Presented to the National Center for Theoretical Sciences International Workshop on Geometry National Tsing Hua University, Hsinchu, Taiwan June 25–July 5, 2000.

A nonlocal curvature evolution problem in the plane

Andrejs Treibergs University of Utah

Abstract. We consider Zhu’s model for combustion in a Hele-Shaw cell which reduces to a nonlocal curvature evolution problem for a curve in the plane. The normal velocity is the sum of the curvature dependent burning rate and the fluid effects from the potential flow and gravity. We give the physical and geometric motivations and relate our study to various similar problems that have been considered. Due to the assumption of equal viscosities and zero surface tension, our model admits a relatively simple treatment. We give fingering criteria, geometric properties and stability results for the flow and its linearization about the rising circle solution.

In this section, we describe certain nonlocal geometric evolution problems currently of great interest in applied mathematics. The equations reduce to a curvature evolution problem for curves in the plane with nonlocal term. We shall describe two types of nonlocal problems that occur in potential flows and mention a few results in order to give context to our recent work about the stability of a combustion problem. Then we shall describe our model and some results. Details will appear elsewhere[Tr].

We formulate an evolution problem for closed curves in the plane. Let X ∈ C^∞(S^1 ×[0, T ), R^2) be the position vectors of a one parameter family of embeddings of the circle. For given t, let Γ_t = X(S^1 × {t}) ∈ R^2 be a smooth closed embedded curve and let Ω_1 and Ω_2 be the unbounded and bounded components of R^2 − Γ_t. Let n denote the outward normal vector to Ω_2. We assume that the family of curves evolves according to V = n · dX dt = α(κ) + N (Γ_t), X(θ, 0) = X(θ), where V denotes the normal velocity and X(θ) a parameterization of the initial curve Γ_0, κ is curvature of Γ_t, κ > 0 for the circle, and α is a sufficiently smooth function. N is a nonlocal operator depending on the curve. We will discuss N of a particular type which occurs in potential flows. It is a geometric integral over the curve of powers of chords. More general N occur sometimes, for example to 1

represent the effect of more complicated fluid behavior, e.g. Stokes flow, away from the interface [Pz].

With N ≡ 0, such flows have been suggested as models for physical phenomina. N takes into account nonlocal effects e.g. fluid motion away from Γ, pressure influenced by surface tension and body forces such as gravity or suction. Examples are the motion of a phase boundary for perfect conductors α = aκ + b, [AG] or crystal growth[S] or combustion α = ae^{−bκ} [M] . However, a more complete job modelling physical phenomena is done when N included. In flame propogation [JS], [PT], the nonlocal term reflects flow around the flame. Such nonlocal terms model of oil recovery - flow through porous medium[BK], [H2], injection molding into a Riemannian surface[VE], tumor growth[BC], Ostwald ripening[MV], vortex patch motion for inviscid fluids[CT]. There are extensive bibliographies [V], [Hw], [G].

There is a fairly complete theory for purely curvature driven flows (N ≡ 0). For inward flow, α = −κ,

Theorem. [HG], [Gr] Let Γ_0 be a smooth embedded curve. There is a time T so that Γ_t evolves through embedded curves for 0 ≤ t < T . It becomes convex and collapses to a round point as t → T −. i.e., there is a function f(t) → ∞ as t → T so that f(t)Γ_t tends to the unit circle in C^{2+δ} at t → T .

For outward flow and general α the flow may not preserve embeddedness. However, there is good theory if the curvature of the initial curve is not too negatively curved.

Theorem. [CL] Suppose α is a smooth function such that

α(κ) > 0, α^′(κ) < 0 for all κ and α(κ) → ∞ as κ → −∞.

Let Γ_0 be a smooth embedded curve such that ∫ I κ ds > −π for all intervals I ⊂ Γ_0.

Then there exists a solution X ∈ C^∞(S^1 × [0, ∞)) to V = α(κ), with initial curve Γ_0 such that all the curves Γ_t remain embedded, for every point p ∈ R^2 there is a critical time T_1 so Γ_t is star shaped with respect to p if t ≥ T_1 and a second time T_2 ≥ T_1 so that Γ_t is convex if t ≥ T_2. Moreover, there is a function f(t) → 0 as t → ∞ so that f(t)Γ_t tends to the unit circle in C^{2+δ} as t → ∞.

We mention only a few higher dimensional generalizations. The first geometer to consider curvature flows seems to be Firey[F] who studied hypersurfaces evolving by Gauss-Kronecker curvature. He imagined the process describes a stone wearing by random angle collisions with a riverbed. Mean curvature flow has been extensively studied [B], [Hu], [ES1], [CG], [I]. Gauss-Kronecker and more general flows have also been studied [To], [Cw], [CN], [A].

Nonlinear term: flows in a Hele-Shaw cell. Two immiscible fluids occupy the narrow gap between two parallel glass plates. The interface isidealized as a curve Γ_t ⊂ R^2. The drag along the plates is felt by the entire fluid. Averaging the Navier Stokes flow over the gap gives Darcy’s law. p_i(x, y) is the pressure in

Ω_i, c_i = −ℓ^2/12μ_i, ℓ is the gap width and μ_i is the viscosity. In R^2 − Γ_t, the fluid satisfies

w_i = c_i∇p_i Darcy’s Law p_1 → F (z) as z → ∞. (far field condition) div w_i = 0 Incompressibility.

where F is driving pressure or sources and sinks. The constant T determines the surface tension. On Γ_t,

[p] =T κ Surface tension. [n · w] =0 Kinematic condition. N (Γ_t) =n · w Interface carried by flow.

For z ∈ Γ_t the jump along the interface

[f](z) = lim w∈Ω1, w→z f(w) − lim w∈Ω2, w→z f(w). We indicate why the problem is more difficult if T > 0. Along the interface the kinematic normal velocities condition says that Γ_t is a material curve which follows the fluid motion. We can represent n · w_1 = Kγ as an operator of the vortex sheet strength γ = [t·w] and t = in = z_s/|z_s|. In fact, w_i is analytic in z = x+iy ∈ C−Γ_t, and is given by the Cauchy formula

w̄(z) = 1 2πi P V ∫ Γ γ(z^′)t̄(z^′).dz^′ z^′ − z . On Γ_t, by the Plemelj formula, [w̄] = γt̄ and (w̄_1 + w̄_2) = 2Kγ. Also [t · ∇p] = [p_s] = T κ_s, yielding a singular integral equation for γ γ = 4c_1c_2 c_1 + c_2 Kγ + c_1 + c_2 c_1 − c_2 T κ_s thus, N (Γ_t) = c_3T n̄ · K(I − c_4K)^{−1}κ_s which is a third order pseudo-differential operator. Procedures to handle such problems well numerically have been developerd only recently[HL]. The computational results compare well to experiments (e.g. [P] where an air bubble blown into a horizontal Hele-Shaw cell filled with glycerine which develops unstable fingers).

In case there is a large viscosity contrast, as with oil and water, or water and air, where viscosities differ by a factor of ten, the model is usually simplified to constant pressure in the less viscous fluid, the so-called one phase model.

Mullins-Sekerka problem. The fluids problem is closely related to the problem for evolving phase boundaries which was proposed by Mullins-Sekerka[MS]. The one phase versions reduce to the same problem. The boundary condition at the interface becomes a Dirichlet condition and the velocity is now given by a jump, therefore this problem may also have geometric interest[VE]. Suppose Ω_2 ⊂⊂ Ω_0 ⊂⊂ R^2. Ω_2 represent the solid and Ω_1 = Ω_0 − Ω_1 the liquid phases of a substance in a smooth tank; u_i their temperature and a, b, T constants. The liquid temperature is brought below the freezing temperature. Starting from a frozen seed, the solid phase Ω_2(t) grows, being driven by the undercooled liquid.

Δu =0 in Ω_0 − Γ. (or the heat equation in the Stefan problem) ∂_nu =0 on ∂Ω_0 u = − T κ on Γ_t. (Gibbs-Thomson law) V = [ ∂u ∂n ] on Γ_t

This model is sometimes also called the two phase Stefan problem with Gibbs- Thomson Law for melting.

We state some existence and stability results for the Mullins-Sekerka problem.

Theorem. [C], [CH], [ES] Let Γ_0 ∈ C^{2+α}. There exists a t_1 > 0 so that the Mullins Sekerka problem has a unique solution in C^{2+α,1+α/2} which is smooth for t > 0. For k ∈ N, if Γ_0 is close enough to the round sphere in C^{2+α} then the solution approaches the round sphere exponentially fast in the C^k. (The theorem holds for R^n where κ is the mean curvature of Γ_t)

Higher dimensional existence of global weak solutions[AW], [Lu] and short time existence[R] are known for the Stefan problem with Gibbs-Thomson law. In two dimensions for the one phase problem, short time existence and long time existence and asymptotic circularity is known small perturbations of the circular bubble[CP]. Existence and stability for unbounded geometry is known[DR]. The T = 0 case has also been studied, e.g. for oil recovery [VE], [T], [NT].

Chemical reaction problem. We restate the particular problem under consideration. We seek a family of closed curves {Γ_t}_{t≥0} ⊂ R^2 satisfying a curvature evolution with nonlocal term. V = n · dX dt = α(κ) + N (Γ_t)

where Γ_0 is given embedded closed curve. n is the outer normal and κ > 0 for circle. We present Zhu’s model for a chemical reaction along a front (which we’ll call flame propogation) in a vertical Hele-Shaw cell[Z]. The model is designed to study buoyancy effects on the shapes of flames. Assume Ω_1, Ω_2 are components of R^2 − Γ, Ω_2 is bounded. Assume Ω_1 is fuel and Ω_2 is the combustion product which is lighter than the fuel. The densities satisfy ρ_1 > ρ_2. We assume viscosities are equal μ_1 = μ_2 = μ. We assume that the chemicals are miscible, there is no surface tension along the interface, T = 0. But, the rate of reaction along the interface is given by α(κ) where α ∈ C^1, α > 0, α^′ < 0. A typical α = S_1e^{−bκ}. S_1 is the burning rate of a linear flame. The fire burns outward. Experiments with an aqueous hydrosulfite-iodate autocatalytic reaction in a vertical Hele-Shaw cell, in which the density varies about .02% due to temperature differences, show that the combustion product grows unstable fingers on the upper side, where the heavier fuel lies above the lighter product[AR]. Numerical experiments[Z] evolve unstable fingers in agreement with the experiment, whenever the fluid effects are strong relative to the combustion effects. However, when the combustion effects dominate, small perturbations of a circular product region die out. Our analysis confirms these observations.

Let p(x, y) be the pressure and y the vertical coordinate function.

w_i = −ℓ^2 12μ_i ∇ (p_i − gρ_j y) in Ω_i

Δp_i =0 on Ω_i p_1 → − gρ_1y as z → ∞ [p] =p_2 − p_1 = T κ on Γ_t, [n · w] =0 N (Γ_t) =n · w_i

We assume J.Y. Zhu’s simplifying hypothesis: μ_1 = μ_2 = μ and T = 0. Writing n_2 = n · (0, 1), 0 = [n · w] = − ℓ^2 12μ ([ ∂p ∂n ] − g[ρ]n_2 )

thus [ ∂p ∂n ] = g[ρ]n_2.

Thus the pressure is exactly given by the single layer potential.

p_i(z) = −gρ_1y + g[ρ] 2π ∫ Γ_t

log |z − z^′| n_2(z^′) ds(z^′).

Take ∂/∂n and use Plemelj’s formula,

N [Γ_t](z) = − g[ρ]ℓ^2 24μ n_2(z) − g[ρ]ℓ^2 24πμ PV ∫ Γ_t n(z) · z − z^′ |z − z^′|^2 n_2(z^′)ds(z^′).

For C^2 curves, since as z^′ → z, n(z) · z − z^′ |z − z^′| → 0, n(z) · z − z^′ |z − z^′|^2 → κ(z) 2 the integral is not singular.

Let z(θ, t) = R(θ, t)e^{iθ} + c_1it + z_0 where c_1 = −^{g[ρ]ℓ2}_{24μ} . Then the vertical translations cancel out and the radius function R satisfies RR_t = α ( −RR_{θθ} + 2R^2_θ + R^2 (R^2 + R^2_θ)^{3/2} ) (R^2 + R^2_θ)^{1/2}+

+ c_1 π ∫_π −π

( R(θ, t)^2 − R(θ, t)R(η, t) cos(θ − η) −R_θ(θ, t)R(η, t) sin(θ − η) )( R(η, t) sin η− R_θ(η, t) cos η ) dη R(θ, t)^2 − 2R(θ, t)R(η, t) cos(θ − η) + R(η, t)^2

One solution is a growing rising circle R(θ, t) = R(t) where

R^′(t) = α ( 1 R ) =: β(R), R(0) = R_0.

β is a convenient version of α satisfying β^′ > 0 and S_0 ≤ β(R) ≤ S_1 for R > 0. Is it stable? Do small perturbations of R converge to R at least in some parameter regime? i.e. does R(θ, t)/R(t) → 1 if R(θ, 0) ≈ R_0? Is R linearly stable? Which modes grow at t = 0, i.e. how many fingers form? Does every solution become convex?

To study these questions, we find that the linearization around R takes the following form. Substituting R(θ, t) = R(t) + εu(θ, t) and collecting ε^1 terms yields (L) ∂u ∂t = β^′(R)(u_{θθ} + u) + c_1 R Mu where 0 < β ∈ C^1 and β^′ > 0, and Mu = ∂ ∂θ ( H[u] sin θ + (u − u_0) cos θ )

where Hu is the Hilbert transform H[u](θ) = 1 2π PV ∫_π −π u(θ − σ) cot ( θ 2 ) dσ. The idea to solve the linearized equation is to regard the nonlocal term as a perturbation of the heat equation.

Theorem. Choose k ∈ N and t_1 > 0. Let β ∈ C^{k+δ} [0, ∞) and ϕ ∈ C^{2+k+δ} (S^1). Then there is a unique solution to (L) and u(·, 0) = ϕ for all t ≥ 0. The solution satisfies |u|_Ck+δ,(k+δ)/2_(S1_{×[0,t1])} ≤ c(β, δ, |ϕ|_{k+δ} , t_1). Idea of proof. Energy etimates are used to provide H^1 bounds for all t. M is a first order perturbation. By the theorem of Privalov, |Hu|_{k+δ} ≤ c|u|_{k+δ} . Also, for functions depending on a parameter, an easy argument for any ε > 0 gives an estimates of the parabolic Hölder norms, |Hu|_{k+δ−ε,(k+δ−ε)/2} ≤ c|u|_{k+δ,(k+δ)/2}. Since the perturbation is first order, there is room to maneuver and this suffices. The existence on the interval [0, t_1] follows from standard estimates for the heat equation and an application of the Shauder fixed point theorem to the map which takes w ∈ C^{+δ,(1+δ)/2} to the solution of u_t − β^′(R)(u_{θθ} + u) = c_1Mw/R u(0, θ) = u_0(θ).

By Privalov’s estimate and interpolating the right side shows that the c^{1+δ,(1+δ)/2} norm of any fixed point in [0, t_1] is bounded by the H^1 norm, which in turn is bounded by the energy estimate.

However, this argument does not give a good enough explicit time dependence on the solution to prove stability. The energy inequality only says that the solution grows lik R(t).

Poincaré’s method. Further information, such as the evolution of individual Fourier modes of the initial data is needed to prove properties of the solution and substitute for the dispersion analysis. Poincaré studied tides in the ocean by reducing the resulting oblique boundary value problem for harmonic functions in the disk to a corresponding integral equation for holomorphic function on the boundary[Mu]. In this case the problem reduces to a linear complex differential equation in the disk, which can be studied by elementary means.

It is convenient to change time to τ = ∫_t 0 dt R(t) . Let U be a harmonic function on the unit disk so that U(e^{iθ}) = u(e^{iθ}) and V its harmonic conjugate with V (0) = 0. Let Φ = U + iV . Then Hu = V |S1 . (L) becomes on S^1 0 = ℜe ( − ∂Φ ∂τ − β_τ β ( z^2Φ^{′′} + zΦ − Φ ) + ic_1 ( Φ^′ −

Φ − Φ(0) z ))

where “^′” = d/dz. Φ(·, τ) is analytic. Assuming it extends over |z| ≤ 1, then ∂Φ ∂τ = − β_τ β ( z^2Φ^{′′} + zΦ − Φ ) + ic_1 ( Φ^′ −

Φ − Φ(0) z )

so the problem becomes complex valued but local on the unit disk. Then coefficients Φ(z, τ) = ∑_∞ 0 a_k(τ)i^kz^k satisfy, (R) ∂ ∂τ ( β^{k2 −1}a_k ) = c_1kβ^{k2−1}a_{k+1}

which can be explicitly integrated and estimated. We state some consequences of this recursion formula.

(1) Energy cascade is from high modes to lower modes. Since β^′ > 0, this is a manifestation of the fact that the curvature terms regularize (L).

(2) Polynomial initial data have polynomial solutions. If Φ_n is the solution of the initial value problem with Φ_n(z, 0) = z^n then Φ_n is a polynomial of degree n whose lowest order z^1 coefficient grows at the fastest rate, like τ^{n−1}.

(3) If α ∈ C^1[0, T ] then series converges on [0, T ]. In particular, this implies a second existence proof.

(4) |Φ(τ)|_0 = o(e^{ετ} ) as τ → ∞ for all ε > 0. This implies that R/R has linearized stability since R grows linearly in t (hence exponentially in τ.)

(5) If β constant and the combustion rate doesn’t depend on curvature, then there is still local existence, say for analytic initial data. However, blowup can happen in an arbitrarily short time for arbitrarily small perturbations of the initial data. In this case the first order PDE can be integrated to show that soltuions takes the form Φ(z) = a + zf(z + iτ) where f is an arbitrary function analytic in a neighborhood of the unit disk. The T = 0 Hele-Shaw problem can be integrated similarly[HH] and develops singularities[Ta]. The model vorticity equation behaves similarly[CM].

(6) Φ(z, 0) polynomial then Φ(S^1, τ) is convex for τ sufficiently large. In other words, fingers coalesce by the flow. The same statement holds for initial data which is close enough to polynomial. The downward cascade simply means that the lowest mode eventually swamps all the others.

(7) More fingers grow initially if c_1 large. To estimate the number of fingers that form initially, we compute the relative growth of the sup norm of the n-th mode at the initial time.

∂ log |Φ_n|_0

∂ log R | | |_{τ =0} > 1 if 2 ≤ n ≤ 1 + c_1β(R_0) β_τ (R_0)

Hence fingers tend to form in more lower modes if the regularizing combustion effects are weak compared to the fluid effects. This agrees with the dispersion analysis of linear flame fronts[Z].

(8) If α regular at zero, u is analytic in θ for t > 0 and satisfies a Gevrey-like estimate. Let S_0 = β(R_0). There are c_2, c_3 so ‖ ‖ ‖ ‖ ( β(R(t)) S_0

)_{2Δ} u ‖ ‖ ‖ ‖ 2 = Eu ≤ c_2‖ϕ‖_L2_(S1_)t^{c3} if t ≥ 1.

In terms of series, if u = ∑ a_k(t)e^{ikθ} then Eu = ∑ (β/S_0)^{2k2} |a_k|^2. Since β/S_0 > 1, boundedness of Eu implies exponential decay of Fourier coefficients in k which implies analyticity. Using (R), this is proved by finding an energy estimate for Eu(τ) where u is any solution. Since the polynomial solutions form a basis, the energy estimate is established using a Galerkin procedure.

The presence of the combustion term depending on curvature makes the equation regular as does the curvature term in case T > 0 withiout combustion. However, as in that case, β constant case cannot be viewed as being regularized by solutions of 0 < β^′ → 0 [Ta]. For example, long time existence holds for β^′ > 0 but completely fails when β is constant.

The rising circle solution of the nonlinear equation is relatively stable. We show that the solution R of the nonlinear

(N) V = α(κ) + c_1N (Γ_t)

is relatively stable. i.e. if R(θ, 0)/R(0) ≈ 1 then solution exists for all time and R/R → 1 as τ → ∞. Following [TW] we parameterize R(θ, τ) = R(τ)e^{u(θ,τ )} and write κ for the curvature of θ → e^{u+iθ}. The equation becomes

(E) u_τ = α ( −u_{θθ} + u^2_θ + 1 Re^u(1 + u + θ^2)^{3/2} ) e^{−u} √ 1 + u^2_θ − α ( 1 R ) + c_1N [u]

where the modified N [u] becomes 1 2π ∫_π −π K(θ.η, τ) ∂ ∂η [ e^{u(η,τ )−u(θ,τ )} cos(η) ] dη where K(θ, η, τ) = sinh ( u(η, τ) − u(θ, τ) ) − u_θ(θ, τ) sin(η − θ) cosh ( u(η, τ) − u(θ, τ) ) − cos(η − θ) . The equation can be solved using a similar procedure to that used in the linear equation. Let Q := S^1 × [0, ∞),

X^{2+δ}(S) : = C^{2+δ,1+δ/2}(S)

X^{2+δ}_{k2} (Q) : = { v ∈ X^{δ+2}_{loc} (Q) : sup_{τ ≥0} e^{k2τ} |v|_X2+δ_(S1_{×{τ })} < ∞ }

be time weighted Hölder spaces. The idea is to view the nonlinear term as a perturbation of curvature flow. One checks that by choosing the initial data and the fluids constant c_1 sufficiently small that one can arrange that solutions of the nonlinear equation (fixed points of the solution map) remain in a fixed ball of X_{k2} independent of the time interval [0, t_1] in which solutions are constructed. Theorem. Suppose β ∈ C^{5+δ} satisfies β^′ > 0, s ≤ β/S_0 ≤ s + (1 − s)e^{−k1τ} where s = S_0/S_1 < 1, | log β|_5 ≤ c_2e^{−k1τ} . There are constants c_i depending on c_2, k_1, S_0, S_1, R_0 so that if δ ≤ c_3, |u_0|_{2+δ} ≤ c_4, c_1 ≤ c_5 and k_2 ≤ c_6 then there is a solution u ∈ X^{2+δ}_{k2} of (E) so that u(θ, 0) = u_0(θ). Moreover, for all l ∈ N there is c_7 also depending on l ≥ 2 so that the solution u ∈ X^{l+δ}_{k2} so that for τ > 1/l, |u|_X l+δ_(S1_{×{τ })} ≤ c_7 ( |u_0|_{2+δ} e^{−S1τ}+c_1e^{−k2τ} ) . Idea of the proof. View the nonlinear term as a perturbation of the outward mean curvature flow (N = 0). Set up a fixed point argument in X^{2+δ}_{k2} (S^1 ×[0, t_1]). Apriori estimates for solutions to

u_τ = α(κ/R) − β(R) + f, and u(0) = u_0

where f = c_1N w for w ∈ X^{2+δ}_{k2} and estimates of the nonlocal tern show that u ∈ X^{2+δ}_{k2} . A bootstrapping argument gives compactness. Then argue that for |u_0|_{2+δ} and |c_1| small enough but independent of t_1, any fixed point (solution of the nonlinear equation) is in a uniform ball in X^{2+δ}_{k2} .

The argument depends some lemmata. The first says that the nonlocal term can be decomposed as a Hilbert transform plus a more regular operator, and thus satisfies estimates similar to the linear case.

Lemma. For every δ > ε > 0, k, j ∈ Z_+ there is a c_8 so that if D = ∂^j_θ ∂^k_τ and Du ∈ C^{1+δ,(1+δ)/2} then DN u ∈ C^{ε,(1+ε)/2} so that |DN u|_{ε,(1+ε)/2} ≤ c_8|Du|_{1+δ,(1+δ)/2} c_8 depends on ε, k, |u_θ|_0 and |Du|_{1+δ,(1+δ)/2}.

Idea of the proof. One can decompose the kernel so that and K = f + g cot((θ − η)/2) where f, g have better regularity. Thus N u = ∫ fhdx + H(ghu) where h = (e^{u(η,τ )−u(θ,τ )} cos η)_η . For example, one term is cosh(u(η, τ) − u(θ, τ)) − 1 1 − cos(η − θ) which behaves like u^2_θ.

The loss of smoothness with respect to the time variable or with respect to any parameter is as for the Hilbert transform.

The second is to find apriori estimates for the inhomogeneous mean curvature equation. The essential point is that if the right side comes from an element of X_{k2} and decays exponentially, then long time estimates can be found for solutions that depend only on the initial data and right side but not on the time interval [0, t_1]. Estimates for derivatives are very similar. We illustrate by presenting just a one sided C^0 estimate. The equation is

(IMC) u_τ = α ( κ R ) − β(R) + f(θ, τ) where we have written κ for the curvature of e^{u(θ,τ )}e^{iθ} for convenience.

Lemma. Suppose β ∈ C^1 such that β^′ > 0, β(R_0) = S_0 > 0, s ≤ S_0/β ≤ s + (1 − s)e^{−k1τ} , s = S_0/S_1, |(log β)_τ | ≤ c_4e^{−k1τ} . Suppose that f ∈ C satisfies |f| ≤ c_5e^{−k2τ} where k_2, c_5 < S_1. Then there is a constant c_9 so depending on S_0, S_1, k_1, c_4, |f|_0, |u_0|_0 so any C^{2,1} solution u of (IMC) satisfies

e^u − 1 ≤ (e^{|u0|0} − 1)e^{−S1τ +(c4+S0) min{τ,1/k1}} + c_5c_9 e^{−k2τ} − e^{−S1τ} S_1 − k_2 . Idea of the proof. First find constant bounds using the maximum principle. The idea is to construct a supersolution M(τ) as the solution to an ODE which depends only on τ. Then to use finer inequlities to find sharper upper solutions.

Provided M(0) ≥ |u_0|_0 we suppose there is a first point (θ_0, τ_0) where u = M. There u_θ = 0 and u_{θθ} ≤ 0 and κ ≥ e^{−M} > 0. This says that we’re within the range to substitute to β. Thus at the maximum point, u_τ − e^{−u}β ( R κ ) = −β(R) + f u_τ = S_1e^{−M} + |f|_0 −

S_1 1 + (S − 1)e^{−k1τ} = M_τ .

Thus if |f|_0 < S_1 then the solution of the last ODE assumed to be satisfied by M (which is linear in e^M ) is bounded by c_{10}.

A more refined estimate follows since β(Re^{−M} ) has a better upper bound. Using derivative assumptions on β and Taylor’s formula e^M M_τ ≤ β(R) − β(R)e^M + fe^M + c_4e^{−(1+k1/S1)M−k1τ} (e^M − 1), (e^M − 1)_τ ≤ (−β(R) + c_4e^{−k1τ} )(e^M − 1) + c_5e^{−k2τ} e^M ,

≤ (−S_1 + (c_4 + S_0)e^{−k1τ} )(e^M − 1) + c_5c_{10}e^{−k2τ} .

Thus the integral grows until the sign of the leading term becomes negative. Then the linear term and inhomogeneous term decay. The esimate follows by integrating the new differential inequality satisfied by the refined M.

Acknowledgement. The author thanks the National Center for Theoretical Sciences and the Department of Mathematics at the National Tsing Hua University in Hsinchu, Taiwan for their support. Part of this work was completed while the author was visiting the University of California, Irvine.

References

[AR] M. Abid & P. D. Ronney, Propogation rates of buouyant chemical fronts in aqueous solution, Fall technical meeting, Combustion Institute, Western States Section, Los Angeles, CA, Oct. 28–29, 1996.

[AW] F. Almgren & L. Wang, Mathematical existence of crystal growth with Gibbs-Thomson curvature effects, J. Geom. Anal. 10 (2000), 1–100.

[A] B. Andrews, Contraction of convex hypersurfaces in Euclidean space, Calc. Var. Partial Differential Equations 2 (1994), 151–171.

[AG] S. Angenant & M. Gurtin, Multiphase thermomechanics with interfacial structure II. Evolution of an isothermal interface, Arch. Rat. Mech. Anal. 108 (1989), 323–391.

[BK] D. Bensimon, L. Kadanoff, S.D. Liang, B. Shraiman & C. Tang, Viscous flows in two dimensions, Rev. Modern Phys. 58 (1986), 977–999.

[B] K. Brakke, The motion of a surface by its mean curvature, Princeton University Press, Princeton, 1978.

[BC] H. Byrne & M. Chaplain, Free boundary value problems associated with the growth and development of multicellular spheroids, Euro. J. Appl. Math. 8 (1997), 639–658.

[CN] L. A. Cafarelli, L. Nirenberg & J. Spruck, The Dirichlet problem for nonlinear second order elliptic equations I Monge-Ampère eqation, Comm. Pure Appl. Math 37 (1984), 369–402.

[CG] Chen, Y. Giga & S. Goto, Uniqueness and existence of viscosity solutions of generalized mean curvature flow equations, J. Differential Geometry 33 (1991), 749–786.

[C] X.F. Chen, The Hele-Shaw problem and area preserving Curve-shortening motions, Arch.

Rat. Mech. Anal. 123 (1993), 117–151.

[CH] X.F. Chen, J.X. Hong & F.H. Yi, Existence, uniqueness and regularity of classical solutions of the Mullins-Sekerka problem, Commun in Partial Differential Equations (1996), 1705– 1727.

[Cw] B. Chow, Deforming convex surfaces by the n-th root of the Gaussian curvature, J. Differential Geometry 22 (1985), 117–138.

[CL] B. Chow, L.P. Liou & D.H. Tsai, Expansion of embedded curves with turning angle gerater than �π, Invent. Math. 123 (1996), 415–429.

[CM] P. Constantin, P. Lax & A. Majda, A simple one-dimensional model for the three dimensional vorticity equation, Comm. Pure Appl. Math. 36 (1985), 715–724.

[CP] P. Constantin & M. Pugh, Global solutions for small data to the Hele-Shaw problem, Nonlinearity 6 (1993), 393–415.

[CT] P. Constantin & E. Titi, On the evolution of nearly circular vortex patches, Commun.

Math. Phys. 119, 177–198.

[DR] J. Duchon & R. Robert, Évolution d’une interface par capillarité et diffusion de volume I, Ann. Inst. H. Poincaré, Annales non linéare 1 (1984), 361–378.

[ES] J. Escher & G. Simonett, A center manifold analysis of the Mullins-Sekerka model, J.

Differential Equations 143 (1998), 267–292.

[ES1] L.C. Evans & J. Spruck, Motion of level sets by mean curvature I, J. Differential Geometry 33 (1991), 635–681.

[F] W. Firey, Shapes of worn stomes, Mathematica 21 (1974), 1–11.

[GH] M. Gage & R. Hamilton, The heat equation shrinking convex plane curves, J. Differential Geometry 23 (1986), 69–96.

[Gr] M. Grayson, The heat equation shrinks embedded plane curves to round points, J. Diffrential Geometry 26 (1987), 285–314.

[G] M. Gurtin, Thermomechanics of evolving phase boundaries in the plane, Clarendon, Oxford, 1993.

[HH] Y. Hohlov & S. Howison, On the classification of solutions to the zero surface tension model for the Hele-Shaw free boundary flows, Quart. Appl. Math. 51 (1993), 777–789.

[H] G. M. Homsey, Viscous fingering in porous media, Ann. Rev. Fluid Mech. 19 (1987), 271–311.

[Hw] S.D. Howison, Bibliography of free & moving boundary problems in Hele-Shaw and Stokes flow, Web URL: http://www.maths.ox.ac.uk/~howison/Hele-Shaw/ (1998).

[HL] T. Hou, J. Lowengrub & M. Shelley, Removing the stiffness from interfacial flows with surface tension, Jour. of Computational Physics 114 (1984), 312–338.

[Hu] G. Huisken, Flow by mean curvature of convex surfaces into spheres, J. Differential Geometry 20 (1984), 237–266.

[I] T. Ilmanen, Generalized flow of sets by mean curvature on a manifold, Indiana Univ. Math.

J. 41 (1992), 671–705.

[JS] G Joulin & G. Sivashinsky, Influence of momentum and heat losses on the large-scale stability of quasi-2d premixed flames, Combustion Sci. and Tech. 98 (1994), 11.

[Lu] S. Luckhaus, Solutions for the two-phase Stefan problem with Gibbs-Thomson Law for melting temperature, Euro. J. of Appl. Math. 1 (1990), 101–111.

[M] G. H. Markstein, Nonsteady flame propogation, Pergammon Press, New York, 1964. [MV] G. McFadden, P. Voorhees, R. Boisvert & D. Meiron, A boundary integral method for the simulation of two-dimensional particle coarsening., J. Sci. Comput. 1 (1986), 117.

[MS] W. Mullins & R. Sekerka, Morphological stability of a particle growing by diffusion and heat flow, J. Appl. Phys. 34 (1963), 441–451.

[Mu] N. I. Muskhelishvili, Singular integral equations: boundary problems of function theory and their application to mathematical physics 2nd ed., Gostekhizdat, Moscow, 1946 (Russian); English trans. orig. publ., Republ. by Dover, Mineola, NY., 1992, Noordhoff & Gronigen, Holland, 1953;.

[NT] Q. Nie & F.R. Tian, Singularities in Hele-Shaw flows, SIAM J. Appl. Math. 58 (1998), 34–54.

[P] L. Paterson, Radial fingering in a Hele-Shaw cell, J. Fluid Mech. 1134 (1981), 513–529. [PT] M. Pindera & L. Talbot, Flame induced vorticity: the effects of stretch, Twenty-First Symposium (Int’l) on Combustion, The Combustion Institute, Pittsburgh, 1986, pp. 1357– 1366.

[Pz] C. Pozrikidis, Boundary integral and singularity methods for linearized viscous flow, Cambridge University Press, Cambridge, 1992.

[R] E. Radkevitch, The Gibbs-Thomson correction and conditions for the classical solution of the modified Stefan problem, Soviet Doklady Acad. Sci. 316 (1991), 1311–1315; Transl., Sov. Math. Doklady 43 (1991), 274–278.

[S] R. F. Sekerka, Morphological stability, crystal growth: an introduction, North Holland, Amsterdam, 1973.

[Ta] S. Tanveer, Surprises in viscous fingering, J. Fluid Mech. (2000) (to appear). [T] F. R. Tian, A Cauchy integral approach to Hele-Shaw problems with free boundary: The case of zero surface tension, Arch. Rat. Mech. Anal. 135 (1996), 175–196.

[Tr] A. Treibergs, Instability in a buoyant chemical front driven by curvature, preprint (2000). [TW] A. Treibergs and S.W. Wei, Embedded hyperspheres with prescribed mean curvature., J.

Differential Geometry 18 (1983), 513–521.

[To] K. S. Tso, Deforming a hypersurface by its Gauss-Kronecker curvature, Comm. Pure Appl.

Math. 38 (1985), 867-882.

[VE] A.N. Varchenko & P.I. Etingof, Why the boundary of a round drop beconmes a curve of order four, University Lecture Series, vol. 3, American Mathematical Society, Providence, 1992.

[V] A. Visintin, Models of phase transitions, Birkhaüser, Boston, 1996. [Z] J. Zhu,, A numerical study of chemical front propogation in a Hele-Shaw flow under Buouyancy effects, Physics of Fluids 10 (1998), 775–788.

University of Utah, Department of Mathematics 155 South 1400 East, Rm 233 Salt Lake City, UTAH 84112-0090 E-mail address:treiberg@math.utah.edu