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Spaces of Continuous Functions

I X metric space

I C(X ) = {f : X ! R | f bounded and continuous }

I Norm ||f || = supx2X{|f (x)|}







I d(f , g) =



Theorem

C(X ) is a complete metric space.











LastTime:

I Defined Normed Vector Space:

I Vector space V (over R) and a function V ! R,

written v ! ||v || satisfying

I ||v || � 0 and ||v || = 0 =) v = 0

I ||↵v || = |↵|k|v || for all ↵ 2 R and v 2 V .

I For all u, v 2 V

||u + v ||  ||u||+ ||v ||

(triangle inequality)

I This gives a metric space V , d where

d(u, v) = ||u � v ||



Examples

I Rn with any one of the following norms:

I

||(x1, . . . , xn)||1 =
nX

i=1

|xi |

I

||(x1, . . . , xn)||2 =
⇣ nX

i=1

|xi |2
⌘1/2

I

||(x1, . . . , xn)||1 = max{|x1|, . . . , |xn|}

I The space C(X ) of bounded continuous functions on

a metric space X , with norm

||f || = sup
x2X

{|f (x)|}



Visualize norms on R2

I Norms determined by the

I Unit sphere {v : ||v || = 1} or

I Unit ball {v : ||v ||  1}
I Picture in R2:
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Spaces of Continuous Functions

I X metric space

I C(X ) = {f : X ! R | f bounded and continuous }

I Norm ||f || = supx2X{|f (x)|}

I Theorem

A sequence {fn} in C(X ) converges to f 2 C(X )

()

fn converges to f uniformly on X.



Proof

I fn ! f in the norm of C(X ) ()
I For any ✏ > 0 there exists N so that

||fn � f || < ✏ for all n > N ()

I For any ✏ > 0 there exists N so that

sup
x2X

|fn(x)� f (x)| < ✏ for all n > N ()

I For any ✏ > 0 there exists N so that

|fn(x)� f (x)| < ✏ for all n > N and for all x 2 X

which is the definition of uniform convergence.







Theorem

C(X ) is a complete metric space.

Proof:

I Let {fn} be a Cauchy sequence in C(X ).

I 8✏ > 0 9N such that m, n > N ) |fm(x)� fn(x)| < ✏

I In particular,for each x 2 X , {fn(x)} is a Cauchy

sequence in R, has a limit f (x).

I Get a function f : X ! R so that fn ! f pointwise

I Need to prove convergence is uniform.



I |fn(x)� f (x)|  |fn(x)� fm(x)|+ |fm(x)� f (x)|

I Given ✏ > 0:

I 9N = N(✏) such that

m, n > N ) |fn(x)� fm(x)| < ✏/2 8x 2 X

I 9M = M(x , ✏) such that m > M ) |fm(x)� f (x)| < ✏/2

I Given x 2 X , choose

m = m(x , ✏) > max(N(✏),M(x , ✏)).

I for this m(x , ✏), the above inequlaity gives

|fn(x)� f (x)| < ✏ 8n > N and 8 x 2 x .

I Done!





Remark

This proof shows how powerful Cauchy’s condition is:

8✏ > 09N such that m, n > N ) d(xm, xn) < ✏



Important Examples

I X compact metric space. Then

C(X ) = {f : X ! R | f continuous }

(boundedness is automatic)

I X = [0, 1]



I X = {1, 2}

I X = {1, 2, . . . , n}

I C(X ,R), C(X ,C)



Space C(X ,Y )

I If Y is a metric space, can define C(X ,Y )

I If f , g 2 C(X ,Y ), their distance is defined by

D(f , g) =

I Check this is a metric.



Functions on C([0, 1])

I Let I : C([0, 1]) ! R be defined by

I(f ) =
Z

1

0

f (x) dx .

I Is I continuous?





I Define I : C([0, 1]) ! C([0, 1]) by

I(f ) =
Z x

0

f (t)dt .

I Is I continuous?





I Let C1([0, 1]) ⇢ C([0, 1]) be the subspace of

continuously diffrentiable functions, that is,

C1([0, 1]) = {f : [0, 1] ! R : f 0 exists and is continuous }

norm on C1 = restriction of norm on C.

I Define D : C1([0, 1]) ! C([0, 1]) by

D(f ) = f 0

I Is bD continuous?













Other norms on C([0, 1])

I

||f ||1 =

Z
1

0

|f (x)| dx

I

||f ||2 =
⇣Z

1

0

|f (x)|2 dx
⌘1/2



The p-Norms, 1  p  1
I General formula, if 1  p < 1

||f ||p =
⇣Z

1

0

|f (x)|p dx
⌘1/p

I and for p = 1

||f ||1 = sup
x2[0,1]

|f (x)|



I Similar formulas in Rn = C({1, . . . n}):
I Replace integrals by sums

I If x = (x1, . . . , xn)

||x ||p =
⇣X

(|x1|p + . . . |xn|p)
⌘1/p

I and

||X ||1 = max{|x1|, . . . , |xn|}



I Picture for n = 2
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Figure: Unit Balls of p-norms in R2

I Figure shows, from inside out,

p = 1, 7/6, 3/2, 2, 3, 7, 1



I In Rn (n an integer) all norms are equivalent.

I Example:
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0
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I Shows that 1  ||x ||1  2 on ||x ||1 = 1



I Same:

||x ||1  ||x ||1  2||x ||1
on R2

I On C([0, 1]) have

||f ||1  ||f ||1

I But no constant C > 0 such that

C||f ||1  |f ||1







Completeness?





Equicontinuity

I Definition

A subset (family) F ⇢ C(X ) is equicontinuous ()


