Math 3210 § 2. Third Midterm Exam Name: Golutions
Treibergs November 12, 2025

1. Let f, f:[0,1] — R. Define: f, — f uniformly on [0,1]. Let f,(x) = QL Find
nrs +n+1
the pointwise limit f(x) = lim f,(x). Determine whether this limit f, — f on [0,1] is
n—oo
uniform and prove your assertion.

fn = F uniformly on R if for every € > 0 there is an IV € R such that
|fr(z) — f(z)| <e whenever z € R and n > N.

The pointwise limit at = € R exists and equals

nxT x x

f(z)= lim f,(z)= lim ——— = lim =

1
The convergence is unform on R. To see this, choose € > 0 and let N = % For any z € R
€

and any n > N we have

nr(x? +1) —z(nz? +n+1)

n2+n+1 a22+1 (nz?+n+1)(x2+1)
|| 1 11

| — |
= < < < — =
(nx?24+n+1)(224+1) ~ n(22+1)2 ~ 2n(z2+1) ~ 2n SN

|fn(z) — f(z)| =

nx €T ‘

where we have used that 0 < (|z| — 1)? = (22 + 1) — 2|z].

2. Let I C R be an open interval and f : I — R. State the definition: f(x) is differentiable
at a € I. Suppose a € R and f : R — R satisfies |f(z)| < |z — a|? for all x. Using just
your definition of derivative and properties of limits of functions, prove carefully that f is
differentiable at a, and find f’'(a).

f(z) is differentiable at a € I means that the following limit exists as a real number

Fa) =t 18 = 1)

T—a T —a
We note that the condition on f implies that f lies between the two parabolas: for all z,
—le —a]* < f(z) < | — af?

so |f(a)| < |a—al*> =0 or f(a) = 0. Thus the difference quotient satisfies

PRI ekl P i Ci ‘f J(@)] _ f) = fa)
|acfa| |:cfa| T —a x—a
‘f CL) — If( )| < ‘x_a‘Q :|JI—(I|.
r—a |z —al = |z —aq

Thus by letting £ — a we see that both ends tend to zero. Thus by the squeeze theorem,
the middle limit exists and equals zero, namely the function is differentiable at a and

f’(a) = lim f(IE) — f(CL)

T—a T —a

=0.



3. Determine whether the following statements are true or false. If true, give a proof. If false,
give a counterexample.

(a)

STATEMENT: Suppose f :[0,1] = R is an integrable function. Then
xr

1
F(z) = / f(t)dt is differentiable at a = 3
0

@) = {‘1’ o<y

FALSE. Let

1
1, lf$>§

Then F(z) = |z — 1| — § which has a kink at = § and thus is not differentiable there.

STATEMENT: Let y = f(x) be a differentiable and strictly increasing function defined
on the real numbers such that f(a) = b for some a,b € R. Then the inverse function
x = g(y) is differentiable at b.

FALSE. The function f(x) = 2? is differentiable and strictly increasing on R. The
inverse function is g(y) = y'/3. At corresponding points a = b =0, f(a) = b but g is
not differentiable at b. The theorem about the existence of the derivative of an inverse
function cannot be applied at a = 0 because f’(a) = 0.

STATEMENT: Let f : R — R be a differentiable function. If f'(z) > 0 at all x then
f s strictly increasing.

TRUE. Let xz,y € R such that < y. Then f is continuous on [z,y] because it
is differentiable on all of R, and so differentiable on (x,y). Thus the Mean Value
Theorem applies: there is ¢ € (x,y) such that

fly) = f@) = f()y—x)>0

because f’(¢) > 0 by assumption and y — x > 0 by choice of x and y. This holds for
all x < y so f is increasing.

4. Let f be a bounded function on the closed bounded interval [a,b]. Define what it means for
f to be mtegmble on [a,b] and what the Riemann integral of f on [a,b] is. Find the upper

mtegml/ f(x)dz and the lower mtegml/ f(x) dx where

w, if x is rational and x > 1;

fx) =

0, otherwise.

What does this say about f?
The lower and upper integrals of f on [a, b] are defined by

b —b
[ t@as=swpiir). [ sde =it
J g P a

where P={a =20 < x; < - <x,_1 <z, = b} are partitions of [a, ] and the lower and
upper sums are defined by

Zml Ti; — Tj— 1 U(f,P)zZMi(a:i—xi,l)

where for each subinterval I; = [z;_1, z;] the infimum and supermum are defined by

=inf f, M; = sup f.
I; I;



f is said to be Rienann Integrable on [a, ] if

‘KﬂmM—/}MMa

b
and their common value is the Riemann Integral / f(z) dx.
a
In case of this function

m, if x is rational and z > 1;

fz) =

0, otherwise.

we see that f(z) = 0 for irrational z. The irrationals are dense in [0, 2] so the infimum of f
is zero on all nonzero length intervals so m; = 0 if x;_; < x;. Similarly, we see that M; =7
on all nonzero length intervals that intersect [1, 2] since the rationals are dense in [1,2]. For
subintervals of I, C [0,1) the function is zero so My = 0. Thus if P is a partition of [0, 2],
let ¢ be the index that satisfies ;1 < 1 < x,. Then the upper and lower sums are

—n

L(f,P) = Zmz(xl —Ziq) = ijlmj(xj —xj_1) =0;
i=1

n qg—1 n
U(f,P)= ZMl(I"I —Ti1) = ZMk(IEk — Tp—1) + ZMz(CCz —Zi—1)
i—1 k=1 i—q

=0+ ijqu(wj —xj-1) = ijqﬂ(ﬂfj —xj_1) =m(2—z4-1)

where i denotes the sum over nonzero width intervals only, the zero width ones are excluded
from this sum since they contribute zero to the sum. We conclude that

2 —2
[ 1@ =swrip=0. [ f@ydo=igtv(s.P)=x,
J 0 P 0 P

since 1 — x4_1 > 0 may be arbitrarily small in the choice of P. Since lower and upper
integrals differ, the function is not Riemann integrable on [0, 2].

. Let f be a bounded function on the closed bounded interval [a,b]. Complete the statement
of the theorem. [Of several possible answers, select the one you prefer to answer the last
question.]

Theorem. The bounded function f is integrable on [a,b] if and only if

there is a sequence of partitions P, of [a, b] such that

U(f,P,) — L(f,P,) >0 as n — 0o.

Using only your theorem, show that if g(x) is integrable on [0, 1], where

() x, fo<z<l1;
) =
g —2, ifz=1.



1
Let P, be the partition with n equally spaced intervals, i.e., x; = —. Let I; = [z;_1, z;]
n

1
and so z; — x;—1 = —. Since f is increasing in [0,1), for all i = 0,...,n — 1 we have
n
m; =inf f = x;_q, M; =sup f = z;.
In the last interval f(1) = —2 so the infimum and supremum are

mn:inf:—Q, M, =sup f=1.
n I,

Now we can compute the difference of upper and lower sums

U, Pa) = LU P) = S O(M; = i) (i = 11) = (Zm - >;> +- (D),
=1 i=1
Tp_1—Ty 3 n—1 3

=+ - =—7F"+—-—0 as n — oo.
n n n n

Thus by the theorem, f is integrable on [0, 1].



