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1. INTRODUCTION

The aim of this paper is to settle a question about the tight closure of
the ideal (x2, y2,z2) in the ring R = K[X,Y, Z]/(X® + Y? + Z®) where
K is a field of prime characteristic p # 3. (Lower case letters denote the
images of the corresponding variables.) M. McDermott has studied the
tight closure of various irreducible ideals in R and has established that
xyz € (x2,y2, z2)* when p < 200, see [Mc]. The general case however
existed as a classic example of the difficulty involved in tight closure
computations, see also [Hu, Example 1.2]. We show that xyz € (x2, y?, z%)*
in arbitrary prime characteristic p, and furthermore establish that xyz €
(x?, y?, z%)F whenever R is not F-pure, i.e., when p = 2mod 3. We move
on to generalize these results to the diagonal hypersurfaces R =
KX, ..., X,1/(X]' + - +X).

These issues relate to the question whether the tight closure I* of an
ideal I agrees with its plus closure, I*=IR"N R, where R is a domain
over a field of characteristic p and R™ is the integral closure of R in an
algebraic closure of its fraction field. In this setting, we may think of the
Frobenius closure of I as I” = IR N R where R” is the extension of R
obtained by adjoining p“th roots of all nonzero elements of R for e € N.
It is not difficult to see that I*c I*, and equality in general is a form-
idable open question. It should be mentioned that in the case when I is an
ideal generated by part of a system of parameters, the equality is a result
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of K. Smith, see [Sm]. In the above ring R = K[X,Y, Z]/(X® + Y3 + Z?)
where K is a field of characteristic p = 2mod3, if one could show that
I* = I' for an ideal I, a consequence of this would be I¥ c It I* = I7,
by which I*= I*. McDermott does show that I* = I* for large families of
irreducible ideals and our result xyz € (x?, y?, z2)¥, we believe, fills in an
interesting remaining case.

2. DEFINITIONS

Our main reference for the theory of tight closure is [HH]. We next
recall some basic definitions.

Let R be a Noetherian ring of characteristic p > 0. We shall always use
the letter e to denote a variable nonnegative integer, and g to denote the
eth power of p, ie., g =p° We shall denote by F, the Frobenius
endomorphism of R, and by F¢, its eth iteration, i.e., F°(r) = r?. For an
ideal I = (x;,...,x,) CR,welet I¥ = (x4,..., x%). Note that F*(I)R =
1], where g = p¢, as always.

We shall denote by R° the complement of the union of the minimal
primes of R.

DeriNnITION 2.1. A ring R is said to be F-pure if the Frobenius
homomorphism F: M - M ® , F(R) is injective for all R-modules M.

For an element x of R and an ideal 1, we say that x € I, the Frobenius
closure of I, if there exists ¢ = p¢ such that x? € I'?), A normal domain R
is F-pure if and only if for all ideals I of R, we have I” = I.

We say that x € I*, the tight closure of I, if there exists ¢ € R° such
that cx? € Il for all ¢ = p¢ > 0.

It is easily verified that I c I” c I*. Furthermore, I* is always con-
tained in the integral closure of I and is frequently much smaller.

3. PRELIMINARY COMPUTATIONS

We record some determinant computations we shall find useful. Note
that for integers n and m where m > 1, we shall use the notation

m (m)(m — 1) - (1) .
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LEMMA 3.1.

P T A Y I Y

n n n
det|\a + k-1 a+k a+2k-1

o)

R

a (a+k)(a+k+1)___(a+2k)'

a+k a+k a+k

Proof. This is evaluated in [Mu, p. 682] as well as [Ro]. 1

LEMMA 3.2. Let F(n, a, k) denote the determinant of the matrix

Y i)
a a+1 a+k
n+?2 (n+2) n+2
M(n,a k)= a+1 a+?2 at+k+1
n+ 2k n+ 2k (n+2k
a+k a+k+1 a+ 2k
Then for k > 1 we have
F(n,a,k) k  s(s+2a—n)
F ~ =(n)1—[1—[ - '
(n+2,a+2k-1) a1 (a+r)y(n—a+r)
Hence
(n)(n+2)m(n+2k)
al\a+2 a+ 2k
F =
(n.a.k) a+k\fa+k+1) [(a+2k-1
k k-1 1
2a —n+k\[2a—n+k+1\ (2a—n+2k-1
k k-1 1

R GEEEEE
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Proof. We shall perform row operations on M(n, a, k) in order to get
zero entries in the first columns from the second row onwards, starting

with the last row and moving up. More precisely, from the (r + 1)st row,
subtract the rth row multiplied by (*.2) /(" * 27 - 2) starting with r = k,

and continuing until » = 2. The (»r + 1, s + 1)st entry of the new matrix,
forr>1,1is

(n+2r)
(n+2r)_a—+r(n+2r—2)
atrts (n+2r—2) a+r—1+s

a+r—1

s(s a—n) " ;
B (a+r;_(r21—a+r)(a ++”%'S)'

We have only one nonzero entry in the first column, namely (?) and so we

examine the matrix obtained by deleting the first row and column. Factor-
ing out s(s + 2a — n) from each columnfor s = 1,...,kand 1/(a + r)(n
—a + r) from each row for r = 1,..., k, we see that

kK s(s+2a—n)
1 (a+ry(n—a+r)

k
det M(n,a, k) = (Z) 11
s=1
XdetM(n +2,a +2,k—1).
The required result immediately follows. ||
LemMmA 3.3. Consider the polynpmial ring T = K[ Ay, ..., A, ] where I, ;
denotes the ideal I, ; = (A}, ..., AT for r < m. Then
(A - Ar—l)a(Al + - +Ar—1)B €L g iyt (A + - +Ar—1)a+yT
for positive integers «, B, and vy implies

(A - A)(Ay + - +Ar)ﬁ+7_1 €I oyt (A + +A,)a+yT.

Proof. Consider the binomial expansion of (A, - A4,)“(A;
+ -+ +4,)P""" 1 into terms of the form (A, -+ A4,_)*(A4,
+ o +A, )PTYIIA42Y . Such an element is clearly in I, ., whenever
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j = v, and so assume y > j. Now

(Al Ar—l)aA(rﬁj(Al + - +Ar—1)3+rlﬁ

S Ir,a+y +A;1+]'(A1 + .- +Ar_l)a+2y_1_jT
gI}',oz-%—‘y + (Al + - +Ar—11Ar)2a+2y_lT
glr,a+y + (Al + .. +A,)a+yT.

4. TIGHT CLOSURE

We now prove the main theorem.

THEOREM 4.1. Let R=K[X,,..., X, 1/(X] + - +X}) where n > 3
and K is a field of prime characteristic p where p + n. Then

(x, x,) e (xp =)

Note that there are infinitely many e € N such that p¢ = ¢ = 1 mod n.
By [HH, Lemma 8.16], it suffices to work with powers of p of this form,
and show that for all such g we have

(xp o x,) "0 e (e, (D),
Letting g = nk + 1, it suffices to show

(x, xn)<n*2)nk € (D L Xk

Let A, =x},..., A, =x) and note that 4, + --- +A4, = 0. In this nota-
tion, we aim to show

(A, An)<n*2)k e (A(lnfl)k,___,A(nnfl)k).

Our task is then effectively reduced to working in the polynomial ring
K[A,,...,A,_1=K[A,,...,A,1/(A; + - +A4,) where we need to
show (A, -+ A, (A; + - +A4, N e 2l |,y + (A + -+
A, )" Dk By repeated use of Lemma 3.3, it suffices to show

(A;4,)" (4, + 4,)" € (A(lnfl)k, AR (A, +A2)(n71)k)-

We have now reduced our problem to a statement about a polynomial ring
in two variables. The required result follows from the next lemma.
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LEMMA 4.2.  Let K[ A, B] be a polynomial ring over a field K of character-
istic p >0 and e be a positive integer such that q = p° = 1modn. If
q = nk + 1, we have

(A, B)(Zn—S)k cl= (A(nfl)k’ B(nfl)k’(A + B)(n—l)k).

In particular, (AB)"~2*(A + B)* € L.

Proof. Note that I contains the following elements: (A + B)"~ Yk x
AkB("_s)k, (A + B)(n—l)kAk—lB(n—3)k+1, o ,(A + B)(n—l)kB(n—Z)k. We
take the binomial expansions of these elements and consider them modulo
the ideal (A"~ Y% B*=Dk) This shows that the following elements are in
I:

(n -1k

(n = Dk) 4o-vego-2c o ... 4
2k

k

) A(n —Z)kB(n -1k

(n—1)k A=Dkg=2k 4 ... 4 (n—1)k A= 2kgn—Dk
k—1 2k — 1
((” - 1)k)A(n—l)kB(n—2)k o 4 (n— 1)k)A(n—2)kB(n—1)k_
0 k

The coefficients of A"~ VkR1=2k  g(n=Dk=1pn-2)k+1
form the matrix

A(n - 2)kB(n -1k

((n —kl)k) ((nk:_ll)k) ((n gkl)k)
((1—_11)1() ((n —kl)k) ((Zk—_l)lk)
((n—ol)k) ((n—ll)k) ((n—kl)k)

To show that all monomials of degree (2rn — 3)k in A and B are in I, it
suffices to show that this matrix is invertible. Since g = nk + 1 we have

((r=Dk+r) = (=1)*(?* ") for 0 < r < k, and so by Lemma 3.1, the deter-
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minant of this matrix is

((n—kl)k)((n—lk)k+1

£
() (%)
:(_1)k<k+l)(2kk)(2kk_1)"’(@ .,

) - (%)

With this we complete the proof that (x, -+ x,)" 2 € (x}~ %, ..., x" " DH*,

5. FROBENIUS CLOSURE

Let R =K[X,,..., X, ]/(X] + --- +X) as before, where the charac-
teristic of K is p 1 n.

LEMmmMA 5.1, Let R =K[X;,..., X, 1/(X] + -+ +X) where K is a field
of characteristic p. Then R is F-pure if and only if p = 1 mod n.

Proof. This is Proposition 5.21(c) of [HR]. 1
The main result of this section is the following theorem.

THEOREM 5.2. Let R =K[X,,..., X, 1/(X] + - +X) where K is a
field of characteristic p. Then

(x, - x,)" % e (xf‘l,...,x"‘l)F

if and only if p # 1 mod n.

One implication follows from Lemma 5.1, and so we need to consider
the case p # 1 mod n.

The case n = 3 seems to be the most difficult, and we handle that first.
Let R=K[X,Y,Z]/(X®+ Y3+ Z3) where p=2mod3. We need to
show that xyz € (x?, y?, z9)F.

Let A =y3 B=2z% and so 4 + B= —x> We first show that when
p =2 we have xyz € (x% y? z»)F by establishing that (xyz)® €
(x?, y?, z2)1. Note that is suffices to show that (xyz)® € (x%®, y*5, z%%), or
in other words that (AB(A + B))? € (A° B® (A + B)®), but this is easily
seen to be true.



586 ANURAG K. SINGH
We may now assume p = 6m + 5 where m > 0. We shall show that in
this case (xyz)? € (x?, y?, z?)I*] i.e., that

12m+10 12m+10

(.XyZ)Gm+5 Ly z

E(X 12m+10).

Note that to establish this, it suffices to show

12m+9

)6m+3€ (x12m+9 Lz

12m+9)’

(xyz VY

i.e., that (AB(A + B))*"*t € (A*"*3, B4 *3 (A + B)*"*3),

LEMMA 5.3. Let K[ A, B] be a polynomial ring over a field K of character-
isticp = 6m + 5 where m > 0. Then we have

(AB(A + B))™" " h el = (A3 B+ (A4 +B)""?).

Proof. To show that (AB(A + B))*"*! I, we shall show that the
following terms grouped together symmetrically from its binomial expan-
sion,

fi=(AB)"" " (A + B),f; = (AB)™"(A* + B%), ...,
f2m+1 = (1‘1B)zm+1(1‘12m+1 + B2m+1)’
are all in the ideal I. Note that I contains the elements (AB)"(A +
B)*"*3 (AB)"~Y (A4 + B)*"*5,...,(ABXA + B)®"*1 (A4 + B)’"*3 We

consider the binomial expansions of these elements modulo (A4%*"*3,
B*"*3), and get the following elements in I:

|

6m
3m

6m

+3
+3)f3+

4m + 3 4m + 3 4m + 3
(2m+2)f1+(2m+3)f3+ +(3m+2)f2m+1’
4m + 5 4m + 5 4dm + 5
(2m+3)f1+(2m+4)f3+ +(3m+3)f2”’+1'

+ 3
+ 2)f2m+1'
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The coefficients of f, f5,..., fo,,+1 arising from these terms form the
matrix

dm + 3 dm + 3 dm + 3
2m + 2 2m + 3 3m + 2
4m + 5 4m + 5 4m + 5
2m + 3 2m + 4 3m + 3
6m + 3 6m + 3 6m + 3
3m + 2 3m + 3 dm + 2

We need to show that this matrix is invertible, but in the notation of
Lemma 3.2, its determinant is F(4m + 3,2m + 2, m) and is easily seen to
be nonzero. |

The above lemma completes the case n = 3. We may now assume n > 4
and p=nk+d6for2<dé<n—-11fk=0,ie,2<p<n—1, we have

(g 1) = (3 )P )
€ (x{" PP, xhP).

In the remaining case, we have n > 4 and k > 1. To prove that (x, -
x,)re (et xrHE we shall show

(x, xn)(n*Z)p c (x(ln—l)p,__.lx}(f—l)P)_

This would follow if we could show

(x; xn)(”*ZMk € (x{rmvmken | x(re k),
As before, let A, = x{,..., A, = x). It suffices to show that

(A, An)(n*2>k e (A(lnfl)kJrl,_”’A(nnfl)kJrl)_
By Lemma 3.3, this reduces to showing
(A,4,)" P4, +4,) e

= (Agnfl)kJrl,A(znfl)kJrll(Al +A2)(n—1)k+1).

The only remaining ingredient is the following lemma.

LEMMA 5.4.  Let K[ A, B] be a polynomial ring over a field K of character-
isticp > 0 where p = nk + 8 and wheren > 4, k> 1,and 2 < 6 <n — 1.
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Then
(A,B)(Zn_a)k cl= (A(n—l)k+llB(n—1)k+1’(A +B)(n—1)k+1)_

In particular, (AB)"~?*(A + B)* € L

Proof. Note that I contains the elements (A4 + B)"~ Dkt 14kgn=3k=1
(A + B)n-D+igk=1gn=3k (A4 + B)"~ Dk+1pi=2k=1 \We take the
binomial expansions of these elements and consider them modulo the
ideal (A"~ Dk+1 Br=Dk+1) This shows that the following elements are in
I:

(n—1k+1 A(n-DEB(-Dk 4 ... 4 (n—Dk+1 A=k gn=k
k+1 2k + 1
((” -Dk+1 A-Dkg=2k 4 ... 4 (n—Dk+1 A= kpn=Dk
k 2k
((” -Dk+1 An-DEB(=2k 4 .. 4 (n—1k+1 A=k g(n=Dk
1 k+1

The coefficients of A~ VkBU=2k = g(n=Dk=1pn=2k+1 = g(n=2)kpn=1k
form the matrix

(W—1M+1) “n—nk+l “n—nk+1
k+1 k + 2 2k +1
(w-1w+1) “n—nk+1 “n—nk+1
k k+1 2k
“n—?k+1) “n—2k+1 “n;?ﬁ+l

To show that all monomials of degree (2rn — 3)k in A and B are in I, it
suffices to show that this matrix is invertible. The determinant of this
matrix is

“n—ﬂk+l (n—1)k+2
k+1 k+1
(k-+1)(k-+2)_“(2k-+1)
k+1/\k+1 k+1
which is easily seen to be nonzero since the characteristic of the field is
p=nk+35where2<é<n-1 1

L (nk+1
k+1
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Remark 5.5. 1t is worth noting that xyz € (x2, y2, z2)* in the ring
R=K[X,Y,Z]/(X®+ Y®+ Z®% is, in a certain sense, unexplained. Un-
der mild hypotheses on a ring, tight closure has a ‘‘colon-capturing”
property: for x,,...,x, part of a system of parameters for an excellent
local (or graded) equidimensional ring A, we have (xg,...,x,_1)4X, C

(xq,...,x,_y)* and various instances of elements being in the tight closure
of ideals are easily seen to arise from this colon-capturing property.

Toillustrate our point, we recall from [Ho, Example 5.7] how z? € (x, y)*
in the ring R above is seen to arise from colon-capturing. Consider the
Segre product T = R#S where S = K[U, V']. Then the elements xv — yu,
xu and yv form a system of parameters for the ring 7. This ring is not
Cohen—Macaulay as seen from the relation on the parameters

(zu)(20) (0 = yu) = (20)*(xe) = (zu)*(y0).

The colon-capturing property of tight closure shows

(zu)(zv) € (xu,yv):p(xv —yu) C (xu, yv)*.

There is a retraction R ® S — R under which U — 1 and V'~ 1. This
gives us a retraction from T — R which, when applied to (zu)(zv) €
(xu, yv)*, shows z2 € (x, y)* in R.
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