8. Math 3070 5 1. Second Exam Sample

Let’s use the normal approximation. Thus Z = (X — np)/./fpq is approximately a standard normal variable
when n is large. In the current case, were interested in the probability of rejecting the claim, or P(X < 75).
Recalling that we are approximating the area under the histogram whose bars are centered on the integers, this
sn=200p=.4,¢g=1—p=6so

X —np\ 745 - (2000(4) ) B B
i (Z = i ) = ( 300(4)(6) ) = PlZ 5 —194) = 2160

interpotating Table A.3 on P. 740
According to the rule of thumb, this approximation is valid H np > 10 and ng > 10, In the present case,
ng.> np = {200)(.4} = 80 > 10 and the approximation is valid.
/(14)‘3 Suppose the following annual rainfall readings in inches were observed at Dead Herse Point for the years
“1992 to 2001. Construct a normal probability plot for these readings. Is normality plausible?
6.47, 8.07, 8.34, 9.21, 354, 3.36, 10.91, 6.54, 461, 551
The normal probability plot is obtained as follows. We sort the data so y) = 3.39,... ,y19 = 10.51. We find
the critical normal values ®(z;) = (i —0.5)/n so that 73 = 295 = ~1.645 and so on. Then plot the points [z, 3]
Here is the complete list: [—1.645,3.39], [—1.036,3.54], [—.674,4.61], [-.385,5.51], [~.126,6.47], |.126,6.54},
[.385,8.07], [.674,8.34], [1.036,9.21), [1.645,10.91].
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The data lines up quite well so normality of the data is plausible. {In fact a normal random number generator
generated the data.)
(15.)2% of the electric toasters made by the Tremonton Toaster Company will require repairs within 90 days after
they are sold. Determine the probability that among 1200 toasters sold, at least 30 will require repairs within the
first 90 days after they are sold. Use an approximation. Why is your approximation justified?

Let X be the number of toasters needing repair. We may use the normal approximation of binomial because
the rule of thumb is satisfied: ng > np = 1200 x 0.02 = 24 > 10. The desired probability is P{X = 30) =

1 P{X <20) =1~ B(29,1200,0.02) =

5 20.5 - |
1A@(M> :1@(\/{ 2 ) =1 - (1.134) = &({~1.134) = [0.1300]

Vi 1200) [0.02)(0.98)

(16.) Lifetimes of a certain component are lognormally distributed with parameters = 1.000 and o = 0.500.
Find the mean lifetime of these components. Find the standard deviation of the lifetimes. Find the probability
that the component lasts longer than four days.

Let X represent the lifetime of a randomly selected component. The mean of X is found by the formula
po= exp(p + 10?) = exp(l + 3(0.5)?) = 3.08 days. The variance is V(X) = exp(2p + o%)[exp(c?) — 1] =
exp(2- 1+ (0.5)%)]exp((0.3)%) — 1] = 2.6048. The standard deviation is therefore o = 1/V(X) = +/2.6048 = 1.64
days. Let Y = In(X) be the logarithm of the variable. Since X is lognormal, ¥ ~ N(1,0.5) is normally distributed,

Y - p ‘
thus Z = ~—* s a standard normal variable. Thus P(X > 4) = 1~ P(X < 4) = 1— P(ln X < Ind) =
g
Ind—1 1.386 ~ 1.000 ,
1-F (Z < ﬁo £ ) m b — D (W) =1~ $(772} = 1 — .T800 = .2200. We have interpolated.

G602
The table gives &(.77) = .7794 and $(.78} = .7823 so ${.772) = 7794 + %T(.TSQB — .77} = 7800.
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(hypergeometric) may be approximated by sampling with replacement (binomial.) Here n/N = 3/120 = .025 so,
yes, it is an acceptable approximation.

(7.) Suppose 35% of all computer scientists have worked on a neural-net program. A representative for 3 company
seeking computer scientists who have worked on neural-net programs will continue to interview computer scientists
until she finds two who have worked on a neural-net program. What is the probability that the interviewing process
will end with the fifth interview? On or before the fifth interview? What is the average number and standard
deviation of the number of interviews that need to be done before she finds two computer scientists who have
worked on neural-net programs?

This is an example of the negative binomial distribution. Each interview has a p = .35 chance of success
(finding someone who has worked on a neural-net program.) The independent interviews continue until a total
of 7 = 2 successes have been obtained. X is the number of failures that precede the r-th success. The process
ends on the fifth interview (z = 3 failures and r = 2 successes)

P(X =3) = ab(3;2,.35) = (})(.35)°(.65)° = .135.

The probability that it ends on or before the fifth interview is
P{X < 3)=nb(0:2,.35) + nb{1; 2, A5) + nb(2;2,.35) + nb(3; 2, .35)
= (1)(.35)2(.65)% + (1)(-35)°(.65)" + (3)(35)2(.65)2 + (1) (.35)%(.65)° = 572
Using the expected value and standard deviation for a negative binomial, the average number of interviews

I=2+Xis
E@+X)=2+ 100 oy B 5714, 0y = ox EEACS S Y

(8.) Suppose that the number of parasites that are infecting a h};st has a Poisson Distribution with a mean of
10. What is the probability that there are 8 parasites on the host? There are 8 or @ parasites on the host? There
are no parasites?

The average of a Poisson distribution gives the parameter A = 10. Thus the probabilitiesof X =8 8 < X <9
and X = Oare e

plz; A) = = z!A cp(8;10) = & STH) =113,

P(8 < X < 0) = p(8 10)+p(9; 10) = 20 4 18 = 938, P(X = 0) = p(0,10) = T2 0000454
Alternatively, one could use the cumulative Poisson values tabulated on p. 738,

p(8,10) = P(8,10) — P(7,10) = .333 — .220 = .113; P(X = 0) = p(0,10) = P(0,10) = .000.

P8 < X < 0) = P(9,10) — P(7,10) = 458 — 220 = .238.
(9.) Suppose a continuous random variable has the distribution function of the form f{z) = csinz for0 <z < 7,
and f(z) = 0 otherwise. Find the constant c. Find the cumulative distribution function. Find the mean, median
and standard deviations. What is the probability that X > 7 /47

The distribution function of a continuous random variable has to satisfy f(x) > 0 and have total integral equal

to one. Calfulating the integral, we need

1= ffcm flz)dz = foﬁcsinzd:c e c{—ﬁ cos:r]z = c[w(v]} 4+ {])} = 2,

so ¢ = .5. The cumulative distribution function is

0, ifx <)
Fz) = ]jmf(l’)d_tz Ow?‘fl’{f—df :]—ifz—?f‘i o<z <m
I, if 1<

The mean and expected square are {finding the antiderivatives by trial and error=guessing)

E{X) — f_’:’”og Cr‘f(’L) dr = fDﬂ zsinﬁxdx - [sinx—ézcosx}g _ 125:

AN ne 2 . I i zlsinzde . . 2% conE " __aZ
E{X*) =7 2 fa)dz= [j =555 = [cos;.:: +rsing - GRE = - 2.

Since the distribution is symmetric about z = 7/2, (f(v/2+2) = f(=/2 - z}) the median {and the mean) is the
center point y = ji = 7/2. To check, P{X < x/2) = F{x/2) = 1/2. The short cut formula gives the standard
deviation o = 684, since ; .

o = B(XY - BX =% 2= =% -2
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that 3 random concrete sample have a compressive strength larger that 6228 psi? (b.) Below what psi will 20%
of the samples of concrete be? [Answer to three decimal places. ]
et X denote the rv compressive strength, which is normally distributed with ¢ == 6000. and ¢ = 240.0 psi.

Then, standardizing, P(X > 6228) = P (Z = &z > 825260000 ) = P(Z > 0.9500) = P(Z < ~.9500) =
o 240.0 3

015111 The critical value zo.s we desire satisfies P{Z < zg.s) = 0.200. The table on p. 740 has H(—0.840) =
. -(.840 — 208 2005 — 2000

2005 G{--0.850) = 1977, Int lat o g8 = | —0.842

2005 and ®f ) nterpolating —=—o—mees = ToE 1077 S0 2g.8 \ 0.8421 Thus the

critical X = 200 + i = (~0.842)(240.) + 6000. =[5.80 x 10°]
{5.YThe Castle Dale Candy Company claims that at most five of a shipment of twentyfive chocelate turkeys have
5 cream-fillad center. To test this claim, four turkeys will be selected at random from the shipment and tasted.
The claim is to be rejected if two or more turkeys are found to have a cream-filled center. What is the probability
that the claim is rejected, given that the shipment actually contained five cream-filled turkeys?

The number of cream-filled turkeys, X, in n = 4 trials is a hypergeometric variable. There are M "successes”
or “cream-filled” in a total of N = 25. Thus the probability of the claim being rejected when there are M = 5
cream-filled is P(X >2)=1-PX <1)=1- Hyp(1,4,25,5) = 1 ~ hyp(0,4,25,5) — hyp(1,4,25.5) =

GeEn O 1.4845  5.1140 —
= N — . =1 — =i
P(Xz2)=1 ) ) L~ “Togs0” ~ Toes0 - LL160l

More Practice Problems.

(2.) Suppose three cards are randomly selected from a standard deck of 52 cards without replacement. Let Ay
denote the event that three clubs are drawn. Let Ao denote the event that a king, a queen and a jack are drawn.
Are these independent events? What if the cards were drawn with replacement?

First consider the case without replacement. The event that three clubs are drawn without replacement is a
hypergeometric random variable = = 3 the number of successes (clubs) drawn from an urn with N = 52 cards of
which M = 13 are successes out of a total of n =3 cards drawn. There are four ways to choose a king, four to
choose a queen and four to choose a jack, but only one way to do this given if all are clubs. Thus

(%)
P(A;) = h{3:3,52,13) = ~24:00 = Zd = 0129,

(52) 22,100 T
3
4.4.4 o 1 1 _

(%)

Since P{A;)P{Ay) = .0000374 # P{A; N Az) these events are not independent.

Next consider the case with replacement. This time the probability of & is p = .25 on each draw. This becomes
2 binomial with = = 3 successes in n = 3 trials. There are still four ways to choose a king, four to choose a
queen and four to choose a jack, but still only one way to do this given if all are clubs. Remember to divide out

31 since order is not counted.

P{A;) = bin(3;3,.25) = () {.25)*(.75)° = g = 0156

4-4-4 1
P(;ig) = TTEos = 00273, 13(.41 1 rﬁg) B £33 = 0000427
= 3

This time P{4;1P(A) = P(A; 1 Az) so these events are independent.

(3.) Suppose a random variable takes the values D = {1,3,5,7,9}. Suppose that its probability mass function
is given by p(1} = 2, p(3) = .3, p(5) = 2, p(7) = .1, p(9) = .2 and p(z) = 0 if = ¢ . Find the cumulative
distribution function. Sketch graphs of the pmf and cdf. What is the probability that 2 < X < 77 Find the
expected valves E(X) and E{X?) . What is the standard deviation? Suppose that It(z) = 8 — z/f2. What is

E(R)?
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Solutions of the Spring "01 Midterm Problems
(1.} A Cache Valley cheese manufacturer claims that no more than 5% of all their packages contain less cheese
than indicated on the label. To test this claim, 25 packages are randomly selected and weighed. The claim Is
accepted if fewer than 3 of the packages contain less cheese than indicated on the label. What is the probability
that the claim is accepted if the actual percentage of packages with less cheese than indicated is 5%7 20%7
This is a binomial random variable with n = 25 trials and with chance of success (finding that the package is
underweight) equal to p == .05 and p = .20. The probability that the number of underweight packages X is fewer
than 3 is P(X < 2) = bin(0, 26, p) + bin(1,25,p) + bin(2,25,p) = Bin(2:25,p). This is tabulated on p.738.
Bin(2; 25, .05) = .873 and Bin(2;25,.2) = .008.

(2.) Suppose that the continuous random variable X has a probability distribution function of the form fx) =10
Fr o< i;ife, ifl <z <eandl if ¢ < z. (a.) Find the constant c > 1 which makes fl{x) a probability
distribution. (b.) Find the cumulative distribution function of X. {c.} Find the probability that o< X <ot
(d.) Find median of X (50th percentile.) (e.) Find mean of X. (f.} Find the variance of X.

To be a probability distribution, the total probability must be one. Thus

1= [ flz)de =[] & =In{c) — In{1} = In(c)

<0 ¢ = e, The cumulative distribution function is

0, ifx < 1;
Pz} = ffm flxydz = f 2 o=n(z), fl<z<e
1, if e < .

z 172 2] b
Pl < X < M) =[5 & = n(e)/?) ~In(e!/?) = 1/2-1/3 = 1/6.

€

To find the median, solve for i in P{X < 1) = .50 or F(f) =i =5 which implies ji = /%

The mean is
E(X)y= [7_xf(z)dz = Jidr=e-—1=1718

The expected square is

B(X?) = [Z 2 fla)de = [fods = (5] =S5 =5.105

The short cut formula gives

V(X) e E(Xz) . [E(X)}Q - 6'2;] " (6 - 1)2 = ((f o 1)(3»2«() — 9249

(3.) Suppose field mice are distributed at random in Juab County according to a Poisson Distribution with
parameter o = 10 per acre. (a.) What is the probability that there are at least six (6) but not more than nine
(8) mice on a random acre? (b.) What is the expected number of mice that one would find on a random two (2)
acre plot? (c.) How big should my sampling region be in order to be 90% sure of finding five (5) or more mice?

Eor one acre, this is a Poisson variable with parameter A = a = 10 where X is the nrumber of mice found on
a random acre. Then P{6 < X <8} = Poisson{9; 10) — Poisson(5; 10) = .458 — 067 = 391, (p. 739)

The parameter A = af is proportional to the number of acres £. The Poisson probability of k success is
pel(t) = e~ (ot)" kL. Thus when there are t = 9 acres, the parameter A = at = (10)(2} = 20 and the expected
number of mice is BF{X) = A =20.

The last problem is to find the number of acres ¢ so that P(X > 5) =1~ P(X <4} =90 In other words,
for which A = at is it true that the cfd Poisson(4; A) = .107 Looking at (p.739), one finds Poisson(4; 8.0) = .100.
Thus af = 10f = 8.0 s0 ¢ = .8 acres.

(4.} A student commutes daily from his Murray home to The “U". The average time for a one way trip is 24
minutes with a standard deviation of 3.8 minutes. Assume that the duration of the trip is normally distributed.




