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Lebesgue Measure ﬁﬂg —_
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m*([a,b]) = b— a
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Countable sub-additivity
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Measurable sets
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Measurable Function
viea ctio Sj E ne
= SR
¢ ['_: c F_o‘"
— i
= ° = Yo el
L R 6 e = Voaep an (@——E) =2
on C =R =
— .
L\\_g_?) “p CQIAQ, L7 rrsz EQ)@
ok a 17‘\ (\Qvﬂﬂk(c“ ad,  — / Le)x=)
{P/dté

o <)



Cont —2 one b



Characteristic Functions, Simple Functions
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Recall Lebesgue Measure

tﬁ im-@ v V

» There is no measure m { 2% -+ [0, oo] which is
» Countably additive W e

» m([a, b]) = b — & for all intervals [a@

» Translation invariant.
» Defined M C 2R, the Lebesgue measurable sets

> Qlww&w]
» mx is translation invariant, m*([a,b]) = b — a
» But m* is only countably sub-additive.

» Define
M={ECR:m(A)=m(ANE)+ m(AnE°)}
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Lebesgue measurable sets

» M is a o-algebra. (Royden Thm 10)

» mM(E)=0=EecM

» Ifm(F) = ,the_nEg__Mﬂ@E;/’FeM
» {0, 00) € M (Royden Lemma 1).

L./) =
w > BC M where B=Borel sets, the smallest o-algebra
L , containing all open sets.
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Measurable Functions




Characteristic Functions, Simple Functions
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The Lebesgue Integral
D

» Integral of simple functio

» Recall Riemann integral
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The Lebesgue Integral e VR, n (€) <o
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Rudin’s variation

> Eni={x: 5 <f(x) < &}
» Fp={x:f(x)>n}
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Monotone Convergence Theorem
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Dominated Convergence T%eorem
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