under A Li e f nd AI

b Find as I c1122 whose image under A
is I

i e solve A 5 5 Does more than one x'EIRZ

get mapped tb
c Is E in the range of A

a














































































































What do matrix transformations look like 1.8

Exit A f EEE
µ

fo 31 IE 3
HAS

projects
Yeitis inks onto the

x Xz plane

Exe A f 4 A Rex

This is a sheer transformation

To visualize its effect see what it does to

l 3 I 3 193 anime Humiston

Ie

c in H S.com't iii initial














































































































Big Matrices are linear 1 8

Transformations

Defy A transformation T is leinear if

i 1 utu Tcu 1Tcu V u.ve domain of T

o lii T Ca c Tcu for c c IR heCdomain oft

Can we prove matrices
fit these criteria

lie multiplying vectors by matrix A will

satisfy these 2 conditions

Note If T is linear transformation then

a TC8 3
b NCE tdi Ctu DRE

c Tcc Ft Cpfp c TCF t tCpT Tp














































































































19Thematnxofalineartsformation
Last matrix transformations are linear

Mistime linear transformations are matrices

Ext T 1122 11123 is a lei transformation

St TLE f
and Tea f where

6 8

E ft and E f
These are the columns of the identity

matrix I log They
are also the unit

5 and if vectors in
IR

Goat represent T
as a matrix

First lets observe that

E II x.fi tkfff x.EtxzE
for any IER

Second since Tis linear TLE _x TLE KITE

txt 3 E E of
A matrix














































































































I 9
TLE Af where

A

f g LTE

Good news we can ALWAYS do this

Thm let T.IR 71km be a linear transformation

Then 8 matix A set

there TCE A tx EIR
for all

exists a
unique A is the matrix A TLE Tien

where Ei
qµ catone

1,2 in

A is called the standard matrix
for linear

transformation T

EI Find standard matrix for the dilation

transformation T.IR 3112
1 35

See how T acts on E and E

TLE 35 1303 TLE 35 130














































































































So T acts by A f g 3 I
9

What does this look like i e what does it

do to unit square fxa

if

ELI T R 21122 rotates each pt in 422
about

assume

the origin by an angle
0 0 is positive

Find the standard matrix for T

t

µht
find words of this pet on

unit circle

a s HEI f fi
next I






















T acts by matrix A so sin

ofSino cos 0

we've seen how several
matrices act geometrically

lets review

to 9
is a projection of pts in

1123 onto

Xz plane

f Y
is a sheer transformation

f
is a dilation stretch

to
Iff f f

is a rotator counter clockwise by

to
Notei See pages 74 76 of text to see more

cool pictures of transformations



1.9

Delis A mapping
T Rn lRm is onto surjective

if each 5 c Km is in the image of at

least one I C1121

Defe A mapping T.IR
31km is one to one H

injective if each b ERM is the image of

at most one I c IR

Q Matrices are mappings So when is a

matrix transformation
1 I

Let's look at an example to explore
this qr

Exit let t.IR for A 340725
O O

a Is T onto
b Is T H

La A has a pivot position in each vow

The matrix econ A 5 5 is consistent

Every b c 1123 is image of some EEIRY

T is ont



I 9

b A has a free variable

For every
5 c1123 AE I has infinitely

many Solus

T is not one to one

This let T Rn R be a linear transformation

with standard matrix A Then

Lil T is H A 5 8 has only the trivial
Sdn

the columns of A are ten indep

Lii T is onto the columns of A spar Rn

Can we apply this them to our last example


