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1. Introduction

For a polynomial ring R over a field K of characteristic zero, the ring of K-linear
differential operators on R is the K-algebra generated by R and the K-linear derivations
on R, ie., the ring Dpjx = R(%, ceey %). This noncommutative ring is the well-
known Weyl algebra, which enjoys many good ring-theoretic properties: it is left and
right Noetherian, and is a simple ring.

For commutative rings R and A, where R is an A-algebra, there is a notion, due to
Grothendieck [9, §16.8], of the ring of A-linear differential operators on R, denoted Dp|a;
see §2. However, in contrast with the case of a polynomial ring, if one takes A to be a
field K of characteristic zero, and R to be K[z,y,z]/(2® + y* + 23), then Dpx is not
left or right Noetherian, nor a finitely generated K-algebra, nor a simple ring; see [2].

On the other hand, when R is the ring of invariants for a linear action of a reductive
group on a polynomial ring over a field K of characteristic zero, it is known in many cases
that Dp i is Noetherian, finitely generated, and a simple ring, just as in the polynomial
case [16,18,22,26]. Indeed, it is conjectured that for such invariant rings R, the ring of
differential operators Dp |k is a simple ring [25]. An analogous statement in positive
characteristic was proved by Smith and Van den Bergh [30, Theorem 1.3].

Quite generally, for A-algebras R and B, there is a ring homomorphism

DR‘A®AB — DR®AB|B-

Suppose A is a Noetherian ring, R is a finitely generated A-algebra, and B is flat over
A; then the map above is an isomorphism. In particular, when R is a finitely generated
Z-algebra, one has an isomorphism

DRz ®z Q = Dgrg,0|0Q;

and, for p a prime integer that is a nonzerodivisor on R, an injective homomorphism

Drz ®z (Z/PZ) — D(r/pr)|(z/p2)- (1.0.1)

In order to relate rings of differential operators in characteristic zero to their coun-
terparts in positive characteristic p, one needs to determine whether the map (1.0.1) is
an isomorphism, i.e., whether each differential operator on R/pR lifts to a differential
operator on R. To study the problem of the simplicity of rings of differential operators
on characteristic zero invariant rings via reduction to positive characteristic, Smith and
Van den Bergh pose the following question, formulated here in equivalent terms:

Question 1.1 (/30, Question 5.1.2]). Let A be a domain that is finitely generated as an
algebra over Z. Suppose R is a finitely generated A-algebra such that R ® 4 frac(A) is
the ring of invariants for a linear action of a reductive group on a polynomial ring of
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characteristic zero. Does there exist a nonempty open subset of U of Spec A, such that for
each maximal ideal ;1 € U, each differential operator on D(g/.R)|(a/ua) lifts to Dgja?

We prove that the answer to Question 1.1 is negative: for several classical invariant
rings that are hypersurfaces, we construct explicit differential operators, modulo prime
integers p, that do not lift to characteristic zero differential operators. Our main theorem
is below; we refer the reader to §3.4 for the definition of Frobenius trace.

Theorem 1.2. Consider the following classical invariant rings:

(a) Let X be an n X n matriz of indeterminates over Z, with n > 3. Set R :=
Z[X]/(det X). Then, for each prime integer p > 0, the Frobenius trace on R/pR
does not lift to a differential operator on R/p*R, nor, a fortiori, to a differential
operator on R.

(b) Let X be an n x n alternating matriz of indeterminates over Z, for n > 4 an even
integer. Set R := Z[X]/(pt X), where pf X denotes the Pfaffian of X. Then, for
each prime integer p > 0, the Frobenius trace on R/pR does not lift to a differential
operator on R/p*R, nor, a fortiori, to a differential operator on R.

(c) Let X be a 3x3 symmetric matriz of indeterminates over Z. Set R := Z[X]/(det X).
Then, for prime integers p > 2, each differential operator on R/pR lifts to a differen-
tial operator on R. In the case of characteristic 2, the Frobenius trace on R/2R does
not lift to a differential operator on R/AR, nor, a fortiori, to a differential operator
on R.

For R as in (a), (b), or (c) above, the ring R ®z Q is the invariant ring for an action
of the linearly reductive group GL,,_1(Q), Sp,,_2(Q), or O2(Q), respectively; see, for
example, §7, §6, §8, for details. In contrast with the cases discussed above, we prove that
if R is a toric Z-algebra, then, for each prime integer p > 0, every differential operator
on R/pR lifts to a differential operator on R; see Theorem 5.2. In particular, if R is the
hypersurface over Z defined by the determinant of a 2 x 2 matrix of indeterminates or
a symmetric 2 X 2 matrix of indeterminates, then every differential operator on R/pR
lifts to a differential operator on R; this addresses the case n = 2 in the context of
Theorem 1.2 (a) and (c) above.

Our approach is based on the paper [14] by the first author, where it was estab-
lished that there is an isomorphism between rings of differential operators (considered as
modules over the enveloping algebra) and certain local cohomology modules; see also [1]
where related isomorphisms are established under different hypotheses. The isomorphism
between rings of differential operators and local cohomology modules identifies differen-
tial operators that do not lift modulo a prime integer p with local cohomology elements
that do not lift modulo p, and consequently with nonzero elements in a different local
cohomology module that are annihilated by the prime integer p. These ideas were used
by the first author to give positive answers to Question 1.1 in special cases [14, Theo-
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rem 6.3]. However, we have attempted to keep the present paper largely self-contained,
and focused on hypersurfaces, where the isomorphisms can be made entirely explicit; it
is striking that the isomorphism is one of D-modules:

Theorem 1.3. Let A be a commutative ring. Set R := Alxg,...,x,]/(f), where f is
a nonzerodivisor in the polynomial ring Alxg,...,x,]. Set A to be the kernel of the
multiplication map R®a R — R. Then the local cohomology module HX (R® 4 R), with
the natural Dgja-module structure as in §5.3, is a free Dgja-module of rank one.

The techniques and calculations used in our proof of Theorem 1.2 have implications
to the existence of liftings of the Frobenius morphism that have attracted a lot of at-
tention; for example, [3] provides a connection between liftability of the Frobenius and
infinitely generated crystalline cohomology, while [6] proves Bott vanishing for varieties
that admit a Frobenius lift modulo p%. The liftability of the Frobenius is also studied
in considerable detail in [31]; we use results from that paper to determine whether the
Frobenius endomorphism on a classical invariant ring of positive prime characteristic
lifts to a ring endomorphism in characteristic zero:

Theorem 1.4. Consider the following classical invariant rings, modeled over Z:

(a) R := Z[X]/1:(X), where X is an m x n matriz of indeterminates, I;(X) the ideal
generated by the size t minors of X, and min{m,n} >t > 3.

(b) R := Z[X]/Pfy(X), where X is an n X n alternating matriz of indeterminates,
Pf(X) the ideal generated by the Pfaffians of the size t principal submatrices of X,
fort even, and n >t > 4.

(¢) R :=Z[X]/I(X), where X is a symmetric n x n matriz of indeterminates, I+(X)
the ideal generated by the size t minors of X, andn >t > 3.

Let p be a positive prime integer. In cases (a) and (b), the Frobenius endomorphism
on R/pR does not lift to a ring endomorphism of R/p*R, nor, a fortiori, to a ring
endomorphism of R. In case (c), the same conclusion holds if t = 4 or if p = 2.

If R is a normal affine semigroup ring over Z, then, for each prime integer p >
0, the Frobenius endomorphism on R/pR lifts to an endomorphism of R, and hence
to an endomorphism of R/p?R. Specifically, if R is defined by the size 2 minors of a
matrix of indeterminates, or of a symmetric matrix of indeterminates, then the Frobenius
endomorphism on R/pR lifts to an endomorphism of R and of R/p?R; this explains the
case t = 2 in the context of Theorem 1.4 (a) and (c).

Recall that if G is a linearly reductive group over a field K, with a linear action on
a polynomial ring K [z], then the invariant ring K[x]% is a direct summand of K|[x] as
a K[z]%-module; many key properties of classical invariant rings including finite genera-
tion and the Cohen-Macaulay property follow from the existence of such a splitting, see
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for example [11, §2] and [12]. Indeed, the general linear group, the symplectic group, and
the orthogonal group are linearly reductive over fields of characteristic zero; it follows
that determinantal rings, Pfaffian determinantal rings, and symmetric determinantal
rings, over fields of characteristic zero, are direct summands of polynomial rings. In con-
trast, we prove that working over the ring of integers Z, or over the ring of p-adic integers
Z/(\p), the corresponding rings are typically not direct summands of any polynomial ring:

Corollary 1.5. Let R be as in Theorem 1./ (a), (b), or (c). Then R is not a direct
summand, as an R-module, of any polynomial ring over Z..

LetV := Z/;\p) be the p-adic integers; in case (c), assume further that either t > 4, or
that p = 2. Then the ring R @z V is not a direct summand, as an R ®z V-module, of
any polynomial ring over V.

The corollary is immediate from Theorem 1.4 since the existence of a Frobenius lift
modulo p? is inherited by a ring that is a direct summand, see Proposition 2.2. Regarding
the case t = 3 in Theorem 1.4 (c) and the corollary, if V is a discrete valuation ring
of mixed characteristic, such that the residual characteristic is an odd prime integer,
then a symmetric determinantal ring of the form V[X]/I5(X) is a direct summand of a
polynomial ring over V', see Remark 8.3 and §9.

In §2 we record basic facts about differential operators and Koszul and local cohomol-
ogy modules from perspectives needed later in the paper; §3 includes the aforementioned
explicit isomorphisms, relating specific p-torsion local cohomology elements to specific
differential operators; Theorem 1.3 is proved in §3.3. The proofs of the three cases of
Theorems 1.2 and 1.4 are completed in §6, §7, and §8, while Theorem 1.4 is proved in
§9. For Theorem 1.2, we prove that the relevant p-torsion local cohomology elements are
nonzero. We expect that these calculations are of independent interest, adding to the
study of integer torsion in local cohomology modules pursued in [27,20,4].

2. Preliminaries
2.1. Differential operators

Differential operators on a commutative ring R are defined inductively as follows: for
each r € R, the multiplication by » map ¥: R — R is a differential operator of order 0;
for each positive integer n, the differential operators of order less than or equal to n are
additive maps 6: R — R for which each commutator

[7,8] :=Fod—boF

is a differential operator of order less than or equal to n — 1. If § and ¢’ are differential
operators of order at most m and n respectively, then § o §’ is a differential operator
of order at most m + n. Thus, the differential operators on R form a subring Dy of
Endgz(R). We use D% to denote the differential operators of order at most n.



[ J. Jeffries, A.K. Singh / Advances in Mathematics 432 (2023) 109276

A differential operator § € Dp is a derivation if
d(rire) = r1d(re) +rao(ry) for r; € R.

It is readily seen that each element of Djl;z may be expressed uniquely as the sum of an
element of D% and a derivation.

When R is an algebra over a commutative ring A, we set Dpgj4 to be the subring
of Dr that consists of differential operators that are A-linear; note that Dgjz equals
Dpg. When R is an algebra over a perfect field K of positive prime characteristic, then
Dpgjk equals Dg, see for example [19, Example 5.1 (c)].

If R = Alzg,...,xq] is a polynomial ring over A, then any element of Dgl 4 can be
expressed as an R-linear combination of the differential operators g, .. q,, Where a; are
nonnegative integers with ag + - - - + aqg < n, and

d
Dug....an (xgo . xgd) _ H ( 2>x80—a0 - xgd—ad'

a:
i=0 N

Note that if A contains the field of rational numbers, then

We record an alternative description of Dg 4 from [9, §16.8]. For R an A-algebra, set
PR | A =R ®A R,

and consider the PR‘ a-module structure on End 4(R) under which r1 ® ry acts on ¢ to
give the endomorphism 77 o § o9, where 7; denotes the map that is multiplication by r;.
Set

AR\A = ker(PR|A L) R),

where p is the A-algebra homomorphism determined by p(rqy ® re) = r172. The ideal
AR 4 is generated by elements of the form r ®1 — 1® r. Since

(rel—-1er)(6) = [r,d],

it follows that an element ¢ of End4(R) is a differential operator of order at most n
precisely if it is annihilated by ATIL%"I’:;. By [9, Proposition 16.8.8], the A-linear differential
operators on R of order at most n correspond to

HomR(Pg"A, R) = ann(Az{"'}47 End4(R)), (2.0.1)

where
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1
Pria= PR\A/AHA
is viewed as a left R-module via 7 — r ®1. To make the isomorphism (2.0.1) explicit,
consider the map

Q:R—)PEM with r— 1®r,
in which case, the map
o": Homp(PR 4, R) — D4 with d —dop

is an isomorphism of Pgj4-modules.

In addition to the filtration by order, we will have use for another filtration on Dg|4.
Supposing that Ap| 4 is a finitely generated ideal of Pg| 4, fix a set of generators 2o, . . ., 2.
Then the sequence of ideals defined by

A[J;]M:: (205 28)s for n € N,

is cofinal with the sequence A’é‘ 4 for n € N. As there is little risk of confusion, we reuse

the notation o: R —s P

RIA for the map with r — 1® r, and set

n n n n+1
DE%]\A ={dop | € HomR(Pl[%l]A7 R)}, where P1[~2|]A = PR‘A/AE%IJFA].

Similarly, we use o* for the Pg|4-module isomorphism

R) — D" with §—s 80 .

o HomR(P[n] R|A

R| A

[n]

Note that D/,
filtration DE;Z‘] ', depends on the choice of ideal generators for Ag 4.

Let M be an R-module. Then Hom4 (R, M) has a Pgj4-module structure given by

gives a filtration of Dp 4 that is cofinal with the filtration by order; the

(r1®mrg)-6:=710007s.
The differential operators from R to M, of order at most n, are
%\A(M) := ann (AH‘Z, Homy (R, M))
Note that one has an isomorphism of Pg|4-modules,

r1a(M) = Hompg(Pg 4, M).

Likewise, given generators zp, ..., z; for A R|A> We set
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R|A(M) = ann (A[7H~1]7 HomA(R7M)) [ HOD’IR(P}[:‘]A, M)

R|A

and

Dgja(M) := | Dy 4(M).

n>=0

In analogy with the equality Dr = Dp|z, we set Pr := Pgjz and Ag := Ag|z, along
with the corresponding notation Pp := Pr/A’%T and PI[;] = Pr/ AE;H”. Observe that
if R has characteristic p, we have Pr = Pg|z/pz), and likewise for the other notions
discussed above.

2.2. Koszul and local cohomology

Let z be an element of a ring R. One has maps between the Koszul complexes
K*(z"; R), for n € N, and the Cech complex C*(z; R) as below:

n—1

0 R = R 0
% l

0 R0 R 0
1l ll/z"

0 R R, 0

Taking the direct limit of K*(2"; R) yields an isomorphism lim K*®(z"; R) = C*(2; R).
For z := 2y, ..., z¢, one similarly obtains a map of complexes

K*(z; R) =@, K*(zi; R) —— @, C*(z;; R) =:C*(2; R),

and, for each k£ > 0, an induced map from Koszul cohomology to local cohomology

H*(z; R) —— H{,(R). (2.0.2)
Setting 2" := 2{, ..., z{', one likewise has lim A K*(z"; R) = C*(z; R), and

l_i_rng(z”; R) = H(kz)(R) for each k > 0.

When k equals t 4+ 1, the map (2.0.2) takes the form

R R, .. _ 1
H* Yz, R) = — U = H*YR ith T —
(zy ) (Z)R Zz Rzon-éi“-zt (z) ( )7 w1 20 2 )
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while, if k equals ¢, the Koszul cohomology element in H'(z; R) corresponding to an
equation ), z;g; = 0 in R maps to

[_ . (=1)'g;
20

, ] € Hfz)(R).
We mention that a local cohomology element
r
———| e HI\(R
[z{}'-'zf] (z)( )
is zero if and only if there exists an integer k > 0 such that
Tz 2)" € (25, ..., 2 TF)R.

Suppose the ring R takes the form S/fS, for S a commutative ring, and f € S a
regular element. Let z := zg, ..., z;, as before. The exact sequence

0 s 1 5 R 0

induces the cohomology exact sequence
—— HY,(R) = HENS) —L— HIEHS) —

with 0 denoting the connecting homomorphism. To make the map explicit, suppose g;
are elements of S such that

> g =sf
%

for some n > 1 and an element s € S; then

2.3. Bockstein homomorphisms
We briefly review Bockstein homomorphisms on local cohomology [28]. Let p be a

prime integer that is a regular element on a ring R. Fix an ideal a of R. Applying the
local cohomology functor H$(—) to

0 —— R/pR —*— R/p* R —— R/pR — 0,

one obtains a cohomology exact sequence; the Bockstein homomorphism
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Bp: HY(R/pR) — Hi'(R/pR)

is the connecting homomorphism in the cohomology exact sequence. For an alternative
point of view, one may take the cohomology exact sequence induced by

0 R -3 R R/pR —— 0,

i.e., the sequence

—— HY(R/pR) —— HEY(R) —2— HYTU(R) —— HEV'(R/pR) —— .
The Bockstein homomorphism (3, above then coincides with the composition

Tp 0 0p

HY(R/pR) ——— H"'(R/pR).
2.4. The D-module structure on local cohomology

Let R be an A-algebra, and z an element of R. Then the Dgj4-module structure on
R extends uniquely to the localization R, as follows: one defines the action by induction
on the order of § € Dpj4 and on the power of the denominator by the rule

(5(7“/2:”) = 5(r/zn—1) — [57 Z](T/Zn)

z
This may be written in closed form: set 6(°) := § and §0+1 := [§®) 27] inductively; then
ord(4)
5 (1)
ny __ k
S(r/z") = > (-1) prcEsiE (2.0.3)
k=0

For elements z of R, the Cech complex C*(z; R) is a complex of Dpg|4-modules, hence
its cohomology modules H(kz)(R) have a natural Dpgj4-module structure. This Dp)4-
module structure on local cohomology is compatible with base change in the following
sense: If S — R is a homomorphism of A-algebras, we observe that Dg4(R) has
the structure of a (Dgja, Dgja)-bimodule, where Dgj4 acts by postcomposition, and
Dg4 acts by precomposition; one verifies using the inductive definition of differential
operators that the prescribed compositions are indeed elements of Dgj4(R). This bi-
module structure yields a base change functor from Dgj4-modules to Dpgj4-modules,
M — DS‘A(R) ®Dsja M.

Lemma 2.1. Let S = Alz] be a polynomial ring over A, and R a homomorphic image of

S.

(a) For each z € S, one has an isomorphism of Dg|s-modules Dg 4 (R) ®pgia Sz = R
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(b) Given elements z := zg,. ..,z of S, one has an isomorphism of D g 4-modules

Dg|a(R) ®pg, H(t;)l(S) = HH(R).
Proof. Set I := ker(S — R). Since S is a polynomial ring over A, the functor Dgj4(—)
from S-modules to Dg|4-modules is exact [30, §2.2], so there is an exact sequence of
right Dg|4-modules

0 —— Dgja(I) —— Dgja — Dgja(R) —— 0.

The inclusion above may be used to identify Dg4(I) with IDg4, so Dga(R) =
Dgja/1Dg) 4 as right Dgja-modules. Thus, one has an isomorphism of R-modules

DSlA(R) ®Dg | a S, = S./I1S. = R, given by 4§ ® (s/2") — 0(s/2"),

where 0 denotes the image of § € Dg|4 modulo IDg 4. To see that this isomorphism
is Dpja-linear, note that each element of Dg4(R) ®Dg)a S, may be written as 1®s/z",
and any element v € Dgj4 can be written as u + I Dg4 for some u € Dg 4 such that
w(I) C I. The compatibility condition then boils down to checking that y(s/z") =
u(s/z™), which is clear from the formula (2.0.3), proving (a).

Next, consider the right-exact sequence of Dg|4-modules
D i Saezizy, —— Sz, —— H(t:)I(S) — 0,
and the right-exact sequence of Dg|4-modules
S Regzivzy —— Regezy, — H{HY(R) —— 0.

Applying Dgja(R) ®Dg|a (=) to the first, we obtain a commutative diagram of Dp|a-
modules

DSlA(R) ®DS\A Zz Szo'“fr“zr — DSlA(R) ®DS\A SZD“‘Zt — DS\A(R) ®DS\A H(t:)l(s) — 0

! !

S i Regeieoz — Ry, — H{HH(R) — 0,

where the vertical maps are isomorphisms by (a). This induces the Dpgj4-module iso-
morphism as claimed in (b), O

2.5. Frobenius lifting and p-derivations

Let T be a ring, and let p > 0 be a prime integer that is not a unit in 7. A [ift of the
Frobenius endomorphism F on T'/pT is a ring homomorphism A,: T — T such that
the following diagram commutes
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T Ao

! l

T/pT —E— T/pT.

As we show next, the existence of a Frobenius lift modulo p? is inherited by rings that
are direct summands; see also [31, Lemma 4.1].

Proposition 2.2. Let T be a ring, and let p > 0 be a prime integer that is not a unit in
T. Let R be a subring of T that is a direct summand of T as an R-module.

If the Frobenius endomorphism on T /pT lifts to an endomorphism of T/p*T, then the
Frobenius endomorphism on R/pR lifts to an endomorphism of R/p*R.

Proof. Note that R/p*R is a direct summand of T/p?T'; after a change of notation, we
may assume that p? = 0in R and 7. We use t: R — T for the inclusion, and o: T — R
to denote an R-linear splitting.

Let A,: T — T denote a Frobenius lift; we claim that

ooMNpor: R— R

is an endomorphism of R. Since each map is additive, so is the composition. Given
elements r; in R, there exist elements ¢; in T such that A, o ¢(r;) = r¥ + pt;. Hence

o((r} +pt1)(r§ + pt2))

= riry +ripo(ts) + ripo(t:)

(r! + po(t1)) (15 + po(t2))
(00 Apou(r1)) (oo Apoi(ra)).

00Ny ou(rirs)

It is readily verified that o o A, o ¢ induces the Frobenius endomorphism on R/pR. O

Definition 2.3 (Buium [7], Joyal [15]). Let T be a ring, and p > 0 be a prime integer.
A p-derivation on T is a map ¢,: T — T that satisfies the following for all a,b € T"

(i) ¢p(1) =0,

(ii) p(ab) = aPp,(b) + bPpp(a) + pop(a)pp(b), and

(il) @p(a+b) = pp(a) +¢p(b) + Cp(ab),

where C)(z,y) is the polynomial %(xp +y? — (z +y)?) regarded as an element of Z[z,y].

It follows from the above that

opla+pb) = ¢p(a)+ b7 mod p.
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If ¢ is a p-derivation on T, then the map A,: T — T given by A,(t) = t¥ + pp,(t)
is a lift of the Frobenius; conversely, if p is a nonzerodivisor on T', and A,: T — T is a
lift of the Frobenius, then ¢,: T — T with ¢,(t) = ]%(Ap(t) — tP) is a p-derivation on
T.

Example 2.4. Fix a prime integer p > 0, and let S be a polynomial ring over Z in the
indeterminates x := xg, ..., xq. We refer to the Z-algebra homomorphism

Ap: §— S with Ap(x;) =} for each i
as the standard lift of the Frobenius with respect to «, and the corresponding p-derivation

Ap(s) — 8P

wp: S — S with @,(s) =
p

as the standard p-derivation with respect to .

We record the following compatibility for p-derivations used in the sequel: Let S and S’
be polynomial rings over Z in the indeterminates x and «’ respectively. Let T: S —
S’ be a ring homomorphism such that Y(z) € o’ U {0,1} for each z € =z, i.e., the
homomorphism Y either takes an indeterminate x € x to an indeterminate =’ € x’, or
specializes it to 0 or 1. Let A, and ¢,, denote the standard lift of the Frobenius and the
corresponding p-derivation on S with respect to @, and likewise let A; and g@% be the
corresponding maps for S’ with respect to #’. Then the following diagrams commute:

§ — 5 § —X 5
Apl lA; wpl lso;
s X9, s X, g9

We recall the following criterion, due to Zdanowicz, for the existence of a lift of the
Frobenius endomorphism on a hypersurface:

Proposition 2.5 ([31, Corollary 4.9]). Let p be a prime integer, S := Z[x]| a polynomial
ring, and pp: S — S the standard p-derivation on S with respect to x := xq,...,2q4.
For f €S, set R:=S/fS. Suppose that R/p*R is flat over Z/p*Z.

Then the Frobenius endomorphism on the hypersurface R/pR lifts to an endomorphism
of R/p*R if and only if

op(f) € <p, f, (g—xfo)p, (%)p)s.
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3. Differential operators via local cohomology
3.1. Polynomial rings

Let A be a commutative ring, and S := A[x] the polynomial ring over A in the inde-
terminates « := xo, ..., zq. Then Pg|4 is a polynomial ring over A in the indeterminates
7;®1 and 1®@x;, for 0 < @ < d. Since we view Pg|4 as an S-module via the map s — s®I,
we simply write x; for x; ®1. Set y; := 1® x;, so that

Psia = Alz,y] = Sy,

where y := 4o, ..., yq. The elements

Yo —To, Y1 — 1y -5 Yd — Td
form a generating set for the ideal Ag4 of Pgj4. Using this generating set, we consider
the sequence of ideals A[S"HA, the rings Pgﬁm and the filtration DgL‘]A, as defined in §2.1.

Note that the elements yo — xzg, y1 — 1, ..., Yqg — x4 are algebraically independent
generators for Pgj4 as an S-algebra. Thus, Pg‘Z]A is a free S-module with basis

(Yo — 20)% - - (yg — 4)* where 0 < a; < n.

Likewise, HomS(PgH47 S) is the free S-module with the dual basis

((yO - zo)ao e (yd - 'T’d)ad)*7 where 0 < a; < n,

and (—)* denotes the corresponding element of the dual basis. Moreover, there is a
Pg) 4-module isomorphism defined S-linearly by the rule

Y : Pg”ﬂ L — Homs(Pb[ﬁl] o S)
(yo —@0)* -+ (ya — 2a)™ = ((yo —20)" ™™ - (ya — za)" )",

Proposition 3.1. For each n > 0, one has Ps|4-module isomorphisms

AL Psja) = Homs(PY],, §) —2— D/,

Proof. We need only observe that the Koszul cohomology module

d +1
H +1(A[sn|A]§ PS|A)
coincides with Pgll]A. The rest is immediate from the preceding discussion. 0O
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To make the isomorphism o* completely explicit, note first that o(f(x)) = f(y). Now,

0" (((yo —x0)" -+ (Ya — xd)ad)*> (f(=))
= (o —x0)™ -+ (ya — za)™) " (f(y))
= ((yo —20)™ -+ (ya — za)™)"

= aa07,,,,ad (f(w))’

f((yo — 0) + @0, .., (ya — xa) -Hvd))

where the last equality uses the Taylor expansion of a polynomial. It follows that

0" (((yo —x0)* -+ (ya — Id)ad)*) = Oag,....au-

Proposition 3.2. There is a Ps|4-module isomorphism

d+1 0" oy
HAslA(PS|A) ——— Dg) 4,

where v is the isomorphism

. 1 .
HE'' (Psa) = lim HHY AL Ps)a) — lim Homg(PY],, ).
n n
Proof. For each n > 0, one has a commutative diagram
n+1 n n
HHY(AL: Py ) —" Homs(P,, §) —%— DI,

DY
lnxyﬁmi) J l

Hd+1(A["‘+2] Pga) EMLGLIN Homs(Pgl‘t‘l], S) 9_*> Dgerl]’

where the canonical surjection ng:l] — Péﬂ induces the map in the middle column.
The left column realizes local cohomology as the direct limit of Koszul cohomology; the
maps in the right column are injective, with Dg| 4 as the directed union. O

Example 3.3. The isomorphism ¢* o maps the local cohomology element

o= [r=ae

(ya — xd)]

in HizllA(PS‘A) to the differential operator in Dgj4 that is the identity map. More
generally, for integers a; > 0, the image of the local cohomology element

1
c Hd+1 P ’
[(yo —xg)0 e (yg — xd)ad+1:| ag 4 (Psia)

under ¢* o, is the differential operator Ou,,....a; € Dg|a-
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There are analogous isomorphisms for differential operators from S to M, as below:

Proposition 3.4. For M an S-module and n > 0, there are Pg|s-module isomorphisms

Hd“(AgL\ﬁ]; Psja®s M) —"— HomS(Pé[ﬁ}A’ M) —— Dgl‘]A(M)

and
Hf;lm(PS\A@SM) —227 Dg)a(M).

The maps v, and vy are obtained from those in Propositions 3.1 and 3.2 by applying
- ®s M.

Proof. The right exactness of — ®g M gives

HHY AR Pgja@s M) = HEHYALT Py a)os M = PE, @ M.

Since PL[;\LL is a free S-module, one also has the isomorphism

Homg(PY],, M) = Homs(Py],, $)®s M.

Thus, -, is an isomorphism, obtained from the corresponding isomorphism in Proposi-
tion 3.1; o* is an isomorphism as discussed in §2.1. The transition from Koszul cohomol-
ogy to local cohomology follows as in the proof of Proposition 3.2. O

3.2. Hypersurfaces
Asin §3.1, let S := A[x] be a polynomial ring over a commutative ring A, and identify
Psja = Alz,y] = S[yl.
Let R = S/(f(x)), where f € S is a nonzero polynomial, and identify R ® 4 R with

Poa = Ayl Byl
| (f(=), fly) — (F())

Then yo — xo, y1 — 1, ..., Ya — Tq serve as generators for Ag 4, and their images in

Pr4 are generators for the ideal Ap| 4.

Proposition 3.5. One has Pg|4-module isomorphisms

Dty = amn (£(y). DS, (R))
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for each m > 0, and

Dria = ann (f(y), DS|A(R)).
Proof. Taking the exact sequence

Pl es R L Pl o R —— P, —— 0,

and applying Hompg(—, R), one obtains

0 —— Homp(PYl,, R) —— Homp(P!, ®s R, R) —% Homp(PL!, ®s R, R).

Since
Homp(Pf|,, R) = D}, and Homg(P{|,®s R, R) = Homs(P{|,, R) = D{l (R),
the first isomorphisms follow. The second follows by taking the union over n. O

In light of the previous proposition, we identify Dggll ', with ann (f(y), Dgll]A(R)); this

identifies an A-linear differential operator S — R that is annihilated by f(y) with the
induced factorization R — R. Next, consider the sequence

0 — Pgia®sR LY Py a@sR — Ppia —— 0,

and the induced Koszul cohomology exact sequence

0 — HYARTY; Prja) 2% HWAL Psjaes B) L9

RIA Hd“(A[ L Pg |4 ®s R),

S| A

where the injectivity on the left holds since the generators of the ideal Aglzll form
a regular sequence on Pg 4 ®s R. We also use df(,) for the connecting map in the
corresponding local cohomology exact sequence, i.e.,

f(y)

0 —— HiRlA(PR\A) Sw, HZJ; (Psja®s R) —— H?S_l‘ (Ps)a ®s R).

Proposition 3.6. The maps
HUAY, poy) 2@y gasi A+ po oo RY 2 Homg (P, R) 2 DI (R)
R|A TR|A s|a s|A®s oms S\A’ S|A
induce an isomorphism of Pgja-modules

0" 0¥ 005 (y) [n]
%

n+1
Hd(A[ . PR|A) R|Aa

R|AS

with DE?\]A regarded as a submodule of Dgl‘]A(R). Passing to the direct limit, the map
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d 0" 0y0ds(y)
Hy,. ,(Pria) Dra,

is an isomorphism, with Dg s regarded as a submodule of Dg s(R).

Proof. By Proposition 3.4, the maps v, and ¢* are Pg 4-module isomorphisms. Also,
Of(y): Hd(A[JZ\i]; Pria) — ann (f(y), Hd+1(A[§L|J;;1]; Ps| 4 ®s R))

is an isomorphism, and D%]A = ann (f(y), Dgll]A(R)). This justifies the first isomor-
phism. The second is the familiar transition from Koszul cohomology to local cohomol-
ogy. O

For S := A[x] a polynomial ring, Example 3.3 identifies the element of Hi;lA (Ps|a)
that corresponds to the identity map in Dgj; for a hypersurface R := Alx]/(f(x)), we

next identify the element of Hi (Pgja) that corresponds to the identity map in Dpa:

R|A

Example 3.7. Since u(f(y)) = p(f(x)), where pu: Pgja — S is the A-algebra homomor-
phism determined by z; — x;, and y; — x;, one has

where g; € Pg| 4. It follows that Z?zo(yi —x4)g; = 0in Pg|4. Thus, we obtain an element

NRr ‘= [’ %,] € HZR\A(PRlA)7

where the signs adhere to the convention in §2.2. We claim that ng maps to the identity
in Dgj4 under the isomorphisms in Proposition 3.6. First note that

dy(y) (MR) = {( ! ] ~

Yo — o)+ (Ya — Ta)

Using Example 3.3, 0* oy maps d4(y)(nr) to the element of Hom (S, R) corresponding
to the canonical surjection S —» R. Thus, 0* 0y 0 ds(,)(nr) is the identity map on R.

3.3. Equivalence as D-modules

Let A be a commutative ring. Given A-algebras T and T”, one has a homomorphism
DT\A — D(T®AT’)|A given by

id®1
Dpig — Drja®aT" ——— Dg,ry 1 S Dirgir)|a
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For an ideal I of T ®4 T’, we regard the local cohomology module H }“(T ®aT') as a
Dria-module by restriction of scalars along the map above.

Theorem 3.8. Let A be a commutative ring, and let S := A[x] be the polynomial ring
over A in the indeterminates x := xq,...,xq. Then the map

d+1 0" oy
Hyy  (Psja) —— Dgja,

as in Proposition 3.2, is an isomorphism of Dg|a-modules.

Proof. By Proposition 3.2, the displayed isomorphism is Pg|4-linear; we need only verify
that it is Dg|4-linear. In view of Example 3.3, it suffices to verify that the map

1
—> Oag....a
[(yo — @) ot (ya — xd)“‘i“} o

is Dg|4-linear. In the case S = A[z], i.e., where d = 0, the verification takes the form

1 (“+0) a+b
* {(y—x)aﬂ} = : ( )8a+b = 0y0a,

with the general case being similar. O

Theorem 3.9. Let A be a commutative ring, and let S := Alx| be the polynomial ring
over A where x := xg,...,xq. Let R=S/fS, for f € S a nonzero polynomial. Then the
map

0" 07005y

HY, ,(Prja) Dg|a,

as in Proposition 3.0, is an isomorphism of Dgja-modules.

Proof. We consider Hg;lA (Psja®sR) = Hg;lA (R®aS) as a Dgj4-module as described

at the beginning of this subsection.
Let o* o: Hi';lA(PSM) — Dgja be the Dg 4-module isomorphism from Theo-
rem 3.8. Applying Dgja(R) ®pg,, (=) to this map, we obtain a D g 4-linear isomorphism

Dg|a(R)®pg, , Hi'

Ay a(Psja) — Ds|a(R) @pg, , Ds|a-

We claim that this map identifies with the isomorphism
HKZTA(P5|A ®g R) — Ds‘A(R)

obtained by applying — ®g R, as in Proposition 3.4. Indeed, it is easy to see that
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Dg|a(R) ®@pg, 4 HizllA(Psm)

~ d+1
= D(5945) | (A248) (B4 S) @D (55, 5)| (a0 49 HA;A(PSM),

and the latter identifies with Hizl (Psja ®s R) by Lemma 2.1.

A
We have the commutative diagram

3 /)
0 —— HL_ (Prja) SN H{' (Psa ®s R) SEALZN H{' (Psja®s R)

I ()
0 —— Dr|a _— Dgsa(R) — Dga(R),
where all of maps in the rightmost square are Dg| 4-linear; the first vertical isomorphism
is the map from Proposition 3.6. It follows that this map is a Dgj4-linear isomor-
phism. O

Example 3.10. Let S := A[xzog, ..., x4] be a polynomial ring over a commutative ring A.
Fix the N-grading on S where Sp = A and degx; = 1 for each i. Let R := S/(f(x)),
for f € S a nonzero homogeneous polynomial. We explicitly describe the element of
HXR‘A (Pgja) that corresponds to the Euler operator

0
E = lea—l'l S DR\A-

With the notation as in Example 3.7, let f(y) — f(2) = Y0 (y; — 2)g; with g; € Pga,
in which case Zg:o(i‘/i —2;)9; = 0 in Pg4. Under the isomorphism of the previous
theorem, the cohomology class nr € HXR‘A (Prja) of the Cech cocycle

90 —g1 o (=1)ga
Hj;é()(yj — )’ Hj;él(yj — )’ ’ Hj;éd(yj - ;)

corresponds to the identity element in Dg) 4. As the isomorphism is one of Dg| 4 modules,
the element of HgR‘A (Pgja) that corresponds to the Euler operator E is the cohomology
class of the element obtained by applying F, considered as an operator on the & variables,
componentwise to the above cocycle.

Example 3.11. Consider R := A[z]/(z"), for n a positive integer. Then

HY, (Prja) = Prja = Ale,y)/" "),

In Pg|a one has y" — 2™ = (y — x) Y7y "~ ~F2*, so the element of HgR‘A(PRM) that

corresponds to the identity in Dg) 4 is
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n—1 n—1
E(Zyn—l—kmk) _ Zkyn—l—kxk.
k=0 k=1

Example 3.12. Set R := A[xo, 1]/(23 + #1). Then the identity in Dp4 corresponds to

[yo +z0 —(y1 +x1)
Y1 — x’ Yo — Xo

:| € HAR‘A(PRLA)a

and the Euler operator to

|:y1550 +yor1  —(y1%0 + Yox1)

(1 —21)*> " (yo —20)? } € Hapnu(Pri)

3.4. Frobenius trace

Suppose A is a field of characteristic p > 0. Let S := A[xo,...,x4] be a polynomial
ring, and R := S/(f(z)) a graded hypersurface. Let e be a positive integer. The rings R
and RP* are Gorenstein, so duality implies that Hom g, (R, RP") is a cyclic R-module.
To specify a generator, first set

e .
S = Upe—1,..,pc—1-

It is a key point that ®§: S — SP° ) and that it is SP"-linear. Next, consider the
composition

@5

s g 5r° T, R

where 7 is the canonical surjection. Since fS is contained in its kernel, the composition
factors through a map

®%: R — RP",

that we define to be the e-th Frobenius trace of R. When e = 1, we refer to ®p: R — RP
as the Frobenius trace map. In general, the e-th Frobenius trace ®% is an element of
Dga, and is an R-module generator for Hom p,e (R, RP").

We claim that ®%, viewed as a differential operator in Dy 4, corresponds to the image
of the element nr from Example 3.7 under the e-th iterate of the Frobenius action F' on

the local cohomology module H& Pga), ie.,

R\A(
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* e _ e
(e 0ovodsy))(F(nr)) = k.
To see this, consider

= L d+1
ns = {(yoxo)"'(yd:ﬂd)} € HAS|A(PS|A)

as in Example 3.3, and note that

Fs) = | 1 |

(yo — 20)P" -+ (ya — wa)?"
By Example 3.3,
(0" o )(F(ns)) = Ope—1,..pe—1,
which equals ®%. Likewise, if 7jg is the image of ng in Hg‘gl‘A(Ps |4 ®s R), then
(¢" o) (F*(Ms)) = mo .

With ng as in Example 3.7, one has

(-1)'gl

F°(ng) = l’ m7 .

] € HR, ,(Pr|a)
SO

Syt

T—d /e = Pe—lFe S
H?:O(yi — xi)Pe] fy) (Ms)

O(y) (F(nR)) = [
in Hi‘;lA (Psja ®s R). Thus, since g* o7 is Pg|4-linear, one has
(0" 0708y (F(nr)) = f(y)’ 'modG,
which coincides with ®f, in Dg) 4, regarded as a submodule of Dgj4(R).
3.5. Lifting differential operators modulo p
Let A, S, and R be as in §3.2, i.e., A is a commutative ring, S := A[xg,...,2z4] is a
polynomial ring, and R := S/(f(x)) is a hypersurface. Suppose p > 0 is a prime integer

that is regular on Pg 4. The exact sequence

0 —— Prja —— Prja —— Prjpr)|(a/pa) — 0

induces a cohomology exact sequence
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s P
PR\A) —_ HZH‘A(P(R/PR)\(A/pA)) —p> H!i+1 (PR\A) —_ Hd+1 (PR|A)

R d
HA AR|a ARr|a

R\A(

with J, denoting the connecting homomorphism. In particular, J, induces an isomor-
phism

coker (HiR‘A(PRlA) — HiR‘A(Pm/pR)uA/pA))) — ann (p, HX'}, (Pr|a)).

Acknowledging the abuse of notation, we denote the inverse of this isomorphism by 6, L
so as to obtain:

Proposition 3.13. There is an isomorphism of Prja-modules

Hd+l

ann (p, HA' (Prja)) —— coker (Drja —— Dirjpm)|(a/pa)):

given by 0% 0y 00y © 5;1. In particular, given an element

d
v € Hi, (Pr/pR)|(A/pa));

the corresponding differential operator (0% o7y o 67(,)) (V) € D(r/pry|(a/pa) lifts to an
element of D a if and only if 0,(v) = 0.

Proof. One has a commutative diagram

HKRM(PR‘A) HKRM(P(R/PR) | (A/PA))
Dpria — D(r/pry| (a/pa)

where the vertical maps are the isomorphisms ¢* oy0d ¢, of Proposition 3.6. Combining
with the isomorphism

6_1

ann (p, Hat' (Prja)) —— coker (HiR‘A(PR\A) —_— HZR‘A(P(R/pR)\(A/pA)))a

AR|a
the assertion follows. O

Next, we establish a similar criterion for when a differential operator D(g/pRr)|(a/pa)
lifts to D(g/p2Rr)|(a/p24)- Start with the exact sequence

P
0 —— Pr/pr)|(A/pa) — Pr/p2r)|(A/p24) — Pr/pR)|(A/pa) — 0

and the corresponding cohomology exact sequence
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} HimA(P(R/p"‘R)\(A/p"‘A)) — HgRM(P(R/pRH(A/pA))

5
— H (Prypm) | (apa) —— HAL

Al An 2 (Prm2R) | (A/p24) — -

The connecting homomorphism [, in the sequence above is the Bockstein homomorphism
on local cohomology, see §2.3. The map /3, induces an isomorphism
coker (Hi

w4 BB/ R) | (A/p24) — HXRM(Pm/pR)MA/pA))) — image(f3,),

and we denote the inverse of this isomorphism by 3, L. Then, along the same lines as
Proposition 3.13, we have:

Proposition 3.14. There is an isomorphism of Pgja-modules

image(f3,) ——— coker (D<R/p2R> [am2a) — Dwypry)| <A/pA>)
induced by 0% 07y 0 dyy) © ﬁp_l. In particular, for an element

ve X, ,(Pr/pr) | (A/p4)):

the corresponding differential operator (0% o~y 0 d7y))(V) € D(r/pry|(a/pa) lifts to an
element of D(r/p2ry|(a/p24) if and only if 3,(v) = 0.

3.6. Lifting Frobenius trace

Let S := Z[x] be a polynomial ring over Z in the indeterminates x := xq, ..., zq4.
Identifying Ps with Z[x, y] as before, note that Ps may also be viewed as a polynomial
ring over Z in the indeterminates

Zo, -++y Tdy Yo — L0y -++y Yd — Td-

Fix a prime integer p > 0, and let A,: Ps — Pg denote the standard lift of Frobe-
nius with respect to the indeterminates above, i.e., A, is the endomorphism of Pg with
Ap(z;) = 2% and Ap(y; — ;) = (y; — ;)P for each 4. Let ¢, denote the corresponding
p-derivation on Pg.

Let R = S/(f(x)) be a graded hypersurface. Assume that p is regular on Pg, in which
case there is an exact sequence

Sp Tp
HY, (Pr) — HX (Pr/pPr) — H{(Pr) - H{(Pr) — HLY!(Pr/pPr).
(3.14.1)
Let ng € H iR(PR) be the element that corresponds to the identity map in Dg, as in
Example 3.7, and let 77 denote its image in HiR (Pr/pPr). We claim that



J. Jeffries, A.K. Singh / Advances in Mathematics 432 (2023) 109276 25

op(f(y) — f(w))]

(;p(F(ﬁR)) = [ Hd_ (y —x‘)p

as elements of Hi;l(PR). To see this, take g; € Pg with f(y)—f(x) = Zfzo(yi—mi)gi as
in Example 3.7. Then, in Pg, one has

erlf) - 1@) = L (8,0) - 1@) ~ () - S@))
_ %(;AM—@)AP(%) - (/) - f@)")
N %(;(yi—wz) Molg) = (Fy) = F(@))")
1

- E(Z(yi*xi)p(9f+p%(gi)) - (f(y)*f(a;))”)

%

= Sl ele) + (S = el - (Fw) - £@))").

K2

It follows that the image of ¢, (f(y) — f(x)) in Pg, i.e., modulo the ideal (f(x), f(y)),
is

> (i — zi)Peplg:) + }3 > (i —zi)Pg?.

% %

: d+1
Hence, in H{' " (Pg), one has

l%(ﬂy)—f(w»] _ [z iU = w)Pep(90) + 3 Silyi — x)af

Hi(yi — ;)P H (yi — z)p
5 iy — w)Pef
B IL(yi —x0)P
= 5? (F(ﬁR))7

which proves the claim. Similarly, with 3, denoting the Bockstein homomorphism

Tp 0 6p
H{, (Pr/pPp) ——— H}!(Pr/pPr)

with ¢, and 7, as in (3.14.1), one see that

o (f(y) — f(w))]

BP(F(ﬁR)) = [ Hfi_ (y; — ;)P

as elements of Hi:l(PR/pPR).
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Combining the preceding calculations with Propositions 3.13 and 3.14, we obtain:

Theorem 3.15. Let S := Z[x] be a polynomial ring in the indeterminates x := xg, ..., Zq.
Fix a nonzero homogeneous polynomial f(x) in S, and set R := S/(f(x)). Let p be a
prime integer that is a reqular element on Pr. Let A, be the endomorphism of Ps :=
Zz,y] with

Ap(xs) =] and  Ap(yi — i) = (yi — )P

for each i, and let ¢, denote the corresponding p-derivation.
Then the Frobenius trace map ®r/,r on R/pR, as in §3.4, lifts to a differential
operator on R if and only if the local cohomology element

[sop(f(w — f(x))

gt p
H?:O(yi—xi)P 1 < AR( R)

is zero; similarly, ® /g lifts to a differential operator on R/p*R if and only if the image
of the displayed element in Hi‘;l (Pr/pPgR) is zero.

Remark 3.16. For S and R as in the previous theorem set a := deg f(x) — (d+ 1). Then,
with the grading shifts as below, Theorem 3.9 provides degree-preserving isomorphisms

Dp = H{,(Pr)(a) and Dgjpr = HY,(Pr/pPr)(a).

In particular, the identity element in the ring Dg or in the ring Dg/,g corresponds to a
cohomology class in [HZR(PR)]Q or [HY (Pr/pPr)|, respectively; confer Example 3.7.
It is a straightforward calculation that the Frobenius trace map ®p,,z on R/pR is a
differential operator of degree ap —a. It follows that ® g /,r corresponds to a cohomology
class in [HZR(PR/pPR)]ap as, indeed, is evident by the calculation in §3.4.
Remark 3.17. Consider R := S/fS, where S := Z[xg, 71, 72] and f(x) := 2 + 23 + 3.
Let p # 3 be a prime integer. By [29, §3] and [14, Example 6.6], the Frobenius trace
map ®r/,r on R/pR does not lift to a differential operator on R. Using Theorem 3.15,
it follows that the local cohomology element

G e e(fy) — [())
v [1(ys — x5)P

in HY _(Pr) is nonzero. Note that (, is annihilated by p in view of (3.14.1). Hence, the
module H XR(PR) contains a nonzero p-torsion element for each prime integer p # 3.
Likewise, consider R := S/fS, where S := Z[xg,x1, 72, 23] and f(z) = x3 + 23 +
x3 + 3. Recent work of Mallory [21, Theorem 1.2] shows that R has no differential
operators of negative degree. For each prime integer p # 3, the Frobenius trace on R/pR
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has negative degree, namely 1 —p, and hence does not lift to R. It follows that H 2R(PR)
contains a nonzero p-torsion element for each prime integer p # 3.

4. Integer torsion in local cohomology

Our approach to constructing mod p differential operators that do not lift, based on the
results of the previous section, is via constructing p-torsion elements in local cohomology
modules of the form Hi‘;l (Pr). Towards this, the following lemma will prove useful; the
notation is as in §3.6.

Lemma 4.1. Let S := Z[x] be a polynomial ring in the indeterminates x := xq, ..., 4.
Consider a polynomial f(x) € S of the form

fl@) = > wifi,
i=0

where m < d and each f; € S. Set R := S/(f(x)). Fiz a prime integer p, and let
pp denote the p-derivation of Ps as in Theorem 5.15; this restricts to the standard p-
derivation of S with respect to x.

If the local cohomology element [ n Hm+.1“7mm)(R) is nonzero, then so

Pp (f(y) - f(w>)
f:o(yi —x;)P

wp.(f (z)) ]

p(f(2)) 1

(330 C Ty )P

is the element l ] in Hi‘;l (Pr).

Similarly, if the image of in H™ ! )(R/pR) is nonzero, then so is

(:EO . ajm)P ($07'~~;$m

o (f(y) — f())
IL(yi — )P

the image of [ ] in Hij;l(PR/pPR).

Proof. Recall the notation y := yo,...,yq. We identify Ps with the polynomial ring
Zlx,y] and Pr with Z[z,y]/(f(x), f(y)), so that Ag is the ideal generated by the
elements

Yo — To, Y1 — L1, -+, Yd — Zd-

Suppose the displayed element of Hg';l (Pgr) is zero. Then there exists an integer k > 0
such that in the ring Pg one has

Ap(f(y) = f(@) = (f(y) — f(=)"

(o — 20)" -+ (ya — xa)*

€ (fy), f(=), (yo—zo)"™, ..., (ya—za)’™*)Ps. (4.1.1)
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Let P’ denote the image of Pg under the specialization x; — 0 for 0 < i < m. Note
that f(x) — 0 under this specialization. Since one has a commutative diagram

PSL>PS

! l

A
/ p /
P N 2 ,

the ideal membership (4.1.1) specializes to give

A (F) = (fF)"

Yo y:j@ (ym-i-l - xm—i-l)k T (yd - xd)k

p
€ (f(y)7 yg+k7 ey yrp;:rka (y'ffH-l - xm-‘rl)erk? LR (yd - xd)erk)Pl' (412)
The elements yy+1 — Tm+1, ---5 Ya — Tq are algebraically independent over
Zly)/(Fu), w6, s i),
SO Ym+1 — Tmt1s ---5 Yd — Tq, as well as their powers, form a regular sequence in the
ring
k
P'/(f), w6, syl P

Using this, (4.1.2) implies

k
e (fly), v8™, oo B (Ymgt — Tms1)Ps ey (Yo — xa)?) P

Next, specialize x; — y; for m + 1 < i < d, to obtain

A (F(y) = (F(y)*
P

uhukh e (Fl), Bt L g2y,

where A, is the standard lift of Frobenius on Z[y] with respect to y. Renaming y; — x;
for each i, the above reads

gop(f(a:))x§~-xf§1 € (f(a:), gcg+k, R x’r),j'k)Z[w],

implying that

((I:o,u.,l'm)

[ o (f(@)) ] c g™t (R)
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is zero. The proof of the final assertion is similar. O

A question of Huneke [13, Problem 4] asks whether local cohomology modules of
Noetherian rings have finitely many associated prime ideals. This was answered in the
negative by the second author in [27, §4]: there is hypersurface R over Z for which a
local cohomology module H C’f(R) has p-torsion elements for each prime integer p. From
this, it follows that Hf (R) has infinitely many associated primes; this is extended to
several natural families of hypersurfaces by Theorems 6.1, 6.2, and 7.1. On the other
hand, for a polynomial ring over Z, or, more generally, a smooth Z-algebra, the answer
to Huneke’s question is positive; this follows from the following result, which we use in
the next section:

Theorem 4.2. [/, Theorem 3.1] Let S be a smooth Z-algebra, and a an ideal of S generated
by elements f = f1,..., fi. Let k be a nonnegative integer.

If a prime integer is a nonzerodivisor on the Koszul cohomology module H*(f; S),
then it is also a nonzerodivisor on the local cohomology module HY(S).

5. Toric rings

We consider the question whether differential operators lift modulo p for invariant
rings of tori. An m X n integer matrix M determines a map

zm M gn
and hence a normal affine semigroup
A :=N"Nker M.

Let A be a commutative ring. The semigroup ring A[A] is the subring of the polynomial
ring A[N"] := Alxy,...,z,] that is generated, as an A-algebra, by monomials with
exponent vectors in A. The ring A[N"] has an N™-grading where the degree of x; is the
i-th column of M. Under this grading, the degree zero component of A[N"] is precisely
A[A], which is hence a direct summand of A[N"] as an A[A]-module. We refer to a ring
of the form A[A], or an isomorphic copy, as a toric A-algebra.

When A has an infinite group of units A*, the ring A[A] is the invariant ring for an
action of a product of copies of A* on A[N"], hence the name.

Example 5.1. The integer matrix M := (1 1 —2) yields the semigroup A generated

| 0o
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so Z[A] is the subring Z[z3x3, 12273, ¥523] of Z[21, 72, 73].

Theorem 5.2. Let R be a toric Z-algebra. Then, for each prime p, each differential op-
erator on R/pR lifts to a differential operator on R; thus, the natural map

Dr ®z (Z/pZ) — Drjpr
is an isomorphism.

Proof. Write R = Z[A], for A as in the earlier discussion. Recall that R is a direct
summand of S := Z[N"], and let o: S — R be a splitting. Then p induces a splitting o
of the inclusion R/pR C S/pS, with the commutative diagram

S —2 5 R

l !

S/pS —%— R/pR

Fix 6 € Dgjpr- By [5, Proposition 6.6], there exists §e Dg/p,s such that S\R/pR = 0.
Since S is a polynomial ring, ¢ lifts to a differential operator £ € Dg, see for example [4,
Lemma 2.1]. By [29, Proposition 3.1], the composition g o (¢|g) is an element of Dg. It
is readily verified that this maps to § under Dgr — Dg/pr. O

For a toric Z-algebra R, while the map Dr — Dpg/pr is indeed surjective, a dif-
ferential operator on R/pR need not lift to a differential operator on R of the same
order:

Example 5.3. The ring Z[A] in Example 5.1 is readily seen to be isomorphic to
R:=Z[z?, z120, 23],

which is the second Veronese subring of the polynomial ring T := Z[x1, x2].

Consider R with the standard N-grading, i.e., where the Z-algebra generators deg ;x;
have degree 1. The group {+1} acts on the polynomial ring T ®z C = C[z1, x2] with
invariant ring R ®z C, and the ring of differential operators Dgg,c|c is generated by
the elements of Drg,c|c that have even degree. Note that the derivations miaiz]- have
degree 0; there are no derivations of negative degree, confer [17]. Since

1 1
Dy € Dgg,cic:

it follows that R has no derivations of negative degree. In contrast, the ring R/2R has a
derivation of degree —1, namely
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L0 L0

Ty T
! 8.1‘2 2 83:1’

which is the endomorphism of R/2R with

¥y — 0
x?iﬂxggﬂ wglazg]
for i,j € N. This derivation lifts to the differential operator W% in D%.

6. Quadratic forms and Pfaffians

The main focus of this section is Pfaffian hypersurfaces, but we begin with the analogue
of Theorem 1.2 for quadratic hypersurfaces, where the arguments are most transparent:

Theorem 6.1. Let x1,...,xo, be indeterminates over Z, where m > 3, and set
m
Ri=Z[w1, ..., 22m] /(> Tittmys).

Then, for each prime integer p > 0, the Frobenius trace on R/pR does not lift to a
differential operator on R/p?R, nor, a fortiori, to a differential operator on R.

Proof. Set S := Z[x1,...,xa2m]. Fix p, and let ¢, be the standard p-derivation on S
with respect to @. In view of Theorem 3.15 and Lemma 4.1, it suffices to prove that the
element

{%(Z;’il Cimi)

($1 - xm)p

€ H,  w,(B/PR)
is nonzero. Indeed, if it were zero, then there exists an integer k£ > 0 such that

p(Y wiwmyi) (@1 wn)* € (VL abF)R/pR.

The image of v, (3" ziZm4,) in R equals * Z 2a m_H, regarded as an element of R, giving

( sz m—i—z) 'wm)k € (1'11)+k, ceey $%+k)R/pR (611)

Let e; € Z™ denote the i-th standard basis vector. Consider the Z™-grading of R/pR
where
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degx; = ey,

dngZm_H' = —€;,

for 1 < i < m. The element on the left hand side in (6.1.1) then has degree (k, ..., k).
Hence, in a homogeneous equation for the ideal membership (6.1.1), the coefficient of
fork on the right has degree (k,...,k,—p,k,..., k), and therefore the coeflicient must
be a multiple of

al - 'xi'c—lmi’c-i-l T,

mYm—41’

ie.,
k k k ..p p+k k k p . .ptk
( E 2P mﬂ) cexy)t € (x2 ST Ty T ey Ty X X X )R/pR.

Canceling the term (1 - - - 2,,)*, the above display implies that

= Z Ly m+z (mlxm+1)p7 ceey (mmem)p) (612)
in the ring
m
(R/pR)(O ,,,,, 0) = Z/pz[mlmerlv (R 7xmm2m]/(z xixm+i)~
=1

But (R/pR)(o,wo) may be identified with the polynomial ring Z /pZ[z1, . .., Zm—1], where
Zi = LT for 1<i<m—1,
in which case, (6.1.2) reads

2119+"'+an_1+(—1)p(21+""|‘Zm—1)p
p

This is readily seen to be false, for example by examining the coefficient of 2} . O
We now turn to Pfaffian hypersurfaces. Let n be an even integer with n > 4, and let Z

be an (n — 2) x n matrix of indeterminates over an infinite field K. Set T' := K[Z]. The
symplectic group Sp,,_o(K) acts K-linearly on T by the rule

M:Z+— MZ for M € Sp,,_o(K).
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By [8, §6] or [10, Theorem 5.1], the invariant ring for this action is the K-algebra gen-
erated by the entries of the product matrix Z' Q Z, where Q is the size n — 2 standard

(4 0)

with I the identity. This invariant ring is isomorphic to K[X]/(pf X) for X an n x n
alternating matrix of indeterminates, and pf X its Pfaffian. When K has characteristic

symplectic block matrix

zero, the ring of differential operators on the invariant ring is described explicitly in [18,
IV 1.9, Case CJ.
For M an alternating matrix, the cofactor expansion for Pfaffians takes the form

pr = Z(—l)jmlj pf M1j7

j>2

where My, is the submatrix obtained by deleting the first and j-th rows and columns.
For t an even integer, we use Pf;(M) to denote the ideal generated by the Pfaffians
of the t x t principal submatrices of M. It follows from the cofactor expansion that
Pf, (M) C Pf,_o(M).

The Pfaffian of a 4 x 4 alternating matrix of indeterminates X is the quadratic form

T12T34 — T13%24 + 14223,

which, aside from the change of notation, coincides with the case m = 3 in Theorem 6.1.
More generally one has the following, which completes the proof of Theorem 1.2 (b)
using Theorem 3.15 and Lemma 4.1.

Theorem 6.2. Let X be an n X n alternating matriz of indeterminates over Z, where n
is an even integer with n = 4. Set S := Z[X| and R := S/(pf X). Fiz a prime integer
p > 0, and let ¢, be the standard p-derivation on S with respect to the indeterminates
X. Then
fX
Q@p(p ) c anl (R)
(3312 c.. xln)p (Z12,-Z1n)
n—1
(5E127"~y11n)
(R) contains a monzero p-

s a nonzero p-torsion element; moreover, its image in H (R/pR) is nonzero.
n—1

In particular, the local cohomology module H(m12 )

torsion element for each prime integer p > 0.

Proof. As noted above, the case n = 4 is settled by the proof of Theorem 6.1. We proceed
by induction on n, with n = 4 serving as the base case.

The image of the displayed element is zero in H &:;MM,L)(R/ pR) if and only if there
exists an integer k£ > 0, such that in the polynomial ring S one has
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ep(Pf X) (212 210)" € (p, PEX, oFk xf:k)s. (6.2.1)
We know this cannot happen for n = 4. Suppose (6.2.1) holds for an even integer n > 6.
Specialize x,—1,, — 1, and x;; — 0 for ¢ = 2,...,n — 2 and j = n — 1,n, in which
case, the image of X is

0 T12 T13 T14 . T1,n-3 Tln-2 Tin-1 Tin
—T12 0 T23 To4 e T2m—3 Ton—2 0 0
—T13 —Z23 0 T34 . 3,03 T3,n—2 0 0
—T14 —T24 T34 0 e T4n—3 Tgn—2 0 0
—T1n-3 —T2p—3 —T3n-3 —Tdn—3 --- 0 Tp—3,n—2 0 0
—Tin-2 —T2p—2 “—T3n-2 —Tan-2 --- —Tp_3p-2 0 0 0
—T1,n—1 0 0 0 . 0 0 0 1

—X1n 0 0 0 ... 0 0 -1 0

The upper left (n —2) x (n — 2) submatrix is unchanged; denote this by X’. Elementary
row and column operations transform the matrix displayed above to

I
(‘)6 8), where Q := <_01 (1)>,

which shows that the Pfaffian of the image of X after specialization equals pf X’. Hence
the ideal membership (6.2.1) specializes to

ep(f X') (@12 m10)" € (p, pEX', 2f3F, L a8

with S’ denoting the image of S under the specialization. The indeterminates 1 ,—1 and
Z1, do not occur in the polynomial pf X’, and hence form a regular sequence on

S'/(p, pf X', x’f;k, e sc’l):;’iz)S'.
Using this, we obtain
k k
sop(pr/)(aim-"xlan*?)k € (p, pf X', acf;r e xﬁ’:;_Q, xlf)n_l, xlfn)S’.
Next specialize z1,,—1 — 0 and x1, — 0, so as to obtain
k k
(pp(pr/)(x12 o 'xl,n72)k € (pa pr/a ﬂjﬁ);’_ [ x?;—2)51/7

where S” is the image of S’ under the specialization, equivalently, the polynomial ring
over 7 in the indeterminates occurring in X’. But this violates the inductive hypothe-
sis. O

We next show that Pfaffian hypersurfaces do not admit a lift of Frobenius modulo p?:
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Theorem 6.3. Let X be an n X n alternating matriz of indeterminates over Z, where n
is an even integer with n > 4. Set S := Z[X]| and R := S/(pf X). Fiz a prime integer
p > 0. Then the Frobenius endomorphism on R/pR does not lift to an endomorphism of
R/p*R.

Proof. We proceed by induction on even integers n > 4, along the same lines as in the
proof of Theorem 6.2. The case n = 4 is the hypersurface R defined by

T12T34 — T13%24 + L14223.

While the case of diagonal quadratic forms of rank at least 5, in odd characteristic,
is covered by [31, Theorem 4.15], we give a different argument to avoid characteristic
restrictions. Suppose that the Frobenius endomorphism on R/pR lifts to R/p?R. Then,
by Proposition 2.5, one has

1
p D p D p D p P P D P D
5(%23534 _$13$24+$14$23) € (73127 13, T14) T23) T4, x34)R/pR. (6.3.1)

Using the grading

degzi2 = ey, degz3s = —eq,
degxlg = e€2, degx24 = —e€2,
degxiy = ez, degxaz = —es,

as in the proof of Theorem 6.1, we may work in the subring
(R/pR)(o,o,o) = Z/PZ[$12$34, L1324, £C14$23]/($12$34 — T13T24 +CC14£U23)7
which, in turn, may be identified with the polynomial ring Z /pZ[z1, z2], where
Z1 = T19%x34 and 29 := T13T24.

But then (6.3.1) reads
Lip  p P P p
2_9(21 — 28+ (22— 21) ) S (zl, zQ)R/pR,

which is seen to be false by examining the coefficient of 2% 2.

For the inductive step, let R := S/(pf X) be the hypersurface defined by the Pfaffian
of an n x n alternating matrix X, for an even integer n > 6. Suppose that the Frobenius
endomorphism on R/pR lifts to R/p?>R. Then, by Proposition 2.5,

opf X
8$i]‘

w0 %) & (XY i1<i< <) /0ot X8
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Each partial derivative 0 pf X/0xz;; is, up to sign, the Pfaffian of the (n —2) x (n — 2)
submatrix of X obtained by deleting rows 4, j and columns i, j. Using the notation

al?l .= (aP | a € a)

for ideals a in a ring of prime characteristic p > 0, the preceding ideal membership may
hence be written as

©p(pf X) € Pf,_o(X)Pl S/(p, pf X)S.

Applying the specialization in the proof of Theorem 6.2, X may be replaced by

/
X" = <)(§ 8) , where Q := (01 (1)) ,

implying that
©p(pf X') € Pf,_o(X")P1 8" /(p, pf X")S".

But

opf X'
8:%»

Pf, 5(X") = Pf,_4(X') = (( ):1<i<j<n2),

contradicting the inductive hypothesis. O
7. Determinantal hypersurfaces

Let K be an infinite field. Let Y and Z be n x (n — 1) and (n — 1) x n matrices of
indeterminates respectively, and set T' := K[Y, Z]. The general linear group GL,,_1(K)
acts K-linearly on T where, for M € GL,,_1(K), one has

Y —YM!
M:
Z — MZ.

By [8, §3] or [10, Theorem 4.1], the invariant ring for this action is generated over K by
the entries of the product matrix Y Z. This invariant ring is isomorphic to K[X]/(det X),
where X is an n xn matrix of indeterminates. When K has characteristic zero, the ring of
differential operators on the invariant ring is described explicitly in [18, IV 1.9, Case A].

We complete the proof of Theorem 1.2 (a). In view of Theorem 3.15 and Lemma 4.1,
it suffices to prove:

Theorem 7.1. Let X be an n X n matrix of indeterminates over Z, where n > 3. Fiz a
prime integer p > 0, and let @, be the standard p-derivation on S = Z[X] with respect
to X. Take a to be the ideal (x12,...,T1n,%22,...,T2n) R, where R:= S/(det X). Then
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©p(det X)

€ H"*(R
(T12- - Tin@ag -+ - T2p)P ¢ (B)

is a monzero p-torsion element; moreover, its image in H2"~2(R/pR) is nonzero.
In particular, the local cohomology module H>"~2(R) contains a monzero p-torsion
element for each prime integer p > 0.

Proof. We first show that the proof of the theorem reduces to the case n = 3. Fix p.
Suppose that the image of the displayed element in H2"~2(R/pR) is zero. Then there
exists an integer k£ > 0 such that in the polynomial ring S one has

@p(det X) (12 -+ T1nTa - - Ton)® € (p, det X, :cll);'k, e xﬁ’:k, acg;k, e xé’:k)S
(7.1.1)
For ¢ = 4,...,n, specialize z;; — 1 and z;; — 0 for j # ¢. The image of X after

specialization has the form

X' %
0 1)
where X’ denotes the upper left 3 x 3 submatrix of X, and I is the size n — 3 identity

matrix. Note that det X specializes to det X', and ¢, (det X) to ¢,(det X'). Hence the
ideal membership (7.1.1) specializes to

/ k / +k +k +k +k\ qr
op(det X) (@12 T1n@on - @2,)" € (p, det X', 23", ..., aN7, aby", L, 2h ) S,

with S’ the image of S. Since the indeterminates x14,...,Z1,,Z24,..., T2, do not occur
in the polynomials det X’ and ¢, (det X’), the ideal membership above implies

1 k / p+k p+k p+k pt+k\ o/
op(det X')(z10m13200203)" € (p, det X', 273", 2137, aby", 2b5™)S".

Specializing x;; —— 0 for ¢ > 4 and also for j > 4, we reduce to the case n = 3;
specifically, it suffices to consider

r11 T12 T13
X = | ®21 T22 23

T31 T32 T33

and S = Z[X], in which case (7.1.1) reads
op(det X)(z12m13220003)" € (p, det X, a3 ®, aby, abt" 2hih)s. (7.1.2)
Specialize x3; — 0. Using X" for the image of X, one has

det X" = —(zo1233)z12 + (T21232)713 + (T11233)T22 — (T11232)T23.
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In the hypersurface
R’ :=Z[x11, 212,213, T21, Tz, T3, T32, T33] /(det X)),
set
A= Z_)( —xhyahaaly + abiahyaly + afjabyah, — @ afahs).

Then (7.1.2) implies that

k +k +k +k +k / /
AMT12T13%22223)" € (17{)2 , by, ahyt, ahy )R/pR.

Take the Z°-grading on R’/pR’ defined by

deg 11 = (0, O, 0, 1, 0)
deg 210 = (1, 0, -1, 0, -1)
deg x13 = (1, —1, 0, 0, -1)
deg 291 = (0, O, 0, 0, 1)
deg 290 = (1, 0, -1, -1, 0)
deg w93 = (1, -1, 0, -1, 0)
deg z32 = (0, 1, 0, 0, 0)
deg z33 = (0, O, 1, 0, 0)

and note that A is homogeneous of degree (p,0,0,0,0). Hence
deg \(12713m20w23)" = (p + 4k, —2k, —2k, —2k, —2k).
Fix a homogeneous equation
/\(x12x13$22$23)k = aa:zl);—k + ﬁxp+k + 7xp+k + 5xp+k
with a, 8,7,d in R'/pR’. The element « has degree
3k, =2k, p—k, =2k, p—k).

Let ¢ be a monomial of the above degree. Examining the second and fourth components
of the degree, the exponents on x13 and x23 in p add up to at least 2k, as do the exponents
on T99 and rp3. Bearing in mind the first component, y must be a multiple of x5;. A
similar analysis for 3, v, and d shows that

k k _p+k k _p+k k _ptk p+k\ ’
A(T12213T22003)" € (55235512 y ToaT13 5 T13%o2 ,$12$23 )R/PR

Next, specialize 11 and x33 to 1 and xo; and x32 to —1, in which case one has
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/ k k p+k _k .p+k _k otk _k _p+k
N(z12213200023)" € (235275, w52ty 21328y, aipahy ) B, (7.1.3)

where A’ denote the image of A under the specialization, and B is the image of R'/pR/,
ie.,

B = Z/pZ[xlz,1‘13,.1322,5623]/(3312 + T13 + X922 + l‘gg),

which we identify with the polynomial ring Z /pZ[x13, 22, 223]. With this identification,

1 1
A= ]_)(9311)2 +afy + ahy +ah;) = ]—)((—5513 — Ty — ®23)? + afy + x5y + ab5)

—1
= j:x}173 1'22+...

is a polynomial in Z /pZ[x13, x22, 23] in which each indeterminate occurs with exponents
strictly less than p. The ring B is a free module over its subring

BP = Z/pL[als, a%,, xhs],
with a basis given by monomials in x13, x22, X23, with each exponent less than p. Let
. B— B?
be the BP-linear map that sends x’l’; 13:22 to 1 and other basis elements to 0. Specifically,
m(\) = +1.

Consider (7.1.3) where, without loss of generality, the exponent k is taken to be a power
of p, and apply 7. Then, in the ring BP?, one has

k k ptk _k _ptk _k  ptk _k ptk
(T12013220003)" € (253Y5 , Totly , Ti3Thy 5 TiaThy ), (7.1.4)
where we retain the notation af, = —(z; + 25, + 28,) for the sake of symmetry; note

that BP may be regarded as a polynomial ring in any three of the elements
s, o3, Thy, b5

The ideal membership (7.1.4) implies the existence of elements a, b, ¢, d in BP with

kE _ k .pt+k k .pt+k k .pt+k k .pt+k
(T12213%22%023)" = aTo3¥]s  + bxoexys — + cxi3Toy  + dxiaxhs .

Rearranging terms, one has

ok (213222003)" — aalsal, — dabs™) € (abyaly”, abaly™).
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But ¥, is a nonzerodivisor in the ring Bp/(gc’ggxf;k, x’f3x§;k), so the above implies that

k k .p k ,p+k 2k p+k p+k
(T13722723)" € (T93TYy, TooTy3 , Ti3Thy , Thz )

.. . . . . . k .
Similarly, using that x¥, is a nonzerodivisor modulo in BP/(zk,2%,, 255%), one obtains

k k k ptk _ptk
(z22w23)" € (53275, Tooxl3, Thy , Thy ).

Continuing, %, is a nonzerodivisor in B?/(z5;27,, x23 ) yielding

k k D ptk
T35 € (T532Yy, Tl3, Thy, Thy ),

and finally, with 25, being a nonzerodivisor in B?/(z27,, 25,), one obtains the contradic-
tion
b D b p
1 € (afy, o435, @3, @33). O

Determinantal hypersurfaces, in general, do not admit a lift of Frobenius modulo p?:

Theorem 7.2. Let X be an n X n matrix of indeterminates over Z, where n > 3. Fiz a
prime integer p > 0. Set S := Z[X] and R := S/(det X). Then the Frobenius endomor-
phism on R/pR does not lift to an endomorphism of R/p*R.

Proof. As in the proof of Theorem 7.1, one first reduces to the case n = 3 as follows.
Suppose that the Frobenius endomorphism on R/pR lifts to R/p?R. Then, by Proposi-
tion 2.5,

op(det X) € ((adetx)pq gi,j@) S/(p, det X)S.

33%

Each partial derivative above is, up to sign, the determinant of an (n — 1) x (n — 1)
submatrix of X, so the above may be restated as

op(det X) € I,_1(X)P S/(p, det X)S, (7.2.1)

where I,,_1(X) denotes the ideal generated by the size n — 1 minors of X. Applying the
specialization S — S’ in the proof of Theorem 7.1, one has

X' o«
X — < 0 I) ,
with I denoting the identity matrix of size n — 3. Hence I,,_1(X)S’ = I3(X’), and the
ideal membership (7.2.1) specializes to

op(det X') € L(X)P 8"/(p, det X')S',
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which is essentially the n = 3 case.
Assume n = 3. Specializing z13 and x31 to 0, the resulting matrix

11 r12 0
"
X" =221 x22 T23
0 32 w33

has determinant x11292233 — £11T23T32 — T12T21233, and the ideal membership implies
op(det X") € L(X")lP (7.2.2)

in the ring

Z/pZlx11, T12, T21, T2, T2z, T3z, x33]/(det X).

Using the Z5-grading in the proof of Theorem 7.1, det X” has degree (p, 0,0,0,0), so we
obtain an ideal membership in the subring generated by elements of degree (x,0, 0,0, 0),
namely the ring

Z/I’Z [9311$22$33, L11223T32, $12$21£€33]/(9311$22$33 — T11723%32 — IE12$21$33)
= Z/pLz11223232, T12221733].
Working with the degree of each generator of I5(X"), the statement (7.2.2) gives

1
Z—)(($11$23$32+$12$21$33)p—($11$23$32)p—(x12$219033)p) € (z11723732, =’E12$21$33)[p]

in the ring above, which is readily seen to be false. O
8. Symmetric determinantal hypersurfaces

Let Z be an (n—1) xn matrix of indeterminates over an infinite field K of characteristic
other than two. Set T' := K[Z]. The orthogonal group O,,_1(K) acts K-linearly on T
with

M:Zv+— MZ for M € Op_1(K).

By [8, §5], the invariant ring for this action is the K-algebra generated by the entries of
the product matrix Z*"Z, and is isomorphic to K[X]/(det X) for X an n X n symmetric
matrix of indeterminates; see [24, §5] for the case where K has characteristic two. When
K has characteristic zero, the ring of differential operators on this invariant ring is
described explicitly in [18, TV 1.9 Case B].
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Theorem 8.1. Let X be a symmetric 3 x 3 matriz of indeterminates over Z, and set R
to be the hypersurface Z[X|/(det X). Then, for each odd prime integer p, the map

DR — DR/pR
s surjective.
The map displayed above is not surjective when p = 2, see Theorem 8.5.
Proof. In view of Proposition 3.13, it suffices to show that each odd prime p acts in-
jectively on the local cohomology module HgR(PR). This is unaffected by inverting the
integer 2, so we work instead with the rings Zo = Z[1/2] and

Ry = Zo[X]/(det X).

Let T := Z[u,v,w, x,y, z] be a polynomial ring, and T = T[1/2]. Tt is readily checked
that the symmetric matrix

uy + vx 2uy vz + wy

2ux uy +vr uz+ wx
uz +wr vz +wy 2wz

has determinant 0. By a dimension argument, it follows that Ry is isomorphic to the
subring

Zg[ux, VY, Wz, wY +vr, uZ + wr, vz + wy]
of Ty and, indeed, we identify R with this subring.
We claim that R, is a direct summand of T3 as an Rp-module. To see this, first
consider the Z-grading on T where the indeterminates u, v, w have degree 1, and x,y, 2
have degree —1. It follows that the degree 0 component of 75, i.e., the ring

B = Zsluz, uy, uz, vz, vy, vz, wr, wy, wzl,

is a direct summand of T3 as a B-module. Next, let G := (o) be a group of order 2 acting
on Ty, where o is the involution with

u+— x, vy, w— Z.
The action of G on T5 restricts to an action on the subring B, and
R, C B€.

We claim that equality holds in the above display. The equation
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(uy)® — (wy)(uy + vx) + (uz)(vy) = 0

shows that uy is integral over Ry; similarly one sees that B is integral over Ro. Moreover,
it is readily checked that at the level of fraction fields one has

frac(Rg2)(uy) = frac(B),
so that [frac(B) : frac(Rz)] < 2. Hence
frac(Rs) = frac (BY).

Each element of B is integral over Ry, and belongs to the fraction field of Ry; but Ry
is normal, so we conclude that Ry = BE.

Since 2 is a unit in R2, the Reynolds operator B — Rs shows that R, is a direct
summand of B as an Ry-module. It follows that Rs is a direct summand of 75 as an
Ry-module. At this stage, one may invoke [14, Theorem 6.3] to conclude that the map
Dr — Dgypr is surjective for almost all integer primes p; we shall, however, go
further and prove that the map is surjective for each odd prime integer p. Fix such a
prime p; it suffices to prove that p acts injectively on the local cohomology module

HS (Ry ®z, Rs),

where A is the diagonal ideal in Ry ®z, R2. Since Ry is a direct summand of T5 as an
Ro-module, it follows that Ry ®7, R is a direct summand of Ty ®7, T as an Ry ®gz, Ro-
module. It suffices to show that p acts injectively on H§ (C), where C := Ty ®gz, 1> is
identified with

Zolu,v,w,z,y, 2, v/, 0w 2’y 2]
and A is the ideal of C generated by the elements
ur —u'z’, vy -y, wz—w7,
uy +vr —u'y —v'z, uztwr—uZ —wsr, vztwy—vZ —w'y.
Consider the ideals of C as below:
A A A IR B A (AR

Since p and q are generated by minors of matrices of indeterminates, each is prime;
moreover, p and ¢ each contain A. It is a straightforward—albeit slightly tedious—
verification that p2q C A. It then follows that

pNg = rad A.
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Since Hg(C’) =0= Hé“ (C) for integers k other than 5 and 9, the Mayer-Vietoris sequence

— HJ(C)® H{(C) — HX(C) — H]

1iq(C) — HI(C)® HI(C) —

gives an isomorphism H$ (C) = H, g +q(C). Tt now suffices to check that p acts injectively
on HY

p+q(C). We claim that the ideal (p 4 q)C/pC has height 7. To see this, note that
there is an isomorphism

C/(F"“] +pC) — Z/pz[thﬂ # Z/pZ[yhyQ] # Z/pZ[ZIaZ%ZB 5

with # denoting the Segre product of graded rings, given by

U —> T1Y121, V> T1Y122, w > T1Y123,
u' — 21071, v — 21Y2 29, w' — T1Y223,
T — T2Y221, Y —— T2Y222, 2 — T2Y223,

z' — zay1 21, Y — Tay1 22, 2 — oy 23.

It follows that HS

p+q(C/pC) = 0, which gives the desired injectivity using the exactness
of

(©) —— H]

viq(C) —— H]

—— H{, (C/pC) —— H] et

p+q (C/pC). O

Remark 8.2. Over a field K of odd characteristic, the orthogonal group Oz (K) is linearly
reductive: to see this, first enlarge K so that it contains i := v/—1. The special orthogonal
group SO2(K) is then isomorphic to a torus K*, as seen by conjugating elements of

SOy (K) = {(_ab Z) ‘a2—|—62:1, a,beK}

by the matrix (1 i), so as to obtain

{(aalb afib> ‘a2+b2:1, a,beK} :{(3 t91> ‘teKX}.

Since SO2(K) is a normal subgroup of Oz (K) with index 2, the claim follows by [23, §3].

If Z is 2 x n matrix of indeterminates over a field K of odd characteristic, the fact
that Oy (K) is linearly reductive may be used to conclude that K[Z"Z] is a direct sum-
mand of the polynomial ring K[Z] as a K[Z" Z]-module. However, given the arithmetic
nature of the paper, it is more advantageous to construct an explicit splitting over Zs[i],
as we carry out in the remark below, and more generally in the proof of Theorem 9.1 (c).
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Remark 8.3. Let R be the hypersurface Z[X]/(det X), where X is a symmetric 3 x 3
matrix of indeterminates. Then R may be identified with Z[Z"Z], for Z a 2 x 3 matrix
of indeterminates. Set T := Z[Z]. Using arguments from the proof of Theorem 8.1, we
show that Ry = R[1/2] is a direct summand of T, = T'[1/2] as an Rg-module.

Take i = /=1 in C. It suffices to prove that Rs[i] is a direct summand of Ty[i] as
an Ry[i]-module: indeed, if o: Th[i] — Ral[i] is a splitting of Ra[i] — T5[i], then

1
§(Q+@) T2 — R27

with g denoting the complex conjugate, is a splitting of Ry — T5. In the ring T5[i], set

u = 211 + 1221, T = z11 — 1221,
v = 212 + 1222, Yy = 212 — 1222,
w = 213 + 1223, Z = 213 — 1223,

so that T5[i] = Zsli][u, v, w, z,y, z]. But Ra]i] is the Zs[i]-algebra generated by the entries
of

2 2
. z11 + %51 211332 + 2’%1222 211213 + 221223
r
277 = | z1z12 + 221222 Zig T 255 2122'%3 + 232223
211213 + 221223 212213 + 222223 213 + 253

> uy + vx 2vy vz + wy

uz +wr vz +wy 2wz

1( 2ux uy + v uz—i—wx)

The proof of Theorem 8.1 shows that Rs[i] is a direct summand of Th[i] as an Rs[il-
module.

To study the case of symmetric matrices in characteristic 2, we record the following
variant of Lemma 4.1:

Lemma 8.4. Let S := Z[x] be a polynomial ring in the indeterminates x := g, ..., xq.
Fiz a prime integer p > 0, and let f(x) € S be a polynomial of the form

f(x) = g(@) + ph(x),

where g(x) € (xo,...,2m)S for some fixed integer m < d, and h(x) € S is a poly-
nomial in the indeterminates Tmy1,...,xq. Set R := S/(f(x)), and let ¢, denote the
p-derivation of Ps as in Theorem 3.15. Then, if the local cohomology element

(xo...xm)p (05 -y Tm)

[ ¢p(9(@)) ] c gmH (R/pR)
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is nonzero, so is the element

lwp(f(y) — f(=z))

Hd+1 P P
H?:o(yi—a:i)p ] € Hy (Pr/pPr)

Proof. Suppose the displayed element of HZ*};l(PR /pPr) is zero. Then there exists an
integer k > 0 such that

A ()~ f(@) — (Fw) = f(@)"
p

Yo — 20)" - (ya — xa)"
e (p, f(), f(@), (yo—20)"™*, ..., (ya —za)"™*)Ps.

Specialize x; — 0 for 0 < ¢ < m, in which case f(x) specializes to ph(x), so

Ap(f(y) — ph(z)) — (f(y) — ph(z))"

Yo yfa (Yms1 — l‘m+1)k T (yd - l‘d)k

p
€ (p7 f(y)7 yg+k7 Ty ygz+k7 (ym-i-l - xm+1)p+k7 L) (yd - xd)p+k)'
Since Ym+1 — Tmt1, -+, Yd — Tq are algebraically independent over
Zlyl/(p, fy), ubt", oy,
it follows that
Ay (f(y) —ph(x) = (f(y) —ph(®)” .
yo “e. ym
p
€ ( ; f(y)7 y(z))+k7 teey ygj’a (y’m+1 - xm+1)p7 [ER) (yd - xd)p)-

Next, specialize z; — y; for m + 1 < i < d. Then ph(x) specializes to ph(y), giving

Ay (9(y) = (9(w)”
p

k
yoyk e (p, fly), w5, L yETN)Z]Y),

where A,, is the standard lift of Frobenius on Z[y] with respect to y. Renaming y; — x;

for each 14, it follows that l(%’(gi)%p] € H(”;:l " )(R/pR) is zero. O
xo DR xm LIRRAS) m

Theorem 8.5. Let X be a symmetric 3 X 3 matriz of indeterminates over Z, and set R
to be the hypersurface Z[X]/(det X). Then the Frobenius trace on R/2R does not lift to
a differential operator on R/AR.



J. Jeffries, A.K. Singh / Advances in Mathematics 432 (2023) 109276 47

Proof. Set S := Z[X]. Modulo the ideal (2,211, x99, 233), the image of X is a 3 x 3
alternating matrix, and hence has determinant zero; it follows that

det X € (2, T11, 22, CE33)S.
Indeed, det X = g(x) + 2h(x), where
g(CC) = T11X22X33 — .1311.1‘%3 — .%‘22&3%3 — 33‘33]}%2 and h(sc) 1= XT12X13723.

In light of Lemma 8.4, it suffices to check that

[ P2 (9(33))

€ H R/2R
($11x22x33)2] (11171227133)( / )

is nonzero. We shall go a step further and prove that while det X = g(x) mod 2,

l@z(detX)] _ 04 [ p2(g(x)) ]

(211722733)2 (z11722733)?
It is a straightforward calculation that modulo the ideal (2%, 73,, ¥33)R/2R, one has
po(det X) = 211233200075 + 271,275255  and  @o(g(m)) = 211235220275
In the ring R/2R, we set
a:= x11x§3, b:= :rggazfg, c:= $33$%27 d = X11T22T33, €:= T12T13%23.
Note that a + b+ ¢ = d and abc = de? in R/2R. Working modulo (z3,, z3,, 33)R/2R,
gpg(det X) T110033 = (ab+e*)d = ab(d+c) = abla+b) = a®+b* + (a +b)>.

Since a € (x11)R/2R, and b € (222)R/2R, and a + b = ¢+ d € (x33)R/2R, it follows
that o (det X)z11290w33 € (23, 23, x35)R/2R. This proves the first assertion.

Next, suppose [M} = 0. Then there exists an integer k > 0 such that

(z11722233)2

xux%gwmx% ($111’221’33)k S (x?fk, x%?k, acggk)R/QR. (8.5.1)

Consider the Z2-grading on R/2R defined by

deg:cn = (2,0), degl’23 = (—1,0),
degway = (07 2)7 degriz = (Oa _1)7
degxss = (—2,-2), degzia = (1,1).
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The element on the left in (8.5.1) has degree (0,0), so we work in the subring [R/2R] ;)
which is the Z/2Z-algebra generated by

T11T5s,  ToaTly,  W33dTy,  T11Toalyy,  L12013T23.
Using ¢ = d — a — b, this subring may be identified with
B :=17/2Z[a,b,d,e]/(ab(d — a — b) — de?).
In the hypersurface B, (8.5.1) implies that
abd® € (a,d)*™" 4 (b,d)*TF 4 (¢,d)*™" C (a2, b?, d"T1).
But the image of abd”® is nonzero in
B/(a®,b?,d" " ab — e?) = Z/2Z]a,b,d,e]/(a®, b, d*1, ab—€?),
which is a contradiction. O

Lastly, we examine the existence of Frobenius lifts for hypersurfaces defined by deter-
minants of symmetric matrices of indeterminates:

Theorem 8.6. Let X be an n X n symmetric matriz of indeterminates over Z. Set S :=
Z1X] and R := S/(det X).

(a) If n =3 and p is an odd prime integer, then the Frobenius endomorphism on R/pR
lifts to an endomorphism of R/p*R.

(b) If n > 3, then the Frobenius endomorphism on R/2R does not lift to an endomor-
phism of R/4R.

(¢) Forn >4, and p an odd prime integer, the Frobenius endomorphism on R/pR does
not lift to an endomorphism of R/p*R.

Proof. (a) In the case n = 3, the ring R[1/2] is a direct summand, as an R[1/2]-module,
of a polynomial ring over Z[1/2], see Remark 8.3. But then, for p odd, the ring R/p*R is
a direct summand, as an R/p?R-module, of a polynomial ring over Z/p?Z. The existence
of a Frobenius lift now follows using [31, Lemma 4.1].

In the remaining cases, in view of Proposition 2.5, we need to verify that

Odet X
8:%

op(det X) ¢ (p, det X, ( )p 1 <z’<j<n)5. (8.6.1)

A partial derivative of the form 9 det X/0x;; is the determinant of a size n — 1 principal
submatrix of X, whereas, for ¢ < j, the partial derivative ddet X/0x;; is, aside from a
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sign, twice the determinant of a size n — 1 submatrix. This necessitates the distinction
between the cases where p equals 2, and where p is an odd prime.
For (b), suppose (8.6.1) fails for some n > 3. In view of the above paragraph, one has

X
po(det X) € (2, det X, (5;12?_ )p;1<¢<n)5. (8.6.2)

Specialize the symmetric matrix X as
X 0 0 w12 =13
X — < 0 I) s where X/ = | T12 0 x23 |,
z13 w23 O

and I is the size n — 3 identity matrix. Then det X specializes to det X’ = 2x15713723,
so pa(det X) specializes to

1
po(det X') = 5 (21‘%23:%33:33 — (2x12x13x23)2) = —a3,13375,.
With S’ denoting the image of S, the ideal membership (8.6.2) implies that
whyatsags € (2 o1, 37%3)[2] s'j28",

which is a contradiction.
For (c), suppose (8.6.1) fails for some n > 4, and p odd. Then

op(det X) € I,_1(X)P S/(p, det X)S, (8.6.3)
where I,,_1(X) denotes the ideal generated by the size n — 1 minors of X. Specialize
0 x12 @13 1

/
X r— Y ) where X' := | ¥12 0 @23 w24 7
0! T3 w23 0 T34

Ti4 Tog w34 O

and [ is the size n — 4 identity matrix. Then I,,_1(X)S’ = I5(X’), with S’ denoting the
image of S, and (8.6.3) specializes to

op(det X') € I3(X)P 8"/ (p, det X')S". (8.6.4)
Consider the Z*-grading on S’/(p, det X’)S’ defined by

degxlg = 61+64, degx34 = €4 — €71,
degzi3 = €2+ ey, degway = eq4 — e,

degxa3 = e3+ ey, degris = e4 —e3,
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under which det X’ has degree (0,0,0,4), and ¢,(det X’) has degree (0,0, 0,4p). Let A,;;
denote the determinant of the submatrix of X’ obtained by deleting the i-th row and
j-th column. Then

deg Aij = 4dey — deg Tij for i < 7

whereas

degA11 = (71,71,1,3), degAgg = (1,71,71,3)
degAQQ = (—].,1,—].,3)7 degA44 = (1,1,1,3).

Hence a homogeneous equation for (8.6.4) forces
pp(det X') € (af;AY 11 <i<j<4)S/(p, det X')S".
It is readily checked that
r12812 = 34A34, 713013 = T2404, T14A14 = 23003,
SO
pp(det X') € (a,AF,, 23 AT)S /(p, det X')S'. (8.6.5)

Since the elements in question have degree of the form (0,0, 0, *), this ideal membership
holds in the subring [S'/(p, det X")S"] g o ¢ .y, which may be identified with

B :=Z/pZla,b,c]/(a® + b* + ¢* — 2ab — 2ac — 2bc),

where a := 21234, b 1= 13224, and ¢ := x14x03. In this ring, (8.6.5) implies that

1
—(a® + b + * — 2aPVP — 2aPcP — 26PcP) € (a® — ab — ac, b® — ab — be) Pip.
p

Enlarge the ring B by adjoining v := /a and v := Vb, in which case the defining
equation of B factors as

(c— (u+v)*)(c— (u—)?)
We work modulo the first factor ¢ — (u + v)?, i.e., in the polynomial ring
Z[pZlu,v],

where c is identified with (u + v)2. The ideal membership then implies that
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1 4p 4p 4p 2p,.2p 2p 2p 2p 2p
—(u*P 4+ 0" 4+ (u+ 0)*P = 2uPv — 2uP(u + V)P — 207 (u + v)
p

is a linear combination of (u?v? + u3v)?P and (u?v? + uv?®)P with coefficients from Z /pZ.
This is not possible, for example by examining the coefficient of u3P~1vP*!; the interested
reader—if one remains—may verify that this coefficient is 8. O

9. Pfaffian, determinantal, and symmetric determinantal rings

We extend some earlier results to rings defined by minors and Pfaffians of arbitrary
size; the following theorem subsumes Theorem 1.4 and Corollary 1.5.

Theorem 9.1. Let V denote either the ring of integers, or the ring of p-adic integers Z/(\p),

(a) Let R :=V[X]/Pf(X), where X is an n x n alternating matriz of indeterminates,
and Pfy(X) the ideal generated by the Pfaffians of the size t principal submatrices
of X, where t is even, andn >t > 2. Then R is a direct summand of a polynomial
ring over V, as an R-module, if and only t = 2.

(b) Let R := V[X]/I,(X), where X is an m X n matriz of indeterminates, and I;(X)
the ideal generated by the size t minors of X, where min{m,n} >t > 2. Then R is
a direct summand of a polynomial ring over V, as an R-module, if and only t = 2.

(c) Let R := V[X]/I:(X), where X is a symmetric n X n matriz of indeterminates,
and I;(X) the ideal generated by the size t minors of X, where n >t > 2. Then R
is a direct summand of a polynomial ring over V, as an R-module, if and only t = 2
or if t = 3 and the prime p is odd in the case V = Z/(\p),

In each of the case above where R is not a direct summand of a polynomial ring, the
Frobenius endomorphism on R/pR does not lift to an endomorphism of R/p?R.

Proof. In each case, when proving that R is not a direct summand of any polynomial ring
over V', or that the Frobenius endomorphism on R/pR does not lift to an endomorphism
of R/p?R, it suffices to consider the case where V = Z/(\p). Next, reduce to the case where
X is a t X t matrix, since such a matrix may be enlarged by adding additional rows or
columns of indeterminates, with a retraction from the larger determinantal ring to the
hypersurface obtained by killing the additional indeterminates. Thus, we may assume in
each case that R is a hypersurface over V. The three cases then follow from Theorem 6.3,
Theorem 7.2, and Theorem 8.6 respectively.

It remains to settle the cases where R is a direct summand of a polynomial ring over
V. When t = 2 in (a), one simply has R = V. In case (b), when ¢t = 2, consider the
polynomial ring T := V[y1, ..., Ym, 21, - - ., 2 ). It is readily seen that x;; — y;2; induces
an inclusion of V-algebras. The ring T admits a Z-grading where V has degree 0, each
y; has degree 1, and each z; has degree —1. The projection to the degree 0 component
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To = Vlyizj:1<i<m, 1<j<n] = R

gives the R-linear splitting.
In case (c), when ¢ = 2, the ring R may be identified with the Veronese subring

Viyiy; : 1 <i < j<nj
which is a direct summand of the polynomial ring V{yi,...,y,]. Lastly, when ¢t = 3,
the ring Zo[X]/I3(X) may be identified with Zs[Z' Z], where Z is a 2 x n matrix of
indeterminates and Zs = Z[1/2]; we show that

ZQ[ZtrZ] — ZQ[Z]
is Zo[Z" Z)-split. As in Remark 8.3, one may adjoin i = /—1 and perform a change of

variables, which reduces the problem to proving that the Zs-algebra generated by the
entries of the product matrix

21 2y1 21 Y1z2 + Y221 .. Y1Zn Y21
Z2 Y2 vioye - oyn) | V12 + Y221 2y2 29 coo Y2Zn T Yn22
Zn Yn Y1zn + Ynz1  Y22n + YnZ2 ... Qynzn
is a direct summand of the polynomial ring T := Zs[y1,...,Yn, 21,-- ., 2n). For this, as

in the proof of Theorem 8.1, note that the ring
B :=Zslyizj : 1 < 1,5 < nj
is a direct summand of T, as a B-module, and that the involution
Yi — 2

on 75 restricts to an action on the subring B, with the invariant ring being the Z,-algebra
generated by the entries of the product matrix. O
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