Math 3210 § 2. Final Exam Name: Golutions
Treibergs May 2, 2019

1. Let f :[0,1] — [0,1] be continuous. Show that f has a fized point: there is ¢ € [0,1] such
that f(c) = c. Assuming in addition that f is differentiable at x and |f'(z)| < 1 for all
€ (0,1), show that the fized point is unique.

The existence of a fixed point is one of the standard applications of the Intermediate Value
Theorem. Let g(z) = f(z) —x. g(z) is a continuous function on [0, 1] because both f(z) and
x are continuous. If g(0) = 0 then ¢ = 0 is the fixed point because f(0) —0=0.If g(1) =0
then ¢ = 1 is a fixed point since f(1) —1 = 0. Otherwise f(0) > 0 and f(1) < 1s0 ¢g(0) >0
and g(1) < 0. Thus y = 0 is intermediate between g(0) and g(1). By the Intermediate
Value Theorem, there is ¢ € (0, 1) such that g(¢) = 0. For this ¢ we have f(c) —c¢=0so ¢
is the desired fixed point.

The uniqueness of the fixed point follows from an application of the Mean Value Theorem.
Suppose for contradiction that there are two different fixed point ¢,d € [0,1] such that
f(e) = c and f(d) = d. We show that this is impossible under the additional hypotheses.
We may suppose ¢ < d by swapping names, if necessary. Then, by assumption, f is
continuous on [c,d] because it is a subset of [0,1] and it is differentiable on (¢, d) because
this is a subset of (0,1). Hence the hypotheses for the Mean Value Theorem hold. It says
that there is a & € (¢, d) such that

Taking absolute values and estimating,
d—c| = f'(E)lld—c| <1-|d—c|.

As |d — ¢| > 0, this is a contradiction.
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2. Let f : R — R. Define the supremum of f, S = sup f(z). Find S = sup ;Ui and
z€R zer 27+ 1

prove your result.
The supremum of f is an extended real number S. If f is not bounded above on R, then
the supremum sup,cg f(z) = co. If f is bounded above on R, then S € R satisfies two
properties:

(1) S is an upper bound for f: (Vx € R)(f(x) < S), and,

(2) S is the smallest of upper bounds, or to put it another way, no smaller number is an
upper bound: (Ve > 0)(3z € R)(f(x) > S —¢).
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We claim that sup 2z7+1 = 1. To see that 1 is an upper bound, we have 22 < 2 + 1 for
z€R T
2
all z € R so that 29:_ < 1 for all z € R. To see that there are no smaller upper bounds,
x
choose € > 0. Let x = ﬁ For this x,
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3. Determine whether the following statements are true or false. If true, give a proof. If false,
give a counterexample.

(a)

If £ > 0 then 22 = 2% for any a,b € R.
TRUE. This fact depends on how functions x® are defined for arbitrary real numbers,
not just integers of rational numbers. We have

x® = exp(alog x)

so that the desired property follows from the corresponding property of the exponential
function which in turn depends on an addition formula for the integral that defines
natural logarithm. Indeed

2%z = exp(alog x) exp(blog z) = exp(alogz + blog ) = exp([a + b]log z) = z**?,
For f :[-1,0)U(0,1] — R, such that f is integrable on [—1, —€] and on [e, 1] for every

—e€ 1
0 < e <1, suppose h%l+ ( f@t)dt +/ f@) dt) = 0. Then the improper integral
€E—> -1 €

1
/ f(t)dt exists and equals zero.
~1

FALSE. The limit is a Cauchy Principal Value which may exist without the function
being improperly integrable. For example if f(z) = 273 then for 0 < ¢ < 1 we have
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3 is not improperly integrable. For the

so the limit is zero but the function f(t) =t~
1
dt
improper integral / 5 to exist, both limits to the left and right of zero have to exist
1

by themselves, but neither do.

_ “Cdt _ - _ 11
lim — = lim |—— = lim |—z5+ 3| =—o0,
e—0+ 1 t?’ e—0+ 2t2 1 e—0+ 262 2
1 dt 1
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If f : R — R is differentiable at all points, then f'(x) is continuous for all x € R.

FALSE. The differentiability of f(z) at = a implies the continuity of f at = a, but
it says nothing about the continuity of the derivative. Here is the example discussed

in class:
22 sin (%) , ifx #0;
0, if x =0.
For x # 0 this is the composition of differentiable functions, so differentiable. At z =0

we use the fact that |f(z)| < 22 for all z so f is stuck between a rock and a hard place.
The difference quotients at zero satisfy

‘f(w) —f(O)’ _f@)] _ a?
z—0

=L T
ol = fal

which tends to zero as © — 0 so that f is differentiable at zero and f’(0) = 0. Thus
f is differentiable at all points. However the derivative is not continuous at zero.
Computing the derivative at x # 0 we see that

f'(x) = 2xsin (;) + 22 cos (i) (‘iz) = 2zsin (i) — (i)



which does not have a limit as © — 0 so it doesn’t converge to f/(0). Thus f’ is not
continuous at x = 0.

4. Define: the real sequence {a,} is a Cauchy Sequence. Show that the sequence {a,} converges
to a real number, a, — L as n — oo where a, is defined recursively by starting with
a1,az € R any two real numbers and

Gp—1 + Gp—2

5 , for all n > 3.

Ap =

The sequence is a Cauchy Sequence if for every € > 0 there is an N € R so that

lam — an| <€ whenever m,n € N are such that m > N and m > N.

We show that the given {a,} is a Cauchy Sequence, thus convergent. To do this, we establish
the recursion for the difference of consecutive terms, as in the homework problem. Thus for
any n > 2 we have

Ay, + Qp_1 1
Ap41 — Qp = f — Qp = _i(an - anfl)'

It follows by induction that for every n > 1 we have

1 n—1
Ap4+1 — Qp = <2> (a2 - a’l)

so that for every n > 1 we have

1 n—1
lant1 — an| < (2> lag — aq].

Now it follows that {a,} is a Cauchy Sequence. Choose ¢ > 0. Let N be so large that
(%)N_2|a2 —a1] < e. Then for any m,n > N we have either m = n S0 |am — an| =0 < €
or n # m. By swapping names if necessary, we may assume that m > n. In this case, by
constructing the telescoping sum,

‘am - an| - |(am - am—l) + (am—l - am—2) +-- (an—i-l - a)n)'

S |am _am71| + |am71 - am72| +--- 4+ |an+1 - an|
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As a curiosity, which is not part of the answer, we can compute the limit.

L= lim a,
n—roo

= lim {(an — an-1) + (@Gn—1 —an—2) + -+ (a2 —a1) + a1}

n— o0
n
= lim {cn + ;(ak - ak—1)}

Thus L is an average of the starting numbers, as we might have expected.

5. Let f, fn, : R — R be functions for n € N. Define: f, — f converges uniformly on R as
n — 0o0. Prove that the sequence {f,} converges uniformly on R as n — oo, where

oz
14 na?’

fn — [ converges uniformly on R if for every € > 0 there is an NV € R so that

[fr(x) — fz)] <€ whenever z € R and n > N.

Sketch the functions! Here is the graph using Macintosh’s Grapher.
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Figure 1: Sketch of fi, fo and f3.

We have f,,(0) = 0 for all n and if x # 0 then ILm fn(x) = 0 so f, converges to f = 0

pointwise on R. If it converges uniformly then the limiting function has to be the same

fF=o.



We claim that | f,,(z) —0| < 1 for all z and n so that f,, — 0 uniformly by the Weierstrass
M-test. We give two proofs ofn the claim.

First proof of the claim uses calculus. The function f,(x) is odd so we only need to prove
it for x > 0. We note that lim f,(x) = 0 and f,(z) > 0 for 0 < 2 < 0o so there is an
interior maximum. Diﬂ’erentima?iilog,

d (1+nx?) —z - 2na 1 — na?

@f"(x) - (1 + nz?)? T A+ na?)?

1
It is zero only when z = :I:T so there is only one max. Thus
n
1
fn +*— = \/ﬁ 5 =
Vn . N 1 2y/n
e

The second proof does the estimate one way for small z and another for large x. Indeed, if

+

1<1
_\/ﬁ'

|[fn(z) = 0] <

1
|x] < — then
vn

1 1
If |#| > —= then — < /n so that

Vin ]

1
fuli) =0/ = — <

In both cases,

as claimed.

. Let f : R — R. Define: f is uniformly continuous on R. Suppose that | f(u,)— f(vn)| — 0
as n — oo for any pair of real sequences such that |u, — v,| — 0 as n — oo. Show that f
is uniformly continuous on R.

f is uniformly continuous on R if for every € > 0 there is a § > 0 so that

If(u) — f(v)] <e whenever u,v € R are such that |u — v| < 4.

The condition gives a sequential characterization of uniform continuity. Its proof is almost
the same as the proof that the sequential condition for continuity at a point a implies
continuity at a.

One proves the contrapositive statement: if f is not uniformly continuous on R then the
sequential condition does not hold. The negation of uniform continuity is: there is ¢ > 0
such that for every § > 0 there are us,vs € R such that |us—uvs| < § but |f(us)— f(vs)| > €.
Take § = % Then there are sequences u,, v, € R such that

[ty — v | < —
n



so that |u, — v,| = 0 as n — oo but

|f(un) - f(vn)| > €

so that | f(u,)— f(vy)| does not converge to zero as m — oo. In other words, it is not the case
that | f(un) — f(vn)| = 0 as n — oo for any pair of real sequences such that |u, — v,| — 0
as n — 00.

. Determine whether the following statements are true or false. If true, give a proof. If false,
give a counterexample.

(a)

STATEMENT. Let f, g be differentiable on (—1,1) such that g(x) # 0 and ¢'(z) # 0

for all z € 0,1). 1f tim LX) 1 then tim L) —

z—0+ ¢'(x) z—0+ g(z)
FALSE. All of the hypotheses of 'Hopital’s Rule are not met. e.g., taking f(z) = 2+x,
g(x) =34 x we have f and ¢ differentiable, g and ¢’ nonzero on (0, 1) with
f'(z) fl@) . 24+x 2

i = lim - =1 but lim —=~ = lim = —.
z—0+ g’(gj) z—0+ 1 z—0+ g(x) z—0+ 3+ x 3

STATEMENT. If f : R — R is differentiable at 0 and f'(0) > O then there is a 6 > 0
such that f(z) > f(0) whenever 0 < x < 4.
TRUE. Use the definition of differentiable: the limit exists and equals f'(0) € R

o 1) = £(0)

x—0 z—0

= f'(0).
Apply the € — ¢ definition of limit: for every € > 0 there is a § > 0 so that

f(z) = f(0)

0 f'(0)] <e  whenever z € R such that 0 < |z — 0] < 4.
T

In particular, if we choose € = f/(0) and take the corresponding § > 0 we have
— f(0
%—f’(0)>—6 if 0 <|z—0] <é.

In particular
f@)—10) _ _
1’7—0 > f (O) —€e=0
Thus f(z) — f(0) >0if 0 < = < 4.

if 0 <z <.

STATEMENT. If f : [0,1] — R is integrable, then%/ f(®)dt = f(zx) for allz € (0,1).
0

FALSE. In the Fundamental Theorem of Calculus II, the integral is differentiable
only at points of continuity of f. So to answer the question, we need to construct a

counterexample. Let
—1, ifx<i;
z) = ’ - 27,
f(@) {1, if x> 4.
Then f is integrable and

1 1
r—=|—Z
2

Pla) = /Ow £t dt = :

which is not differentiable at x = %




8. Let f be a bounded function on the closed bounded interval [a,b]. Define what it means for
f to be integrable on [a,b] and what the Riemann integral of f on [a,b] is. Complete the
statement of the theorem.

[Of several possible answers, select the one you prefer for the third part of the problem.]

A function f is integrable if its upper integral equals its lower integral

/:f(t)dt = /if(t)dt.
b

The integral / f(t)dt is then defined to be their common value. The upper and lower

a
integrals are defined to be

[ soa=ngvgp, [ swa=spip)

where inf and sup are taken over all partitions P = {a = z¢g < 21 < -+ < &, = b} of [a,}]
and where the upper and lower sums are

n

U(fa P) = ZMk(f)(xk - xk*l)v L(fv P) = ka(f)(xk - xkfl)a
k=1

k=1

where Iy, = [x_1, 2] is the kth interval of P and

My (f) = S}lpﬁ my(f) = iPkff.

Theorem. The Riemann integral of f on [a,b] exists if and only if

for every € > 0 there is a partition P of [a, b] such that
U(.faP) _L(faP) <e.

Let 0 < a, <1 be a sequence such that a, — 0 as n — oco. Using the theorem above, show
that f is integrable on [0,1], where

flz) = 1, if z = a, for some n € N;
o, ifz+#a, forallneN.

Draw the picture!
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Figure 2: Sketch of function.



The function is discontinuous at every a; and at 0. The idea is to take a partition that
lumps infinitely many a;’s in the subinterval [0,6] and then surrounds the finitely many
jumps at the remaining a;’s by a tiny intervals [a; — n, a; +1]. M (f) —mg(f) =1 for these
intervals and is zero for all the others, making the total sum small.
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Figure 3: Intervals where M (f) — my(f) = 1.

Choose € > 0. Choose 0 < § < § such that § # a; for all i. Since a; — 0 there are only
finitely many a,’s greater than §. Call them a;,,a;,,...,a;,. Now pick 1 so small that

n < and such that all of the intervals

4J +1
[ai, =1, airj +n]
either coincide (in case some a;, = aij,) or are pairwise disjoint from each other and disjoint
from [0, §]. Let the partition be
P ={0,0,1}U{a;, —n,ais; + 77}]':1,...,1

It follows for all intervals of the form Iy = [0,0] or I}, = [a;, — 7, a;; +n] we have f(a;) =1
and f(z) = 0 for points close to a; so Mi(f) — mi(f) = 1. For all other intervals like
Iy = [6,ai,] or Iy = [a;; +n,a;, ., —n], the function is dead zero, so that M (f) —ms(f) =0
for this second type or interval. Put Ay = length(Iy). It follows that

Ufp) = Lfip) = Y (Me(f)=mi(D)de+ Y (Mi(f) —ma(f)) Ax

I is type I I is type II
= > (My(f) —mi(f) Ax + > (M;(f) =m;(f)) B +0
1,=10,4] Ij=lai; —n,ai;+n]
=1-04+J-1-29
€ 2Je
< 3 + 1 < €.

By the boxed theorem, f is integrable on [0, 1].



9. Suppose that g : [a,b] — R is an integrable function on a closed bounded interval. Show
that

x

im [ g(t)dt = / " o) de.

T—=b— J,

This problem shows that an integrable function is also improperly integrable.

Since ¢ is integrable on [a,b], it is bounded: there is M € R such that |g(x)| < M for all
x € [a,b]. Integrable also implies for every a < x < b we have

/:g(t)dt—l—/:g(t)dt:/:g(t)dt.
/abg(t)dt—/;g(t)dt /:g(t)dt

b

It follows that

which tends to zero as x — b—.



