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Section 3.1 Introduction to Determinants
ELOs:
e Be able to find the determinant of a matrix recursively.
e Be able to find the determinant of a matrix using cofactor expansion.

e Be able to explain why the determinant of a triangular matrix is the product of the diagonal entries.
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Definition 1 For n > 2, the determinant of an n x n matriz A = [a;;] is the sum of n terms of the

form +ayjdet(Aq;) with alternating signs and where the entires ai1, a12, . .., a1, are from the first row
of A. That is,

det(A) =ai det(An) — a2 det(Au) + -+ (—1)1+"a1n det(Aln)

= Z 1+7a1j det(Aqj),

where A;j is the submatriz of A obtained by deleting the it" row and j* column.

The quantity (—1)"det(A;;) = Cj; is called the (i, j)-cofactor of A.

NetaNon: lAI = ded(A).
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Theorem 1 Cofactor Expansion The determinant of an n X n matriz A can be computed by a
cofactor expansion across any row or down any column.

Cofactor expansion across the ith row is given by:

det(A) = a;1Ci + aipCia + - - - + ainCin

Cofactor expansion across the 7" column is given by:

det(A) = ale’lj + anggj +---+ ananj
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Theorem 2 If A is a triangular matriz, then det(A) is the product of the entries on the main diagonal
of A.
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Section 3.2 Properties of Determinants
ELOs:

e Be able to identify and use properties of determinants, including those related to row operations,
transposes and products.

e Understand how the value of the determinant “determines” whether or not a matrix is invertible.
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Theorem 3 Determinant Properties Let A and C be n X n matrices.

(a) If a multiple of one row of A is added to another row to produce a matriz B, then
( uSe Space el
)

det(B) = Jo %"( Iy

(b) If two rows of A are interchanged to produce B, then

det(B) =

(¢) If one row of A is multiplied by k to produce B, then

det(B) =

(d) The determinant of the transpose of A is,

det(AT) =

(e) The determinant of the product AC is,

det(AC) =
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Suppose a square matrix A has been reduced to an echelon form U by row replacements and row inter-
changes. That is, REF(A)=U where U is an upper triangular matrix.

If there are r interchanges, then
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Theorem 4 A square matriz A is invertible if and only if det(A) # 0.
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\{ ! \ Section 3.3 Cramer’s Rule, Volume and Linear Transformations

LOs:
e Be able to use Cramer’s Rule to solve a linear system.

e Understand the geometric interpretation of the determinant (scales area in R? and volume in R?).
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Theorem 7 Cramer’s Rule Let A be an invertible n x n matriz. For any b € R™, the unique
solution x of Ax = b has entries given by

det(Aq(b))
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A;(b) is defined as the matriz where the ith column of A is @aced by b. That is,
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Example: Use Cramer’s rule to solve the system
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Theorem 8 An Inverse Formula Let A be an invertible n X n matriz. Then,

L1

= Madj (A4)

where adj(A) denotes the adjugate (or classical adjoint), the n x n matriz of cofactors CT = [C};].




\D\'\? s WS eude weYK

Lt A be Mbkﬁ- M X
o Apte AR R R = (A% AR ARST

veckar VX

Ak (A|(£\))= 0-C, + -G, +0.G; “ Czy






Av(;_ CT’
Exercise: Show that in the 2 x 2 case the adjugate formula for A=! gives —
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Theorem 9 Area or Volume
If A is a 2 X 2 matriz, the area of the parallelogram determined by the columns of A is |det(A)].

If A is a 3 x 3 matriz, the volume of the parallelepiped determined by the columns of A s
|det(A)|.




Linear Transformations

Theorem 10 Expansion Factors

Let T : R?2 — R? be the linear transformation determined by the 2 x 2 matriz A. If S is a
parallelogram in R?, then

{area of T(S)} = |det(A)| - {area of S}

Let T : R3 — R3 be the linear transformation determined by the 3x3 matriz A. If S is a parallelepiped
in R3, then

{volume of T(S)} = |det(A)| - {volume of S}
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