STRONGLY CONTRACTING GEODESICS IN OUTER SPACE

YAEL ALGOM-KFIR

ABSTRACT. We study the Lipschitz metric on Outer Space and prove that
fully irreducible elements of Out(Fy) act by hyperbolic isometries with axes
which are strongly contracting. As a corollary, we prove that the axes of fully
irreducible automorphisms in the Cayley graph of Out(F,) are stable, mean-
ing that a quasi-geodesic with endpoints on the axis stays within a bounded
distance from the axis.

INTRODUCTION

There exists a striking analogy between the mapping class groups of surfaces,
and the outer automorphism group Out(F,,) of a rank n free group. At the core of
this analogy lies Culler and Vogtmann’s Outer Space CV;, [14], a contractible finite
dimensional cell complex on which Out(F,,) has a properly discontinuous action.
Like Teichmiiller space, Outer Space has an invariant spine on which the action is
cocompact, making it a good topological model for the study of Out(F},). Indeed,
Outer Space has played a key role in proving theorems for Out(F,,), which were
classically known for the mapping class group. For example, the action of a fully
irreducible outer automorphism on the boundary of C'V,, has been shown [21] to
have North-South dynamics, and the Tits alternative holds for Out(F,) [5], [6].

However, while there have been several well studied metrics on Teichmiiller space
(the Teichmiiller metric, the Weil-Petersson metric, and the Lipschitz metric), the
geometry of Outer Space has remained largely uninvestigated (exceptions include
[18] and [17]). One would like to define a metric on Outer Space so that fully
irreducible elements of Out(F},), which are analogous to pseudo-Anosov elements
in MCG(S), act by hyperbolic isometries with meaningful translation lengths. But
immediately one encounters a problem: it isn’t clear whether to require the metric
to be symmetric. To clarify, we follow the discussion in [19]. Consider the situation
of a pseudo-Anosov map ¢ acting on Teichmiiller space 7 (S) with the Teichmiiller
metric dr. Associated to 9 is an expansion factor Ay and two foliations F* and F*
so that 1) expands the leaves of F° by Ay and contracts the leaves of F* by )\1;1.
Incidentally, Ay = Ay-1. Furthermore, by Teichmiiller ’s theorem, the translation
length of 1 is log(A\y). Going back to Out(F},), one can associate to a fully irre-
ducible outer automorphism ® a Perron-Frobenius (PF) eigenvalue A\ which plays
much the same roll as the expansion factor in the pseudo-Anosov case. However,
it is not always the case that A¢ = Ag-1. If we did have an honest metric on
Outer Space where ® was a hyperbolic isometry then the axis for ® would also be
an axis for ®~1. Thus for a point z on the axis of ®, d(z,®(z)) = log(\e) and
d(®(x),z) = log(Ap-1). Therefore one would have to abandon either the symmetry
of the metric or the relationship between the translation length of a fully irreducible
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element and its PF eigenvalue. We choose the former in order to preserve the ties
between the action of ® on C'V,, and its action on the set of conjugacy classes in F,,.

The (non-symmetric) metric that we carry over from 7(S) to Outer Space is
the Lipschitz metric introduced by Thurston [27]. A map h: X — Y between two
metric spaces is Lipschitz if there exists a constant L so that dy (h(z),h(z')) <
Ldx(x,2') for all x,2" € X. The smallest L for which this holds is called the Lip-
schitz constant of h and denoted Lip(h). Given two marked hyperbolic structures
(X, f),(Y,g) on a surface S define

dr((X, f),(Y,g)) = inf{Lip(h)|h is Lipschitz, and homotopic to go f~'}

In [10] Choi and Rafi proved that this metric is Lipschitz equivalent to dr in the
thick part of 7(.5).

While 7 (S) with dr is not CAT(0) [23] or Gromov hyperbolic [24] it does ex-
hibit some features of negative curvature in the thick part. A geodesic is strongly
contracting if its nearest point projection takes balls disjoint from the geodesic to
sets of bounded diameter, where the bound is independent of the radius of the ball.
Informally, the “shadow” that a ball casts on the geodesic is bounded. For example,
geodesics in a Gromov hyperbolic space are strongly contracting. In [25], Minsky
proved that geodesics contained in the e-thick part of 7 (5) are uniformly strongly
contracting, with the bound only depending on € and the topology of S. Note that
any axis of a pseudo-Anosov map is contained in the e-thick part of 7(S) for a
sufficiently small e. We prove

Theorem. An axis of a fully irreducible outer automorphism is strongly contract-
mng.

A geodesic L in a metric space is stable if every quasi-geodesic segment with
endpoints on L stays within a bounded neighborhood of L which only depends on
the quasi-geodesic constants. As an application of the theorem above we prove:

Corollary. In the Cayley graph of Out(F,), the axis of a fully irreducible auto-
morphism s stable.

This paper is organized as follows

e In Chapter 1 we go over some definitions and background on Outer Space.
The well informed reader could skip this part.

e In Chapter 2 we define the Lipschitz metric on Outer Space, and deduce a
formula which expresses the relationship between the metric and the lengths
of loops in X and Y (proof due to Tad White and first written in [17]). We
show that the metric is symmetric up to a multiplicative constant in the
e-thick part of Outer Space.

e In Chapter 3 we describe axes of fully irreducible automorphisms. Given
such an axis, we define a coarse projection of C'V,, onto this axis. It is
noteworthy that the axis for ® will not necessarily be an axis for &1,
however the distance of the projection of a point to L¢ to its projection to
Lg-1 does not depend on the point.

e In Chapter 4 we define the Whitehead graph Whx (A*) of the attracting
and repelling laminations of ® at the point X € CV,,. We prove that there
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exists a point F' € CV,, for which Whg(AT) UWhpg(A™) is connected and
does not contain a cut vertex.

e In Chapter 5 we use the previous result to show that any loop a which
represents a primitive conjugacy class cannot contain long pieces of both
laminations. Next we prove our main “negative curvature” property. If the
projections of x and y are sufficiently far apart then then d(x,y) is coarsely
larger than d(z,p(z)) + d(p(z),p(y)). We end the chapter by showing that
this is enough to prove that L is a strongly contracting geodesic.

e In Chapter 6 we turn our attention to the Cayley graph of Out(F},), proving
that the axis of a fully irreducible automorphism is stable.

e In Chapter 7 we have collected some applications: the asymptotic cone of
CV,, contains many cut points and is in fact tree graded, the divergence
function in C'V, is at least quadratic, and we show that projections onto two
axes A, B of independent irreducible automorphisms satisfy a dichotomy
similar to the one shown in [2] for subsurface projections.

A note on notation: Many of the theorems and propositions in this article contain
several constants which we usually denote s or ¢ within the proposition. When
referring to a constant from a previous proposition, we add its number as a subscript
and state the defining property of this constant. We also remark that some of the
figures contain color and are best viewed as such.

Acknowledgments. It is a pleasure to thank my advisor Mladen Bestvina for
investing many hours of his time and a few of his brilliant ideas in this work. I
would also like to thank Mark Feighn for his support and sound advice. Finally, I'd
like to thank Kenneth Bromberg for motivating some of the applications in chapter
7.

1. PRELIMINARY NOTIONS

Outer Space. Let F),, denote the free group on n letters. A rose Ry is bouquet
of n circles, with edges denoted by e1, ..., e,. Identify 71 (Rp, vertex) with F,, =<
T1,...,Ty > by declaring x; to be the homotopy class of the loop e;.

A metric graph is a graph with a geodesic metric (specified by assigning positive
lengths to its edges). A marked graph (G, 7) is a graph G equipped with a homotopy
equivalence 7 : Ry — G called the marking of (G,7) . 7 induces an isomorphism
To : By — m (G, 7(vertex)) identifying the fundamental group of G with F),.
Culler and Vogtmann [14] defined Outer Space CV,,, as the space of equivalence
classes of marked metric graphs (G, 7) where:

e cach vertex in G has valence at least 3 and

e the equivalence relation is given by: (G, 7) ~ (H, u) if there exists a homo-
thety p : G — H which preserves the marking up to homotopy, i.e. p and
p o T are homotopic.

Another useful description of C'V,, (which naturally extends to the boundary) is
given in terms of Fj,-trees. An R-tree is a geodesic metric space in which every two
points z,y are connected by a unique embedded path. A point p € T is a branch
point if 7'\ p has three or more connected components. An R-tree with an isometric
F,, action is called an F,-tree. An F,-tree is simplicial if the set of branch points
is discrete, it is minimal if it has no invariant subtree. Outer Space is the space of
equivalence classes of free, simplicial, minimal F,,-trees where two trees T,T" are
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equivalent if there exists an equivariant homothety p : T'— T’. The functor taking
each graph G to its universal cover G induces an equivalence of the two definitions
of Outer Space.

The axes topology. Consider the set of non-trivial conjugacy classes C in F,.
Each F,-tree T induces a length function {1 : F,, — R by {7 (z) = the translation
length tr(x) of x as an isometry of 7. Since the translation length is a class function,
{1 descends to a map £p : C — R. Therefore we can define a map

(:0V, — RP°
T] — [tr]

In [13] Culler and Morgan proved that this map is injective. Thus C'V,, inherits a
topology from RPC known as the axes topology. We remark (although we will not
need this) that there are other ways to define a topology on C'V,,: using the cellular
structure of C'V,,, and using the Gromov topology on the space of metric F,,-trees.
Paulin [26] proved that all three topologies are equivalent.

The boundary of Outer Space. In [13] Culler and Morgan showed that CV,,
is compact. It was later shown in [11] and [3] that CV}, is the space of very small
minimal F,-trees up to equivalence by equivariant homothety.

Free factors, basis elements and Whitehead’s theorem. A free factor is a
subgroup A < F), for which there is a B < F, such that F;, = A x B. An element
x € F, is called a basis element (or a primitive element) if < x > is a free factor. For
example, no commutator is a basis element of F;, because it represents the trivial
element in the abelianization of F,. In [28], Whitehead discusses an algorithm for
deciding if a set [y1], ..., [yx] of conjugacy classes can be completed to a basis, i.e.
do there exist elements w1, ..., wy such that yi’* ...y,’* can be completed to a basis
of F,,. We will need a version of his theorem here.

Definition 1.1. Let [y] be the conjugacy class of a cyclically reduced word y in F,
written in the generators 21, ..., 2,. Then the Whitehead graph of [y] with respect
to the basis B = {x1,...,2,} is denoted Whg([y]) and constructed as follows: The
vertex set of this graph is the set BUB™!. z;,z; € BUB™! are connected by an
edge if z; 1zj appears in the cyclic word y. Equivalently, let Y is the 2-complex

constructed by gluing a disc D to Ry via the attaching map 0D SR Ry then

Whg([y]) = Link(ver,Y). The Whitehead graph of the set of conjugacy classes
[y1], .-, [yk] is the union of all the individual whitehead graphs, taken with the
same vertex set Whp([y1], ..., [yx]) = U, Whg([yi]).

Whitehead proves

Theorem 1.2 ([28]). If [y1],...,[yk] can be completed to a basis, and for some
basis B, Whg([y1], ..., [yk]) is connected. Then Whg([y1],...,[yk]) contains a cut
vertex.

If there’s a cut vertex a in W = Whg([y1],...,[yx]) then one could decrease

Zle lyilz by changing the basis as follows. Consider W’ the subgraph of W
induced by the set of vertices different from a. Let W be the vertices in the con-
nected component of the vertex a~' in W', and let W' be the rest of the vertices
in W’. Construct the basis B; from B:



STRONGLY CONTRACTING GEODESICS IN OUTER SPACE 5

e if both xj,xj_l € W' then replace z; with a:l-xjxi_l,
e if only z; € W' then replace z; with z;;
e if both x;, x;l € WO then leave them as they are.

It is straightforward to check that ; is indeed a basis for F}, and that Zle lyilg >

Zle lyilB,. Ome could repeat the process to obtain a fast algorithm for deciding
if [11], ..., [yx] are part of a basis.

We will need a slightly different version of Whiteheads theorem, which can be
found in R. Martin’s PhD thesis [22] (proof attributed to M. Bestvina). The the-
orem in [22] is stated and proved for one conjugacy class but the proof of the
statement for several conjugacy classes needs no modification thus we omit it. To
state the theorem we need to define the generalized Whitehead graph and the de-
composition space of [y1], ..., [yl

We define the generalized Whitehead graph Why, ([y1], ..., [yx]; B) as follows.
Consider Ry the bouquet of n circles ey, ..., e, labelled by z1,...,z,. Represent
[y1], - -, [yx] by immersed loops ag,...,ax in Ry. Let T = l/% the universal cover
of Ry with some basepoint, and lift ai,...,a; to a family of lines in T'. The
vertices of the Whitehead graph are in 1-1 correspondence with the vertices lying
on the sphere of radius m centered at the basepoint, i.e. the words of length m
in the basis x1,...x,. Two of these vertices w,w’ are connected by an edge in
Wh([y1], - - -, [yx]; B) if there exists @; a lift of one of the a;s such that w, w’ both
lie on a;. It is easy to see that Why([y1], ..., [yx]; B) = Wha([v1], - - -, [yx])-

We will also associate to [y1],. .. [yx] a quotient space of OT. The boundary of T
is the set of ends of T', i.e. the set of equivalence classes of rays where two rays are
identified if they have infinite intersection. A basis for a topology on 9T is given
by finite words in F),: Let w be a reduced word in F;, and let § be the path from 1
to w . U, is the set of geodesic rays emanating from the basepoint that contain [.
{U,} is a basis for a topology on 9T. Given [y1],. .., [yx] define OT/[11], ..., [yx] to
be the quotient space of 9T where [r] ~ [r'] if there is an & a lift of one of a1, ..., ay
such that one of & endpoints is [r] and the other is [r']. Endow 9T/ ~ with the
quotient topology. 9T/[y1], - .., [yk] is called the decomposition space associated to

[yl]a EEEE) [yk]
We are now ready to reformulate Whitehead’s result:

Theorem 1.3 ([22]). For any set of elements y1,ya, ..., yr the following are equiv-
alent:

(1) [y1],-- -, [yk] agree with a proper splitting of F,, up to conjugacy, i.e. there is
a splitting F,, = Ax B such that for each 1 <14 < k: [y;] € [A] or [y;] € |B].
(2) The decomposition space OFy, /[y1],- .., [yk] is disconnected.

(3) For any basis B there is some m such that Why, ([y1], - - -, [yx]; B) is discon-
nected.
(4) If B is a basis such that Whg([y1], - .., [yk]) contains no cut vertex then it

15 disconnected.
(5) There exists a basis B such that Whg([y1], ..., [yx]) is disconnected.
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Outer automorphisms. While it has now become an object of independent study,
initially Outer Space’s raison d’étre was the study of the group of outer automor-
phisms of the free group Out(F,,) = Aut(F,,)/Inn(F,,). An outer automorphism @
is reducible if there is a splitting F,, = Ay % Ay ---*x A x B with A; # 1 and either
B 1 or k > 2 such that ® permutes the factors Aq,..., Ay up to conjugacy. If ®
is not reducible then it is irreducible. ® is fully irreducible, also called IWIP (irre-
ducible with irreducible powers), if for all i > 0, ®¢ is irreducible. ® is geometric
if there exists a surface automorphism f : S — S of a surface S with m(S) = F,
such that [f.] = ®. Except for the case n = 2 where all outer automorphisms are
geometric; geometric outer automorphisms are a small subset of Out(F,).

There is a natural right action of OutF,, by homeomorphisms of C'V,, (when we in-
troduce a metric on C'V,, we shall see that this is actually an isometric action). Let
(G,h) € CV,, and ® an outer automorphism. Let f: Ry — Ry be a map such that
[f«] = ¢ define (G, h)-® = (G, ho f). The homotopy class of ho f is independent of
the choice of f so we get a well defined action. This action has finite stabilizers but
is not cocompact. However, CV,, has a spine (a contractible deformation retract
of CV,,) on which the restriction of the action of Out(F),) is cocompact (see [14]
for details). Therefore, C'V,, is a nice topological model for Out(F,,). We aim to
demonstrate in this work that it is a good geometric model for it as well.

Train-track structures and maps. Let G be a graph. An unordered pair of
oriented edges {e1,e2} is a turn if e1,es have the same initial endpoint. Let e
denote the edge e with the opposite orientation. If an edge path a = ---ejey--- or
a =---eze1 --- then we say that a crosses or contains the turn {ej, ea}.

Definition 1.4. A train track structure on G is an equivalence relation on the set
of oriented edges F(G) with the property that if e; ~ ez then {ej, e} is a turn.

A turn {eq,es} is legal with respect to a fixed train-track structure on G if
e1 » es. An edge path is legal if every turn it crosses is legal. The equivalence
classes of the edges are called gates. Let f: G — G be a map such that on every
edge it either collapses it to a point, or restricts to an immersion. Let Df : B — E
be a map on E - the set of oriented edges in G, which sends each edge to the first
edge in its image (can be thought of as a kind of derivative). f induces a map T f
on the set of turns T'f(e,e’) = (Df(e),Df(e’)). In [8] Bestvina and Handel made
the following definition.

Definition 1.5. f is called a train-track map if it preserves a train-track structure,
i.e. if there is a train-track structure on G such that f takes legal turns to legal
turns.

Equivalently, f is a train-track map if f(e) is an immersed path for each i € N and
each edge e € F.

In [8] they lay out an algorithm which produces train-track map f for any ir-
reducible outer automorphism ®, with [f.] = ¢. Up to scale, there is a unique
assignment of lengths to G and a constant A (the growth rate of f, or the PF eigen-
value of f) so that for every edge e we have length(f(e)) = Mength(e). Although f
is not unique in the sense that there might be many train-track maps representing
a given automorphism, A depends only on ®.

Given a concatenation of legal paths a - 3, there might be some cancellation in
f(a)-f(B). However, Cooper proved in [12] that the amount of cancellation bounded
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by a constant K = BCC(f) which depends only on f (and not on the paths). Fol-
lowing [4] we define Ce,j, the critical constant for [ as Cepiy = % (where A is the
PF eigenvalue of f). For every C' > Ci,i; there is a u such that for any legal paths
a, 3,y where (’s length is greater than C, [f*(a - 3-+)] contains a legal segment of

length at least uA\*length(3) contributed by f*(3).

Laminations of fully irreducible automorphisms. Let f : G — G be a train-
track map of an irreducible outer automorphism. By replacing f with a power if
necessary, we may assume that f has a fixed point  in the interior of an edge. Let
be an € neighborhood of « so that f(I) D I. Choose an isometry ¢ : (—¢,e) — I and
extend uniquely to a local isometric immersion ¢ : R — G so that £(A"'t) = f™(t)
for all t € R. The attracting lamination in G, A*(G), is the collection of all such
immersions /¢ called attracting leaves. A stable leaf subsegment is the restriction of
¢ to a subinterval of R. Different leaves have the same leaf subsegments. Given a
different metric graph H € C'V,, and a homotopy equivalence 7 : G — H, AT (H)
the attracting lamination in the H coordinates is the collection of immersions [7/]
pulled tight. An important feature of these laminations is:

Proposition 1.6 ([4] Proposition 1.8). Every leaf of A} is quasi-periodic.

This means that for every length L there is a length L’ such that if o, 3 C ¢
are subleaf segments with length(«) = L and length(5) > L’ then [ contains an
occurrence of . One can think of ¢ as a necklace made of beads. The segments of
length L that appear in £ are beads of different colors. The proposition tells us that
in any subchain of % consecutive beads we can find beads of all possible colors.

Parameterization of Outer Space. Unnormalized Outer Space X is the space
of metric graphs where two are equivalent if there is an isometry homotopic to the
difference in marking. There is a similar definition in terms of trees. CV,, is a
section of X. One parameterization of C'V,, is to take the set of volume 1 graphs in
X

This is useful, but unfortunately, doesn’t extend to the boundary. Another pa-
rameterization that we will use which does extend to the boundary is as fol-
lows: By Serre’s theorem there is a finite set of conjugacy classes (for example
[z1], ..., [zn], [z122], . . . [Tn—12p]) which cannot be simultaneously elliptic in any
minimal F),-tree. Then CV,, is the section where the sum of their translation
lengths is 1.

2. THE L1PSCHITZ METRIC ON CV,,
Let (X, f), (Y, g) be two marked metric graphs of volume 1. Consider:
L(X,Y) = {Lip(h) € R |h is Lipschitz and homotopic to go f~"}
Note that h does not necessarily take vertices to vertices. Define the distance from
X toY to be:
d(X,Y) =loginf L(X,Y)

By Arzela-Ascoli L(X,Y') has a minimum. Moreover, it is enough to consider maps
which are linear on edges. Indeed, for any map h one can construct a homotopic

map h; which is linear on edges by defining hi(v) = h(v) on every vertex v and
sending an edge (v,w) to the immersed path [h(v), h(w)] which is homotopic to
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Im(h|(y,w)) rel endpoints and parameterized at constant speed. It is clear that
Lip(h1) < Lip(h). Therefore we can usually restrict our attention to such maps.
To see that d(X,Y) really defines a (non-symmetric) metric note the following;:

(1) Ifd(X,Y) = 0 then there is a map h homotopic to the difference in marking
with Lip(h) = 1. Since h is a homotopy equivalence and X, Y don’t contain
valence 1 vertices then h is surjective. Lip(h) = 1 implies that h doesn’t
stretch edges. Since h is onto and vol(X) = vol(Y) = 1, it cannot shrink
edges either. h is linear so h'(z) = 1 for all # € X. h is injective, otherwise
vol(Y') < wol(Imh) < vol(X). We conclude that h is a bijection with A’ =1
thus it is an isometry from X to Y. Since it is homotopic to the difference
in marking we get X =Y in CV,.

(2) Ifhy : X =Y, he : Y — Z are optimal maps, then h = hyohy is homotopic
to the difference in marking from X to Z, thus Lip(h) > min L(X, 7). But
the chain rule implies Lip(h;)Lip(hs) > Lip(h) > min L(X, Z) taking log
we get d(X,Y) +d(Y,Z) > d(X, Z).

Conventions and notation. If ay is an immersed loop in X then it represents
a conjugacy class a of m (X, p). For every marked graph Z, we shall denote by ayz
the immersed loop representing « in the graph Z.

If the loop ax is not an immersed loop, we denote by [ax] the immersed loop
representing the same conjugacy class.

For a path vx in X € CV,,, the length of vx in X is denoted by I(yx, X). For a
conjugacy class 7 in F,, the length of the immersed loop representing v in X will
be denoted (7, X).

We now prove that the optimal Lipschitz constant of a map from X to Y is equal
to the stretch factor of the maximally stretched loop. For two points X,Y € CV,
and a conjugacy class «, denote the stretch of o from X to Y by St (X,Y) = %
Let

S(X,Y) = {Sto(X,Y)|« is a conjugacy class in F),}
Theorem 2.1 (T. White see [17]).
min L(X,Y) = max S(X,Y)

Proof. Let a be a conjugacy class represented in X by the immersed loop ax. The
loop h(ax) represents « in Y, it might not be immersed. We denote by [h(ax)]
the tightened image of h(ax). Then

(1) la,Y) =I([h(ax)],Y) < I(h(ax),Y) < Lip(h)l(a, X)

We deduce that max S(X,Y) < min L(X,Y). Notice that we get equality in equa-
tion 1 iff all of the edges which ax crosses are stretched by Lip(h) and h(ax) is a
tight loop in Y. The goal is now to find a map h for which such a loop exists.

Given a map h : X — Y which is linear on edges, let X} be the subgraph of
all edges e such that St(h,e) = Lip(h). h induces a train-track structure on X:
two edges e1, es belong to the same gate if h(e1), h(es) define the same germ. The
inclusion X; C X induces a train-track structure on Xj,.

Let h be an optimal map, linear on edges and so that X} is smallest among all
optimal maps. We claim there are at least two gates at each vertex. See figure 1
for an example. In general, suppose by way of contradiction that there is a vertex
v where X}, contains only one gate at v. Let Sy = max{St(h,e)le ¢ X} be the
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second largest derivative, and € = Lip(h) — S3. Define a map hy by hi(u) = h(u) for
all vertices u # v. To define hi(v) take any e € X}, adjacent to v, define hy(v) the
point on the germ defined by h(e) a distance < ¢ - (length of smallest edge in Y)
away from h(v). Define h; to be homotopic to h and linear on edges.

w

uﬂ

€1 €2
f ay a9 as
v

FIGURE 1. The following is an example of a map f where Xy has
a vertex with one gate. We show that the map is not optimal. In
the graph on the left both edges have length % and in the graph
on the right all three edges have length % Suppose the map f
takes e; — a9tz and es — ajazaiasasar. The stretch of f on ey
is % = % and the stretch of f on ey is % =4, so Lip(f) =4
and Xy = {es,e2}. Both eg, &3 begin with a1 so Xy contains only
one gate at v. Let w’ be a point on a; which is € away from v
where 2¢ < 4 — %. w’ divides a1 into two edges by, bs. Consider

the map f; which takes e; — birasazby and eq — baazbibaGzasbs.

f1 is homotopic to f. fi stretches e; by 2/13;;25 = 482 and ey by

2—2e

7z — 4 —4e. Since ¢ is small enough Lip(f1) = 4 — 4e which is

smaller than Lip(f).

We show that Sy < St(hi,e) < Lip(h) for every edge e € X}, adjacent to v.

St(hl,e) _ Lip(h)len(e)fs-llcer;g(te}; of smallest edge > Lip(h)lelfezfle()egslen(e) _ Llp(h,) e =

Sy. Therefore, either Lip(hy) = Lip(h) with X, & X}, or Lip(hy) < Lip(h) which
contradictions the choice the h. Thus we’ve shown that there are at least two gates
for every vertex of Xj,.

Consider a legal path ax € X} which intersects itself twice. Such a path will
contain a legal subloop. Indeed parameterize « so that « : [0,1] — X} with
a(0) = a(t), and a(t2) = a(1) where 0 < t; <ty < 1. If Dy a(0) # D_«(t1) then
@[,+,] is a legal loop, if Dya(ts) # D_a(1) then afy, 1) is a legal loop. Otherwise
a* [a(tz), a(t1)] is a legal loop. Legal loops are mapped to tight loops in Y thus if
h is as above there is a maximally stretched loop a with stretch constant equal to
the Lipschitz constant of h. O

This proof shows a bit more: there is a relatively short loop which is maximally
stretched. The following theorem from [17] makes this precise.

Theorem 2.2 ([17]). For any two points X,Y € CV,, there is a mazimally stretched
loop ax whose image is one of the following:
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(1) an embedded circle.

(2) a wedge of two embedded circles.

(3) a barbell i.e. « is a concatenation of y1y2y3¥z where 1 and 3 are disjoint
embedded circles and o is an embedded path which intersects v;, i = 1,3 in
exactly one point which is one of its endpoints.

Such a loop can contain at most |E| edges where |E| is the number of edges in
X. By an Euler-characteristic argument |E| < 3n — 3 therefore ax crosses at most
3n — 3 edges.

Definition 2.3. Let X be a point in CV,,. Define the set of candidates of X,
Can(X) as the set of loops of the type described in theorem 2.2.

Corollary 2.4. The distance is realized by one of the candidates of X :

l(a,Y)
la, X)

Corollary 2.5. If ax,x € Can(X) and their images in X are different sets then
«, B3 can be completed to a basis.

d(X,Y) = log max {

a € Can(X)}

Proof. Let J by a maximal forest in X which doesn’t contain an edge e; of Imax ~
Imay. Collapse J to get Rx a wedge of circles. Since e; was not collapsed,

Imap # ImfBgr. Let e; C Br be any edge then < ag, Br,€1,...,€i,...,€,...€, >
represents a basis for F,. U
X Y

Y
Yy L T
©© 1
1 1 m

2 2 m—1

FIGURE 2. An example where d(X,Y) = log 222 ~ log2 and
d(Y,X) = log %

2.1. Non-symmetry of d(X,Y).

Example 2.6. Figure 2 shows an example of two graphs X, Y,,, such that d(X,Y) =
log St (X,Y) = log (M) however going the other way, the distance is attained

m

on z and d(Y, X) = logSt,(X,Y) = log (11/%) = log (%). Therefore we cannot

hope for the metric to be symmetric up to a multiplicative constant.

However, not all is lost, one can say something if we forget the metric structure
on the graphs and consider them as topological graphs with a marking. In [18§]
Handel and Mosher studied a combinatorial metric on the space of such graphs
defined as follows. Let h: X — Y be a simplicial map (i.e. vertices are mapped
to vertices) homotopic to the difference in marking. Define the stretch of h as the
total volume of the image of h, i.e. T'(h) =} .y |h(e)| where |h(e)| is the number
of edges h(e) crosses. Let deomb(X,Y) = logmin{T'(h)|h ~ go f~1}. They prove:
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Theorem 2.7 ([19]). There is a constant ¢ = c(n) such that
L o (¥ X) € e (X, ¥) < ¢ deom (¥, X)
for any X, Y € CV,.
Definition 2.8. For 6 > 0 the #-thick part of C'V,, is
CV,(0) ={X € CV,|l(a, X) > 0 for all o}

We can relate the Lipschitz metric to the combinatorial metric in C'V,,(0).

Lemma 2.9. For any 0 > 0 there is constant ¢ = ¢(0) such that: deomn(X,Y)—c <
d(X,Y) < deomp(X,Y) + ¢ for all X, Y € CV,(6).

Proof. Notice that each graph has no more than 3n — 3 edges, and the length of
any edge is bounded below by 6 and above by 1 — 6. Let T'(h) = edeon>(X:Y) then

. I(h(e), I(h(e —6)|h(e
Lip(h) = max { W0 e & X} < 37,0 ) < 37 O=Once)

W20 5~ cx Ih(e)] = 52T (h)

Therefore d(X,Y) < deomb(X,Y) + log 1%09

Now suppose that f : X — Y realizes the Lipschitz distance. Homotope f to a
simplicial map f’ : X — Y by moving the images of vertices in X to vertices of
Y, and pulling tight the images of edges. For each edge I(f'(e),Y) < I(f(e),Y) +
2(1 —6). Thus

edXY) = Lip(f) = max{ l(fsz;{))/)‘ € X} > max{l(f(e),Y)) |ee X} >

3n 3ZeeX ( ( ) )—3n 3 ee)g[(f/(e)vy)_2(1_9)]2
S PO~ 212 8) > b (f)
The last inequality holds when T'(f’) > w. We thus get
2(3n — 3)
0

A(X,Y) > deomp(X,Y) — log

Putting together Lemma 2.9 and Theorem 2.7 we get:

Corollary 2.10. For any 6 > 0 there is constant ¢ = ¢(0) such that:

l.d(y,X) <d(X,Y) <c-d(Y,X)

C

for any X, Y € CV,,(0).

3. AXES IN C'V,, OF FULLY IRREDUCIBLE AUTOMORPHISMS

It is straightforward to check that the right action of Out(F,) on CV,, is an
isometric action. Furthermore, if f : G — G represents ¢ € Out(F,,) and the loop
ag represents « in G then [f(ag)] is a tight loop in G¢ representing « in Go.

Definition 3.1 (Fold line). Given an irreducible train-track map f : Go — Gy
we define a fold line from Gy to Go - ¢. At each stage we will have a map gs :
Gs — Go - ¢ where go = f and giog(n) = id. We define the path G : [0,log()\)] —
CV,, and the maps g5 inductively. Progress is measured by the size of P(gs) =
g5 (vertices of Gog). Let e1,ea be two edges, with common initial vertex v and
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which are taken to the same germ under f, i.e. {e1,ea} is illegal. Consider e; as
paths with ¢;(0) = v and let R = max{r | Vs < r: f(e1(s)) = f(ea(s))}. At time
t, G is the graph obtained from G by folding the initial subsegments of e, es of
length r = 1 — e~t. Formally, G; is the quotient graph of G under the equivalence
relation e1(s) = ea(s) for all s < r where r = 1 — e~ * and where edge lengths are
changed as follows: the length of all edges other than eq, ez are scaled by ef, and
the length of e; in Gy is e'(|e;|o — (1 —e™*)). We get a path G : [0,t;] — CV,,, where
t1 = log (ﬁ . We will later show that this is a geodesic parameterized according
to arc length. We define g5 : Gs — Gj - ¢ as the quotient map of f : Gy — G - ¢
under the equivalence relation. Notice that |P(g:,)| < |P(go)] — 1. We continue
constructing the path using g;, instead of f. We're guaranteed to stop after |P(f)]
steps, obtaining a fold path G from Gy to Gg - ¢. Notice that we have made choices
when deciding the order in which to fold the edges, but in any case this construction
yields at least one fold line.

€1 ey (& 6/2/

2.1
x -y

y yr~!
FIGURE 3. A train track graph G for the map f in example 3.2
and its image under the action of ¢. The edge lengths in G(0) are
ller) = a =305 ~ 0382 and I(e2) = b= Y51 ~ 0.618, A ~
2.618.

Example 3.2. Consider the automorphism

¢_{ T — xY
Yy — yry

Since it is a positive automorphism the corresponding map on the rose with two
petals ey, es is a train-track map. To find the lengths of e;, e and the PF eigenvalue
A we solve the linear system of equations

a+b=M\a
a+2b=X\b
at+b=1

We get that the length of 1 isa = 3_2‘/5, the length of e5 is b = @ and A\ = 3+2_\/g
See figure 3 for a picture of Gy, the labels on the edges denote the inverse of the
marking. Notice that for each loop « in Gg, f(a) represents the same conjugacy
class in Gy¢. Figure 4 shows a fold path from Gy to Go¢. We start by folding e7,e3
until we completely wrap e over e;. We get a new graph G(log ﬁ) = G(log ﬁ),
with edges e}, ¢5 and edge lengths ¢ = b and b_T“ = a respectively. Now we fold a
onto e} until we completely wrap ¢} over €. The parameter t of the final graph is
log(27) + log(A — 1) = log()) and we get G(log()\)) = G(0)¢.
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Proposition 3.3. The fold line G : [0,log(\)] — CV,, is a geodesic parameterized
according to arc length.

Proof. Let s € [0,log(A\)] and define hs : Gy — G5 to be the composition of quotient
maps so that f = gsohs. The key observation is that if « is legal in Gy with respect
to f then it is legal in G with respect to hs and hs(«) is legal in G with respect
to gs (see figure 5 ). Indeed consider o : S! — Gy. « is illegal with respect to hy if
there is a point # € S' and an e-neighborhood of z such that o maps a punctured e-
neighborhood of x homeomorphically into Gg and is two-to-one into GG;. However
it must then be at least two-to-one in Gieg(y) so it is illegal with respect to f.
Similarly, if k() is illegal with respect to g, then « is illegal with respect to f.
Recall that d(X,Y) = logSt.(X,Y) for any legal loop a with respect to the
train track structure induced by the difference in marking. Let 3 be a legal loop
in Gy with respect to f then it is legal with respect to hs and hs(f5) is legal with
respect to gs. Thus d(Go, Go - ¢) = log Stz(Go, Go- ¢), d(Go, Gs) = log Stz(Go, Gs),
d(Gs,Go - ¢) = log Sty (Gs, Go - ¢). Moreover, since there is no backtracking:

€1 €2 €5
T i @ yx_l
y T
G(0) G(s) G(log(527))  Gllog(52y) +5) G(log(N))

FIGURE 4. A fold path G : [0,log \] — CV,,. Notice that if a loop
is legal in G(0) then it remains legal in G(s). This can be used to
show that the path is a geodesic in C'V,,

Sl
T
« l Qg
h s
Go I Gs > GO ¢

FI1GUrE 5. If a loop « is illegal with respect to hs or gs then it’s
illegal with respect to f.
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Stﬁ(Go, Go . gb) = Stﬁ(Go,Gs) . Sth(ﬁ)(GS, GO . ¢) Hence
d(GO; GO ' ¢) = d(GO; GS) + d(G57 GO ' ¢)

We've shown that G : [0,log(\)] — CV,, is a geodesic. We now turn to the
claim about the parameterization: let 0 < s < ¢; then the d(Gy, Gs) is realized
by a loop that doesn’t contain e, ez (i.e. any legal loop with respect to h) thus

A(Go, G) = log (L) = 5. O

Definition 3.4 (An axis of a fully irreducible automorphism). Let ¢ be a fully
irreducible outer automorphism of F,, f : Go — Gy a train-track representative,
and A the PF eigenvalue of ¢. Let G : [0,log(\)] — CV,, be a (directed) fold line
which starts at Gy and ends at G - ¢, which is a geodesic parameterized according

to arc length. For ¢t € R let k = L@J and define G(t) = G(t — k) - ¢* (i.e. we

translate G[0, \] by ¢* and ¢~*). £; = Im(G) is an invariant geodesic line. We say
that £ is an axis for ¢.

Proposition 3.5. Ly is a (directed) geodesic parameterized according to arc length.

Proof. If « is legal at G(0) with respect to f? : G(0) — G(0)¢? then « is legal
with respect to f : G(0) — G(0)¢ and f(«) is legal at G(0)¢ with respect to
f: G(0) — G(0)¢. The rest of the argument is as in the proof of proposition
3.3. (]

Define [, : R — R by I, (t) = l(«, G(¥)).

3.1. The projection to an Axis. Let ¢ be an outer automorphism, and suppose
f G — G is a stable train-track map for ¢ and g : H — H is a stable train-track
map for ¢—'. We will show that if o is primitive then there is a bounded set on
which [,(t) achieves its minimum, the bound is uniform over all conjugacy classes
a. This will allow us to coarsely define a “nearest point projection” 7¢ : C'V,, — L.

We need the following lemmas and notions due to Bestvina, Feighn, and Handel
[4].
Definition 3.6. Given a train-track map f : G — G and a loop ag in G, the
legality of @ with respect to the train-track structure of f is
Total length of all legal pieces of length > Clpj4

l(a, G)

Lemma 3.7 (Lemma 5.6 in [4]). If ¢ is non-geometric there is a constant eg > 0
and an integer N such that for any conjugacy o:

LEG¢(¢"N (), G) > €9 or LEG,(¢ N (), H) > €9

LEGf(a, G) =

We want some version of this lemma that will hold for geometric automorphisms.
In the proof of 3.7 the assumption that ¢ is non-geometric is used only to bound
the number of consecutive Nielsen paths appearing in ag. A Nielsen path of f is a
path which is periodic under iteration by f. If ¢ is geometric and fully irreducible
and f is stable, then there is a unique indivisible Nielsen path § for f in G and
this path is in fact a loop. Thus no such bound exists, and indeed the statement
in Lemma 3.7 does not hold for 8. Therefore, we shall restrict our attention to the
case where « is a primitive conjugacy class.
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Proposition 3.8. There is a bound K which depends only on ¢, such that if « is
a basis element then ag cannot cross more than K consecutive pre-Nielsen paths.

Proof. The case where ¢ is non-geometric is handled in [4].

If ¢ is geometric then f has a Nielsen loop 8. If f: G — G is stable then 3 is the
only indivisible Nielsen path. Now if ¢ crosses two pre-Nielsen loops consecutively
then for some m: f™(«) crosses [ twice consecutively. Therefore the Whitehead
graph Whe(f™(«)) will contain Whe(/3) which is a circle (it corresponds to the
boundary of the surface which is a commutator and the whitehead graph of a
commutator is a circle). Therefore, Whea(f™(«)) will be connected with no cut
vertex so by Whitehead’s theorem it cannot be a basis element. Thus, if a crosses
two consecutive pre-Nielsen paths then it cannot be a basis element. O

Putting together proposition 3.8, corollary 2.5 and the proof of 3.7 we get:

Lemma 3.9. For any irreducible outer automorphism ¢ there is a constant e¢g > 0
and an integer N such that for any primitive conjugacy class a,

LEG;(¢N(a),G) > ex or LEG,(¢~N(a),H) > €

if ¢ is non-geometric this holds for all o. In particular, the above holds for a
congugacy class o which corresponds to a candidate ax in some marked graph X .

Fix a primitive conjugacy class a. Notice that if LEG;(¢™ (a),G) > € then
LEG;(¢™(a),G) > € for all m > N. Define

ko = max{k|LEG ¢(¢*(a),G) < €0}
k{ = min{k|LEG,(¢"(a), H) < €0}

Since LEG ¢(¢* (), G) # €o lemma 3.9 implies LEG ,(¢* =N (), H) > €y thus
|I€0 — k6| < 2N3v9

The next lemma states that if a loop has legality bounded away from zero, then
its growth is exponential.

Lemma 3.10 (Lemma 5.5 in [4]). For any A > 0 there is an N such that if
LEG¢(a,G) > €g then (G, fN(a)) > A- (G, ).

We devote the rest of the section to reformulating these results into lemmas that
involve the metric.
Corollary 3.11. There is an N > 0 such that for any primitive « both:
("N (), G) > 2 1(¢"(),G) For k> ko
1(oFN(a),G) > 2-1(¢"(a),G) For k < kg

Proof. Let ¢; = exp(d(H, G)) and co = exp(d(G, H)) then for any conjugacy class
a:

(2) e, G) < e1l(ev, H) la,H) < eal(a, G)
Let N7 = N3 and c3 = exp(d(H¢ 2N, H)) so for all conjugacy classes o
(3) l(a, H) < e3l(a, Hp~*MN1)
In lemma 3.10 take A = max{2,2cicac3} then there is an Ny such that:
if LEG¢(3,G) > €y then (™2 (B),G) > A-1(B,G)

(4) if LEG, (3, H) > ¢ then o—N2(8), H) > A-1(8, H)
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Let 8 = ¢*(a), then for k > ko: LEG¢(¢(8), G) > € so l(¢™N2T1(B3), G) > 21(B, G).
For k < ko: Recall that |k} — ko| < 2N7 so LEG 4(¢*~2N1(a), H) > €y. Therefore,
LEG,(¢~*N1(3), H) > €y and so by equation 4 we get

Wp~2N2mN(B), H) > 2cicae3 - U(¢™ M (B), H) =
2cicocs - l(ﬂ, H¢72N1) > 2¢ico - l(ﬁ, H)

Denote N = 2N; 4+ Ny then by the previous inequality we get 2¢1l(8, H) <
%l(¢_N(ﬁ), H). Using this and the formulas in 2 we have

2.1(8,G) < 21 - 1B, H) < — -1(¢~N(8), H) < 1(¢~N(8),G)

C2

It follows that for N from Corollary 3.11:

(@M N (@), G) > 27 - 1(¢* (), G)

and

16" =3N (), G) > 27 - (6" (a), G)
Let X\ be the PF eigenvalue of ¢ and v the PF eigenvalue for ¢—!. Let ¢ty =
ko log()\) if ko >0
kolog(p) if ko <O

late them as follows.

Replacing N with s in the inequalities above, we reformu-

Corollary 3.12. There exists a constant s > 0 such that for a primitive o if
|t t | > We defi ; { stlgéo)\J fort >ty

—to| > s: We define j = i
Lﬁj fort <t

|1(e. G (1)) > (0, G(t0)) |

then

Definition 3.13 (min set). For a primitive conjugacy class a: let L = min{l, () |
t € R} and denote by T, the set of ¢, such that l,(t,) = L. The min set of « is
7Tf(o‘) ={G(ta) | ta € Tu}.

It follows from corollary 3.12 that |t — to| < $3.12 for every t, € T,

Corollary 3.14. There is an s > 0 such that for every primitive conjugacy class
a, diam(7;(a)) < s.

In subsequent sections we usually suppress the constant s in corollary 3.14. Re-
call that |ko — k{| < 2N3.9 and that |t, — to| < s3.12 thus:
Corollary 3.15. There is an s > 0 such that for every primitive a:
VG € my(a) VH' € mg(a) : d(G' H'") < s
Le. the min sets of a with respect to Ly and Ly are uniformly close.

Corollary 3.16. There is an s > 0 such that for every primitive o, if t > t, + s
then LEG(a, G(t)) > €.

Now we are in a position to define a coarse projection ¢ : C'V,, — Lf. Let
X €OV, and Tx = {t | d(X,G(t)) = d(X, Ls)}. Define the projection of X to L;:
mp(X) ={G(#) [t € Tx}.

Proposition 3.17. There is an s > 0 such that for every point X € CV,:
diam(7 (X)) < s.
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Proof. For each candidate v of X: 1,(¢) is coarsely decreasing on (—o0,tq — $3.12),
coarsely increasing on [t, + $3.12,00) and has a minimum in [t, — $3.12,to + $3.12]-
The function St(c:) = lég(g) differs from [, (t) by the multiplicative constant W
So St(ay) behaves similarly. Now notice that if [1,l5 : R — R are two such functions
then h = max{ly,l2} also has a coarse minimum see figure 6 . Since there is only
a finite number of candidates (depending only on n) then the diameter of 7(X) is

uniformly bounded. O

FIGURE 6. If two functions have a coarse minimum then their max
has a coarse minimum.

We remark that using the fact that the length map I(«, ¢) is coarsely exponential
we can show that my : CV,, — Ly is coarsely Lipschitz. However we will get a
better result in Corollary 5.10.

4. THE WHITEHEAD GRAPH OF THE ATTRACTING AND REPELLING LAMINATIONS

We've defined the Whitehead graph of a conjugacy class « in the basis B. If
X € CV, is a rose, then Whx(«) the Whitehead graph of the loop « is the
Whitehead graph of the conjugacy class represented by « in the basis represented
by the edges of X. Similarly we can define the Whitehead graph, Whx (\) of any
quasi-periodic bi-infinite edge path A in X. This section is devoted to proving
lemma 4.2 which produces a rose F' in C'V,, such that the Whitehead graph of the
attracting and repelling laminations of a fully irreducible automorphism does not
contain a cut vertex. We remark that the discussion in this section could have been
carried out using currents instead of laminations. In that case Lemma 4.1 could be
replaced by the stronger results of Kapovich and Lustig in [20].

Let ¢ be a fully irreducible automorphism, and f : Gy — Gy a train-track
representative for ¢. Let Ty be the universal cover of Gg, and f : Ty — Ty a
lift of f. Suppose A(‘; (Go) is the attracting lamination of ¢ realized as bi-infinite
lines in Gy. Given a metric tree 7' in X (unnormalized outer space) one can define
the length of the lamination A' in T, scaled with respect to Ty, as follows. Let
h: Ty — T be an equivariant Lipschitz map and let ¢ be a subsegment of the leaf
A€ A;‘(Go) and ¢ be a lift of o to Tp. Let [h(d)] the tightened image of ¢ in T'
then

+ oy oy L[] T)
(5) Ir, (AT, T) = lim G To)
This is not an invariant quantity under resealing the metric of 7. Therefore, we
modify the definition for [T]: Let [wi],...,[ws] be a set of conjugacy classes in
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F,, which cannot be simultaneously elliptic. Let tr(wq,T),...,tr(wy,T) be their
translation lengths in 7" and d(7T') = E;’Zl tr(w;, T) then

ZTO (AJrv T)

(6) l[To] (AJrv [T]) = d(T)

Lemma 4.1. The limit in equation 5 exists, and it is independent of the choice of
h. Moreover, the map liz,) (AT, -) : CV,, — R is continuous.

Proof. We begin by showing that the limit exists. This boils down to the fact that
A is quasi-periodic. If ¢ C A is long enough then o is a concatenation of a list
of words 71, ..., 7 (like beads on a necklace) which appear with fixed frequencies
r1,...,Tm. We can choose the beads/tiles long enough so that the cancellation in
h(7:)h(7;) is negligible with respect to the length of 7. Thus h(c) (up to small
cancellation) is a concatenation of the tiles h(7;), which appear with frequency r;.

So lif’T(O]I((a‘jZAF)O)T) Zm - n(l}(lgj%o)) This expression can easily be shown to converge
as k — oo.

Let L = Lip(h) and C = BCC(h). Denote the edges of Gy by e1,...,en. For
each k the i-th k-tile is 7; = f*(e;) where 1 <4 < m. We use [;(Ty) = I(7;, Tp), and
1;(T) = I([h(77)],T) for shorthand but notice that we’re suppressing a dependence
on k. Let A = max{l;(Tp)|1 < i <m} and B = min{l;(Tp)|1 <i < m}. Suppose k
is large enough so that 20 < €.

Each leaf \ of AJ has a natural 1-tiling by edges in Gy. The standard j-tiling of
A is the f7 image of the 1-tiling of f=7()\). o is sandwiched between oy C o2 which
are both k-tiled and I(o7, Tp) < l(o2,To) < (o1, To) + 2A.

Let N; = #occurrences of the tile 7; in the tiling of o1, and N = Zj; N,. By

Perron-Frobenius theory there are ry,...,r,, such that % — 7r; as o1 — . Let
ag % where k stands for k-tiles. We show that for large enough o,

Wh[a],T)
l(G',T())

is in [ar — €, ax + €.
We have:

Wh@EIT)  WrENT) ~ W[h(E2)]T)
l(’&g,T()) - l(o’ T()) - l(&l,T())

The right hand side limits to:

Wh(@E)]T) X2y Nili(T)+2AL
I(e1,T0) —  >1%, Nili(To)

m N
i=1 Wli(T)"‘% > ieq rili(T)

;11 %ll(T()) N —o0 Z:,l:l T’il’i(TU)

The left hand side limits to:

Ir(h[Ga]) ity Nilli(T)—2C]
lT()(52) - 2771 Nili(To)+2A

™ N L(T) Sm o Ni2C
> Nll (To)+24 — ¥ lle (To)+2A
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Ny
> iy wL(T) Nac
el 171:1 %li(T())“rQA NB+2A

Doy rili(T) 2C

N —00 Zn:l ’I"ili(T[)) ?
S X )
= i rili(To)

Thus, for all €, and for large enough o:

L UBELT)

<
(7) (€77 = 1(57 To) <ap-+e

_ 27kN

Since fN(7;) is tiled by 7; for large enough N, the intervals [axn ,aEN +

27kN7 are nested. By Cantor’s nested intervals lemma ay, converges. Thus the limit
lr(hlo
(8) lim il [f]) =c
og—A lTo (O’)
exists.

Next, we show that this limit doesn’t depend on the choice of h. We claim that if
R’ : Ty — T is another equivariant Lipschitz map, then |[([h(0)],T)—1([R/(0)],T)| <
2D for some D. Thus the limit in equation 8 is the same for both h and h’. In-
deed let p be some point in Ty. Then for all x € T there is a ¢ € F,, such
that dr, (z,g-p) < 1. Hence d(h(x), H'(x)) < d(h(z), h(gp)) + d(h(gp), W'(gp)) +
d(h'(gp), ' (x)) < Lip(h) + d(h(p), ' (p)) + Lip(h’). Denote this constant by D.
Thus, for any path ¢ C Ty the initial and terminal endpoints of h(c),h/(o) are
D-close, so |I([h(0)],T) = I([h'(0)],T)| < 2D.

Finally we want to show that lj7;)(A™, [T]) depends continuously on [T'].

L 1 >y rili(T)
lzy (AT, (1) = klggo Yo rili(To) d(T)

1 (T5)
tr(w1 7'I'j)

Without loss of generality suppose tr(wq,T) # 0. If [T;] —— [T] then
j—o0

Li(T)
tr(wi,T)

for all 1 <17 <m so:

2t rili(Ty) 30y rali(Ty) /tr (w1, T)) Sy rili(T)/tr(wy, T) 35, rili(T)
d(T;) d(Ty) /tr(w1,T;) o0 d(T)/tr(wy,T) d(T)

O

Lemma 4.2. There is a point F' € CV,, such that for any leaves \ € A(‘;(F) and
veM; (F), the whitehead graph Whg (A, v) is connected and contains no cut vertex.

To prove this lemma we will need the following proposition proven by Levitt and
Lustig [21].

Proposition 4.3. If li7,)(AT,[T]) = 0 then liz, (A, [T]) #0

Proof. Proposition 5.1 in [21] shows this for a tree T with dense orbits. For a
general tree the proof can be found in section 6 of [21]. O
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Proof of Lemma 4.2. First recall that if A\;, Ao € AT(X) are leaves of the attracting
lamination then they share the same leaf segments so for any X € CV,,, Whx (A1) =
Whx(X2). Since the choice of the leaves doesn’t affect the whitehead graph, fix
leaves A € AT and v € A~ once and for all.

Pick a point Xy € CV,, whose underlying graph is a rose where all edges have
length 1. It was proven in [4] that Whx,(v), Whx,(\) are both connected. If
Whx, (V) UWhx, () contains a cut vertex, then let X; € CV,, be the point obtained
from Xy by leaving the underlying graph unchanged and changing the marking by
the whitehead move described right after theorem 1.2. Continue this way to get
a sequence Xg, X1, Xo,... We will show that this process terminates in a finite
number of steps with a graph F = Xy for which Whp(v) U Whp(A) doesn’t
contain a cut vertex. A priori, two other cases are possible: X, = X; for some
j >k, and the process never terminates producing an infinite sequence {X;}32;.

Observation 4.4. For all i we have I7, (AT, X;) > Iz, (AT, )/(1\:1) and I, (A~, X;) >
Iy (A7, Xiya)

We put off the proof of this observation to show that the Lemma follows.
X, = X, for k < j is impossible since the lengths get strictly smaller. If the
process doesn’t terminate then we get an infinite sequence {X;}7°, which has a
subsequence converging to [T] € CV,,. In C'V,, the sequence is discrete, so the limit
point must lie in 9CV,,. We will argue that I (A™, [T]) = Iz, (A, [T]) = 0 and
get a contradiction to Proposition 4.3.

Let L = I, (A*, Xg) then Iz (AT, X;) < L, and together with d(X;) > 1 we
get Iz, (AT, [X;]) < L. Therefore, liry) (AT, [T]) < L. Now assume by way of
contradiction that l[z(A*,[T]) = L' > 0. There exists some conjugacy class [w]
such that tr(w,T") < % (if T' is simplicial then there is a conjugacy class [w] which
is elliptic and if 7" is not simplicial, it has a quotient tree with dense orbits. In either
case we can find conjugacy classes with arbitrarily small translation length). Since

X converges projectively to [T,

tr(w, Xz . tr(w,T) - 1 I r

(X0 A1) A7) 20l " 20l
Thus, for a large enough k, tréz“g‘) < -1 which implies % < L. But

this is impossible because Iz, (A", X;) < L, and tr(w, X;) > L. So we get a

contradiction to ljz)(A*,[T]) # 0. A similar argument shows ljr, (A, [T]) = 0
and we get a contradiction. Therefore, the process must end in a finite number of
steps with a graph F such that Whg (A, v) is connected without a cut vertex. O

Remark 4.5. Experimental evidence suggests that one can actually choose F' to
lie on an axis of ¢, but we weren’t able to show that.

Proof of Observation 4.4. We must estimate klim ap where ap = % for
— 00 i=1 Tibi

T = )ZZ and T = )N(Z-H. We’ll show that lengths of images of tiles in X, are shorter

than in X;. Let h : Go — X; be a Lipschitz map homotopic to the difference in

marking. Let 7 be a tile of Ax € A(‘;(X). The idea is that [h(7)] contains a long

subsegment of Ay, = [h(Ax)] sandwiched between short segments which don’t lie on
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the leaf since they cancel when we tighten h(Ax). The whitehead move we preform
will definitely make [h(7)] N Ax, shorter, but might possibly make the segments in
the beginning and end of [h(7)] longer. The following shows that if we take T to
be long enough then the part that gets shorter dominates and the whole tile gets
shorter after preforming the Whitehead move.

Let h : Go — X, be a Lipschitz map homotopic to the difference in marking,
C = BCC(h) and M = max{nC,1}. Let e be the oriented edge which represents
the cut vertex in Why, (A, v). Let X2, X} be the subgraphs that e cuts off, where
e € X?. Let v C Ax, € AT(X;) be long enough to contain at least 5M sequences of
the type ex and Ze with x € X}. Let 7; be tiles in G long enough so that [h(7;)] 2 v
for all j. We must estimate the difference between I([2(7;)], X;) and I([h(7;)], Xit1).
[L(1j)] = 010203 where 02 C Ax, and [(o1, X;),l(03,X;) < C (since the part that
isn’t in A, is contained in a backtracking segment). Notice that oo only becomes
shorter in X;41 but o1, 03 might become longer. We estimate the growth of o1, 03.
Each of them contains at most nC' edges because edge lengths are % Each edge
might grow by at most % (from % to %) so o1 contributes at most nC - % =2C
additional length. The same is true for o3. On the other hand, oo O ~ and therefore
at least 5M sequences of the form éx, Te get substituted by x, . Thus the length of
o3 gets smaller by at least 5M - L > 5C . Thus (75, X;41) — (75, X;) < 2:2C-5C <
—C. ay, gets strictly smaller by a definite amount so Iz, (A, X;) > I, (A, X;11).
By the same argument Iz, (A=, X;) > Iz, (A~ )/(_;r/l) O

Remark 4.6. If Whg(\,v) is connected and does not contain a cut vertex, then
Whp.g(\v) and Whp.,-1(A,v) satisfy the same property. In fact Whr(\,v) =
Whp.g(A\v) = Whpg.g-1(\ v). Indeedlet k : F — F and k' : F' — F be topological
representatives of ¢, ¢! i.e. for each edge they restrict to an immersion or collapse
it to a point. Then Whp(\) = Whp.4(kg (X)) this is because A € AT (F) implies
k#()\) S A+(F : (b) Whp¢(k#(/\)) = Whp¢(/\) because A+(F : (b) is ¢, ¢71—
invariant . Thus Whp(A) = Whpg(A). Similarly, Whp(v) = Whp.e(kg(v)) =
Whg.g(v). Thus, Whp(A,v) = Whr.4(A,v). The argument for Whpy,-1(A,v) is
identical.

5. AXES ARE STRONGLY CONTRACTING

Definition 5.1. Let T(X) be a lamination in X € C'V,, and n a leaf of T(X). Let
v be a tight edge path contained in 1. We say that « is an r-piece of nx if the
(v, X)>r.

The next proposition states that basis elements can’t contain long pieces of both
AT and A™.

Proposition 5.2. There exists a constant { > 0 so that for all Gy € Ly:

(1) Let B be a tight loop in Gy representing the conjugacy class [w]. Suppose
there exist leaves \ € A;{(Gt) and v € Ay (Gy) such that B contains an
(-piece of X and an (-piece of v. Then w is not a basis element.

(2) Let a, 8 be tight loops in Gy which represent the conjugacy classes [w1], [wa],
which are compatible with a free decomposition of F,,. If a contains an (-
piece of X (an L-piece of v) then [ doesn’t contain an €-piece of v (an £-piece

of \).
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ho
_F B
B2
F

Go

FIGURE 7. A basis element can’t contain long pieces of both laminations

Proof. (1) We first prove this for Gy. By lemma 4.2, there is an F € CV,
such that Whp(\,v) is connected and contains no cut point. Suppose

d = d(F,Gp) and k = exp(d) so for all loops a: ll(&%))) < k. Hence l(a, F) >

%l(a,Go). Let hg : Go — F be an optimal Lipschitz map homotopic to
the difference in marking. Since A\p, v are quasi-periodic there is a length
r such that if vp is an r-piece of Ap then vp contains all of the 2-edge
leaf segments in Ap hence Whp(Ar) = Whg(vyr). Similarly, if §p is an
r-piece of vp then §r contains all of the 2-edge leaf segments in vr hence
Whp(vp) = Whp(dp). Let £ = k(r + 2C) then if 8 O 1 where (; is an
¢-piece of \g € AT (Gyp) then I([ho(51)], F) > r+ 2C hence [ho(3)] contains
an r-piece of A\p. Similarly, if 8 O (2 is an ¢-piece of vy € A7 (Gp) then
I([ho(B2)], F') > r + 2C thus [ho(0)] contains an r-piece of vp. Therefore,
if B contains such 31, B2 (see figure 7) then Whg([h(3)]) 2 Whr(\, v) and
it would be connected and would not contain a cut vertex. By whitehead’s
theorem [w] is not a basis element.

We can do the same for all graphs Gy € L5 and ¢ depends on d(F, Gy),
which varies continuously with ¢. Therefore if we vary ¢ across a fundamen-
tal domain of ¢ on Ly, there is an upper bound for ¢ (which we still denote
¢). Now by remark 4.6 the same is true (with the same ¢) for any translate
of the fundamental domain (we translate F' as well so the distance and the
optimal map remain the same).

(2) The proof of the second claim is similar to 1. With Whp(ar, fF) replacing
Whp(Br) in the previous argument.

(]
We now turn to prove some applications:

Lemma 5.3. There is an s > 0 such that: if a, 5 are conjugacy classes which are
compatible with a free decomposition of F, then |to —tg] <s

Proof. Denote t; = t,,t2 = tg. Suppose to > t;. Let oy represent v in G, and
0B; represent B in G;. We claim that there is a ¢y such that if ¢ < to — t¢ then G;
contains an f-piece of vg(y), and if ¢t > t1 +to then a; contains an ¢-piece of Ag ().
Thus, if |to —t1] > 2tg let r = t; + to then o, contains an £ piece of Ag(,) and 3,
contains an ¢ piece of vg(,) which contradicts proposition 5.2.

To find ty: by proposition 3.16, there is an s; = s3.16 such that if ¢ > t; 4+ 51
then LEG ¢(ay, G(t)) > €. Let a; C oy be a legal segment of length > Co,i. There
is an N such that f¥(a}) is longer than £ +2BCC(f). Let s3 = s; + Nlog()\) then
at tg = t1 + s2, o contains an {-piece of A, contributed by «j}. Similarly for g, the
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result follows from the fact that £; and L, are close, and from the fact that ¢, and
t., are close (by corollary 3.15). O

Corollary 5.4. There exists a constant s > 0 such that if a and B are candidates
in X then |to, —tg| <s

Proof. If the candidates have distinct images it follows from corollary 2.5 and by
lemma 5.3. If they don’t we can apply the previous argument to each of them and a
third candidate with an image distinct from theirs to see that |t, —tg| < 2s5.3. O

Corollary 5.5. There exists an s > 0 such that if the translation length of o € F),
in both X andY is smaller than 1 then |n(X) —n(Y)] < s.

Proof. Let < x1,23,...,x, > be a short basis for 71 (X) (all loops are smaller than
1). Since vol(X) = vol(Y) = 1, « is carried by a free factor: < zq,...,25 >. So
[ta —t[z,]] < $5.3. Similarly, for V', |to — 11| < $5.3. So t[,,] and t[, | are uniformly
close. By corollary 5.4, we have that ¢tx and ty are uniformly close. (]

Consider a geodesic £ in a tree T, and 7 : T' — L is the closest point projection.
The next lemma is motivated by the following observation: If X is a point on L
then d(Y, X) =d(Y,n(Y)) + d(x(Y), X).

FIGURE 8. In a tree, the geodesic from Y to a point on a geodesic
visits w(Y)

Lemma 5.6. There exist constants s,c > 0 such that for any Y, if |t — ty| > s
then d(Y,G(t)) > d(Y,n(Y)) + d(x(Y),G(t)) — ¢

Proof. Denote X = G(t). Let us first prove it for ¢ > ty. There is an s; = s5.4
such that for all candidates o of Y: |t, — ty| < s1. There is an s = $3.16
such that if ¢ > t4 + so then LEGf(cu,G(t)) > €. Let Z = G(ty + s1 + s2)
then for any candidate § of Y, LEG;(03,Z) > ¢y. Now suppose By in Y is the
loop which realizes d(Y, Z), i.e. Sts(Y,Z) = 2. Then, since § is e-legal
in Z, 1(8,X) > ee?@X(B3,Z). Thus Sts(Z,X) > ee?X%) so Sty(Y, X) =
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Sts(Y, Z)Stp(Z, X) > ege?¥ D edZX) = ¢l 2)+d(Z.X) - We have St(Y,X) >
Stp(Y, X) > eged™A+dZX) - Thus d(Y, X) > log(eo) + d(Y, Z) + d(Z, X). Now
recall that Z = G(ty + s1 + s2) so d(w(Y), Z) = s1 + s2. We have,

d(Y,Z) > d(Y,x(Y))
d(Z,X) > d(r(Y), X) — (s1 + 52)

thus d(Y, X) > d(Y,m(Y))+d(m(Y), X)— (s1+ s2) +1og(eo) let ¢ = s1+ 52 —log(ep)
and we get d(Y, X) > d(Y,n(Y)) +d(x(Y),X) —c.

If t < ty: there is an s’ such that the above holds for g. The claim now follows
form the fact that 7y, 7y are uniformly close (see lemma 3.15).

]
Getting back to the tree T', if X,Y are any two points such that 7(Y") # 7 (X)
then the geodesic from Y to X passes through m(X). In particular d(Y,X) >

d(Y,n(X)). In CV,;:

Lemma 5.7. There exist constants s,c > 0 such that for X, Y € CV,, if [ty —tx| >
s, then d(Y, X) > d(Y,m(X)) — ¢

FIGURE 9. In a tree, if X,Y project to different points then the
geodesic between them visits both of the projections.

To prove this we recall from lemma 5.2, that if o and [ are loops in G(t) repre-
senting candidates of X then they cannot contain long pieces of both laminations
AT, A~. We will need a slightly souped up version of this.

Proposition 5.8. Let o, g be loops in G(t) € L. Suppose that oy is tight as a
loop and s tight as a path, and denote by || the tight loop freely homotopic to as.
Further assume that the conjugacy classes represented by oy, s can be completed
to a common basis. If o, [as] both contain an (-piece of v € A~ then ag does not
contain an (-piece of A € A™T.
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Proof. We emphasize that by proposition 5.2, [as] doesn’t cross an ¢-piece of A but
we want it not to contain any such pieces in the part that gets cancelled when we
tighten the loop.

We represent a; by the edge path z in G(t) and ag by u = wyw~!. We proceed to
prove this by way of contradiction. If w crosses an ¢-piece of A then w ¢ ™.

Let © = 2122 and w = 2™ x1ws where wo # (), n > 0. There are two cases:

e 15 # () thus i(x2) # i(wz). Consider the path

ur™t = phryweywy tay e e =
—1_ -1 -1
T Weywy T T = T T1WYWsy T2

This path is tight since i(x2) # i(w2). Moreover, it is tight as a loop
because x is.

e 15 = () then w = 2wy where i(ws) # i(x). Again uz"™! = 2" woyw,
a tight loop.

Lo s

ux™1 a represents asa” which is a basis element, and it contains an ¢-piece of v
P 1 9 p

but since it contains w, it also contains an ¢-piece of A\. This contradicts proposition
5.2. O

Proof of Lemma 5.7. We prove the claim for XY such that ty < tx, the case
where ty > tx follows by applying the same argument to g. We also make the as-
sumption that X is a bouquet of circles or a graph with two vertices, one separating
edge and all other edges are loops.

[ 6 [ .
Y X
"""""" m(Y) G(;) m(X)

FIGURE 10. In G(r),  contains many [;-pieces of A and a; contain
l1-pieces of v

The idea is that if ty << tx, then for r in the middle of [ty tx], any loop which
is short in Y, would contain many ¢-pieces of A in G(r). And any loop which is short
in X would contain many ¢-pieces of v in G(r), see figure 10. If a candidate in Y’
was short in X, then it would contain pieces of both A and v in G(r) contradicting
the fact that it is a basis element. To make the argument precise we need to argue
that for a candidate 8 in Y, [(8, X) is longer than a definite fraction of I(3, 7(X)).
We will show that the number of times Sx crosses any edge of X is bounded below
by the number of disjoint ¢-pieces of A that appear in [ (x).
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Let s1 = sp5.4 i.e. if t > s1 then for any candidate Sin Y, |ty —tg| < s1. Let s =
s3.16 1.e. for any primitive conjugacy class § if t > tg+so then LEG;(0, G(t)) > €.
Let s3 be such that if ¢ > t3 + s2 + s3 then § crosses an f-piece of A in G(t)
(contributed by one of the Ceit long legal segments). Let s4 be such that for any
primitive conjugacy class 3 if ¢ < tg — s4 then § contains an (-piece of v in G(¢).
Let s = 281 + s2 + s3 + s4 and suppose that tx —ty > s we will show that there
exists a ¢ as in the claim.

Let 5 be a loop in Y such that d(Y, 7 (X)) = log(Stg(Y,n(X))). Then by propo-
sition 5.4 tg < ty + s1. Let r =tx — s1 — s4 then r > ty + s1 + s2 + s3. Let k(r)
be the number of ¢-pieces of A in 3, with disjoint interiors, then

k(r) - £ > eol(B,G(r))

If X is a wedge of circles let aq, ..., a, denote the edges in X, and suppose oy
is the longest edge so that I(ay, X) > L. If X is a graph of the other type let oy
be the longest one-edge-loop, let p be the initial (and terminal) vertex of ay, and
let ag, ..., a, be immersed paths based at p so that the «;s generate w1 (X, p).
Choose amap h : X — G(r), homotopic to the difference in marking, so that h(ay)
is a tight loop and hx(«;) are tight as paths. Here, hx(«;) is the immersed path
homotopic to h(a;) relative to h(p). Each hy(a;) in G(r) contains an ¢-piece of v.
By proposition 5.8 for 1 <i < n, hy(a;) doesn’t contain any ¢-pieces of A.

Claim. Let v be a conjugacy class in F,, and write it as a cyclically reduced word
in ai,...,qn the basis of m1(X,p). If yg(y contains k occurrences of L-pieces of
AT in G(r) (with disjoint interiors) then ~ traverses each oy at least k times.

Proof of Claim. First note that if yx is a loop which doesn’t traverse o, at all then
it is carried by the free factor < aq,...,ayg,...,a, >. Using proposition 5.2 applied
to [h(ag)], [(v)] in G(r), we get that [A(y)] = v does not contain any I-pieces
of AT in G(r).

Now suppose that vx = «;, ...y so that a;; = ay for at most m choices of js.
Ya(ry is the result of reducing hy(ov,) - hy(au,) - hy(aiy) to get o4, 04, - 04y
where ;; are paths in G(r) which are what’s left from h4(a;) after the reduction
(some of which might be trivial).

{-pieces of A can appear only if they are split between different o;s. If there were
m + 1 disjoint /-pieces of A in 7g(,) then there is an (-piece of A\ appearing in
o4y, 04 = [hy(ag,) .. hy(as )] where none of the a4, are equal to ay. This is a
contradiction. O

By the claim above fSx in X must traverse ay at least & = k(r) times. If

o, X) > n+-1 then (3, X) > nLH Otherwise, X has a separating edge e and
lle,X) > n+_1 Let § be a one-edge-loop so that «; and § are loops on oppo-
site sides of e. By the claim above Sy traverses oy and § alternately at least k
times therefore it must cross e at least k times. Again we get I(5,X) > HLH

Therefore, 1(3,X) > 5%5!(8,G(r)). Since the distance is almost symmetric,

there is a 1 = exp (cszl;gﬁgj)) such that (8, G(r)) > pl(8,7(X)) therefore I(3, X) >

€ 1(B,X) s 1(B,m(X)) -
it (B, m(X)). Thus, we get 7555 > i~y e

d(Y,X) > d(Y,7(X)) — log ((”%uw)
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Then ¢ in the statement is the constant log ((n%;)e)

Now we deal with the case that X is not a graph of the types described above.
We claim that there is a constant b such that any X € C'V,, is at most a distance
b away from a point K whose graph is either a bouquet of circles or K has two
vertices connected by a separating edge and all other edges are loops. Moreover,
there exists a short loop in X which is still short in K. Therefore, by corollary 5.5
|7(X)—7(K)| < s5580d(Y,X)>dY,K)—d(X,K) >dY,K)-b>d(Y,n(K))—
c—=b>dY,n(X))—c—b—s55.

To prove that each point in C'V;, lies a uniform distance away from a graph K: Let
e be the longest edge in X. If e is non-separating let J be a maximal tree in X
which doesn’t contain e, otherwise let J be the forest obtained from this maximal
tree by deleting e. Note that I(e, X) > ﬁ Collapse J to get a new unnormalized

graph X’ with volume > == Notice that X' is a rose if J was a tree otherwise X’

is of the second type. Normalize X’ to get K. Then d(X, K) < log (

1 —
1/(3n—3)) =
log(3n — 3). The short basis in X is also short in K. (]

Corollary 5.9. There are constants s,c > 0 such that:
Ifd(w(Y),n(X)) > s then d(Y, X) > d(Y,n(Y)) + d(n(Y),n(X)) — ¢

Proof. By proposition 5.6 if d(7w(Y),m(X)) > s5.6 then
AV, 7(X)) > d(Y 7(Y)) + d(n(Y), 7(X)) — cs.
By proposition 5.7 if d(m(Y), 7(X)) > s5.7 then
A(Y, X) > d(Y, (X)) — 57
So let s = max{s5¢, $5.7} and ¢ = ¢5.6 + ¢5.7 then d(Y, X) > s implies

d(Y, X) > d(YV7 F(X)) — C5.7 > d(YV7 F(Y)) + d(F(Y), W(X)) —C5.6 — C5.7 =
d(Y,m(Y)) +d(x(Y),m(X)) — ¢

As a corollary we get that the projection is coarsely Lipschitz.

Corollary 5.10. There is a constant ¢ such that for oll X, Y € CV,: d(X,Y) >
d(m(X),m(Y)) + ¢

Let 7 > 0. The ball of outward radius r centered at ¥ is B,.(Y_) = {X € CV,, |
dY,X) <r}.

Definition 5.11. Let L be a directed geodesic in C'V,,, and ny, : CV,, — L is the
closest point projection. L is strongly contracting if there is a constant D > 0 such
that for any ball B C CV,, disjoint from L: diam(m(B)) < D.

Strongly contracting geodesics are a feature of negative curvature. If W is Gro-
mov hyperbolic metric space then all geodesics in W are uniformly strongly con-
tracting. Moreover, a kind of converse holds as well: if L is a D-strongly contracting
geodesic in a metric space W (not necessarily Gromov hyperbolic), then for any
triangle A, B, C with [B,C| contained in L, there are points on [A, B] and [B, C]
which are at most a distance 3D from w(A). If W also satisfies the fellow traveller
property then triangles with one side on L are uniformly slim (in the sense of Gro-
mov). This provides justification for the somewhat informal assertion that W is
negatively curved in the direction of L.
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Theorem 5.12. If f : G — G is a train-track representative of a fully irreducible
outer automorphism ¢, then Ly is D-strongly contracting.

Proof. Tt is enough to show that there exists a D > 0 such that diam{=(B,(Y_,))} <
D for r = d(Y,n(Y)). We'll show that if X € B,(Y_,) then d(m(Y),n(X)) <
where D = max{ss.9,¢5.9}. By proposition 5.9 either d(7(Y),n(X)) < s
dY,X) <dY,n(Y))+d(n(Y),n(X)) — c5.9. If the latter occurs then

r+dn(Y),n(X)) —cs0 =
d(Y,n(Y)) +d(n(Y), m(X)) — c5.9 <
dy,X)<r

5.9 Or

Thus d(m(Y), (X)) < c5.9- O

A well known consequence is:

Lemma 5.13 (The Morse Lemma). If £ is a D-contracting geodesic and Q is an
(a,b) quasi-geodesic with endpoints on L then there exists a constant d depending
only on D,a,b such that da.s(ImQ, L) < d.

Remark 5.14. In fact, we only need Q to satisfy len(Q|, +,)) < ald(Q(t), Q(t'))]+
b for the corollary above to hold true. Note that in general, not all quasi-geodesics
satisfy this property. However, any quasi-geodesic Q lies in a bounded Hausdorff
neighborhood of a tame quasi-geodesic Q' therefore we may as well assume Q
satisfies this inequality.

Proof of the Morse Lemma. We fix the following notation. Let ¢ = max{a,b, 1},
R = max{d(Q(t),L)|t € R} and suppose R > c¢D. Let [s1,s2] be a maximum
subinterval such that for every s € [s1,s2]: d(Q(s),L£) > ¢D. Subdivide [sq, s2]

into: $1 = r1,...,"m,"m41 = Sz where d(Q(r;), Q(ri+1)) = 2¢D for i < m and
d(Q(rm), Q(rm+1)) < 2¢D. Thus:

m—+1
(9) 1en(Ql[s,.500) > Y d(Q(ri), Q(rit1)) > 2¢Dm

i=1

On the other hand, let P; = w(Q(r;)). Since d(Q(r;), P;) > ¢D we get d(P;, Piy1) <
D therefore d(Py, Prpy1) < D(m+1). Sod(Q(r1), Q(rm+1)) < eD4+(m+1)D+cieD
where ¢; = ¢2.19(f) and 6 is small enough so that N.p(L) C CV,, (). Therefore,

(10) len(Q)(s,,s51) < cd(Q(s1), Q(s2)) + ¢ < ¢(eD + (m +1)D + c1¢D) + ¢
Combining the inequalities 9 and 10 we get:

2meD < 2D + (m + 1)eD + ¢1¢2D

After some manipulation we get: m < 7CD(C:51)+C

m2eD < 2(e1 + 2¢)eD. Thus for each s € [sq, sa]:

d(Q(s), L) < d(Q(s),Q(s2)) +d(Q(s2),L) < len(Qls,,s0)) + D <
2(e1 + 2¢)eD + ¢D

< 2¢+ c1. Hence len(Q|(s, s,1) <
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6. AXES OF FULLY IRREDUCIBLE ELEMENTS IN THE CAYLEY GRAPH OF Out(F,)

Let € be the Cayley graph of Out(F},), with the Whitehead generators {¢;} ;.
Let ¢ be a fully irreducible outer automorphism. Let f : G — G be a train-track
map for ¢. Choose an embedding ¢ : € — CV,, as follows. Let L be the axis for ¢
in . Choose some vertex ¥ € L and map ¢(¢)) = G. Extend ¢ to the vertices of €
equivariantly and to the edges of 4 by mapping them onto some geodesic between
the images of their endpoints. Let M = max{dcv, (¢(¢i),¢(id)) | ¢; is a generator}
then

dev, (L), t(¥2)) < M - dg (Y1, 12)

However, this is not a quasi-isometric embedding.

T —x
y —xy™
each of length % with the identity marking. Ry = R, the difference in marking
h: R — Ry is ¢y . Thus dov, (R, Rib) = log({")2) = log(m + 1), while
deg (Y1,2) =m

However, for points on L (the axis for ¢) distances in C'V,, coarsely correspond to
distances in €. Indeed if « is a legal loop in G then I(f™(«), G) = A\""l(«a, G). More-
over, @ in G and f™(«) in G- ¢™ represent the same conjugacy class, which realizes
the maximal stretch. Thus dov, (G, G¢™) = mlog()\). Let |¢p|¢ be the transla-

tion length of ¢, and ¢ € L then dg (v, ™) = m - |ple = %SO‘WM
miksdev, (G, Go™) = péksdev, (1(v), o(6™ V).

Example 6.1. ¢, = id and 39 = { Suppose R is a bouquet of 2 circles

Even though distances in ¢ are larger (modulo a multiplicative scalar) then their
images in C'V,, they cannot be arbitrarily larger, as the next lemma shows.

Lemma 6.2. For every a > 0 there is a b > 0 such that: If dov, (1(¢),(x)) < a
then dg (1, x) < b for all ¥, x € OutF,.

Proof. Since the image of ¢ is discrete, the set {¢ | dov;, (¢(id), t(v)) < a} is finite.
Let b = max{d¢(id,?) | d(L(id),L(’t/J)) < a}. Suppose dcv, (L(¥),t(x)) < a then
dov, (1(id), e(x¥™1)) < a, so dg(id, x¥b™1) < b and dg (¥, x) < b O

Theorem 6.3. L is a stable geodesic in €.

Proof. Since dev, (1(Q(1)), 1(Q(t))) < Mdy(Q(t), Q(t')) then the length of ¢ o
Qlit,e in CV,, is smaller or equal to Mleng (Q|;¢1). We can assume Q is a
tame quasi-geodesic i.e. leng Q|4 < a'|t —t'| + 0 where a/,b" depend only on
a,b (see [9] page 403). Thus len(s o Q) < M(a'[t —t'| 4+ b). By remark 5.14,
Im(t0Q) C Ny(Ly). By lemma 6.2 we have Im(Q) C Np(L) for some D depending
only on d. O

7. APPLICATIONS

Remark 7.1. In this section we change the notation by denoting points in CV,,
by lower case letters x,y etc.
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7.1. The asymptotic cone of Outer Space.

Definition 7.2. A non-principal maximal ultrafilter w on the integers is a non-
empty collection of subsets of Z which is closed under inclusion, and finite inter-
section, does not contain any finite sets and if it doesn’t contain A C Z then it
contains Z \ A.

Let w be a non-principle maximal ultrafilter on the integers. Let (X, z;,d;) be a
sequence of based metric spaces. Define the following pseudo-distance on [], .y Xi:

dw({ai}, {bl}) = lim Xm. (ai, bl)
The ultralimit of (X, z;) is then

tin(X;. 2. ;) = {y € [] X | duly. {2:}) < o0}/ ~
i€N
Where y ~ ' if d,(y,y") = 0.
Consider a space X, a point x € X and a sequence of integers k; such that
lim; . k; = oco. The asymptotic cone of (X, x,{k;}) relative to the ultrafilter
w is: )
Cone,, (X, z, k;) = lim (X,x, —dx (- ))
w k’L

The asymptotic cone of a geodesic metric space is a geodesic metric space. Let
p € CV,, be some basepoint, w a non-principle ultra-filter, and {k;} a sequence of
integers with lim;_, o, k; = 0o, denote CV,, = Cone,, (CV,,,p, {k;}).

Theorem 7.3. If v € CV,, lies on a geodesic L C CV,, which is the asymptotic
cone of an axis Ly in CV,, of a fully irreducible outer automorphism ¢, then x is a
global cut point of CV,,.

Proof. We follow the outline of the proof [2] of the analogous fact for MCG(S). We
show that there exists a contraction p. : CV,, — L with the following properties:
(1) pg restricted to L is the identity.
(2) pc is locally constant on CV,, \ L

We now show how this implies that 2 is a cut point. Pick a representative {z;} €
[Licn €V of 2, we can choose the x; so they lie on Ly. Let y;,2; € Ly be points
so that x; is the midpoint of the subsegment of £y whose endpoints are y;, z; and
d(yi, ;) = d(x, 2;) = ki Let y = {y; }, 2 = {2} then in CV,,: d(y,x) =1 =d(z, 2)
and y, z lie on £ with = in between them. Let H : [0,1] — CV,, be a continuous
path from y to z, we claim that it’s image must contain the point z. First by
connectivity, there is a ¢ such that po H(t) = z. Let A= (poH) *(z), ' = max A
and since A is closed t' € A. If H(t') ¢ L then p is locally constant on H(t') hence
t’ has a neighborhood contained in A’ which is a contradiction. Thus H(t') € L so
H(t') = poH(t') = x. This proves that = is a cut point in CV,,.

To finish the proof we show the existence of the map pg. Let {w;} € [[,cy CVa
represent a point w € CV,,. Let ¢; € mz(w;). Define pe(w) = lim,, ¢;. If ¢} € me(w;)
are possibly different points, we know that d(g;, ¢;) < s3.17 so the ultralimits agree.
If {w}} € [[,cy CVi is a different sequence representing w then lim,, kiid(wi, wh) =
0, but by corollary 5.10 we have d(mw(w;), 7(w})) < d(w;, w})+cs5.10 so the ultralimits
of the projections agree. Therefore p, is well defined. The fact that p, restricts

to the identity on L is now obvious. If z € CV),, ~ L then let y € CV,, be such
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that d(z,y) < d(z,p(z)). Let {2i},{yi} € [[;cy CVn represent z,y € CV,, then for
almost every i we have kli(d(a:i,qi) —d(zi,y;)) > 0 hence d(z;,y;) < d(z;,q;). By
theorem 5.12: d(m(x;), 7(y;)) < Ds.12 for almost every i thus p(z) = p(y). O

Behrstock [2] used the hyperbolicity of the curve complex of a surface S of
negative Euler characteristic, to show that every point in the asymptotic cone of
MCG(S) is a global cut point. One might hope to use the strongly contracting
geodesics in C'V,, to prove that the asymptotic cone of Out(F,) contains many
cut points. One approach might be to map Cone,Out(F,) — CV, and post-
compose with p,. We would like to conclude that this map is locally constant
off of Ly. However, a point in Cone,Out(F,) \ Ly might land on L4 in CV,
thus we cannot immediately deduce that the projection is locally constant off of
the geodesic. Nevertheless, we conjecture that these difficulties can be resolved
to show that points on axes of fully irreducible automorphisms are cut points in
Cone, Out(Fy,).

We recall the following definition made in [15].

Definition 7.4. Let W be a space with a (possibly non-symmetric) metric and
assume W is complete. Let P be a collection of closed geodesic subsets (called
pieces). The space W is said to be tree-graded with respect to P if the following
properties are satisfied:

(1) The intersection of two pieces is either empty of a single point.

(2) Every simple geodesic triangle in X is contained in one piece.

Theorem 7.5. CV,, is tree graded.

Proof. Recall that for each axis Lf of an irreducible outer automorphism, we de-
fined in the proof of theorem 7.3 a contraction p, : CV,, — L which was locally
constant off of £ and the identity when restricted to £. We redefine p. : CV,, — R
to map onto R by parameterizing £. Since the set of outer automorphisms is count-
able, enumerate the axes (one for each fully irreducible outer automorphism) by
Li,L,L3,.... Define a map P : CV, — [[;,cyR by sending 2 to the sequence
(pci())52,. We define the pieces to be pre-images of points in [[,.y R under P.
These are automatically closed and disjoint. We claim that each piece is geodesic.
Let z,y € CV,, such that P(x) = P(y). Since CV,, is a geodesic space, there is a
geodesic « that connects x to y. We claim that Po«(t) = P(x) is constant. If not,
then there is a geodesic £; such that p; o a(t) # p; o a(0). By a similar argument to
the one outlined in the proof of theorem 7.3 a must pass through z the midpoint
on L; between p;(«(0)) and p;(a(t)) (actually it passes through every point on £;
between these two points). But o must pass through z again on it’s way from a(t)
to a(1). Thus « contains a loop and so it cannot be a geodesic. Similarly, any
loop « such that P o « is not constant, must intersect itself and therefore cannot
be simple. U

7.2. Divergence in Outer Space.

Definition 7.6. Let 71,72 be two geodesic rays in C'V,,, with ~1(0) = 72(0) = «.
The divergence function from ~v; to 7o is:

div(y1,72,t) = inf {length(v) ’

If f(t) is a function such that:

~v:[0,1] = CV,, \ Br(z—) }
7(0) = 71(t), ¥(1) = 72(t)
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(1) for every v1,7v2: div(y1,72,t) < f(t) (we use g(t) < f(t) to denote the
relationship f(t) < c- g(t) + ¢ for all ¥)
(2) there exist geodesics 1,72 such that div(yy, ye,t) < f(t).

then we say that the divergence function of CV,, is on the order of f(¢). If only 1
holds we say that f is an upper bound for the divergence of C'V,,, if only 2 holds
we say that f is a lower bound for the divergence of CV,,.

Duchin and Rafi [16] prove that the divergence in Teichmiiller space is quadratic.
Behrstock gives an outline of a similar argument [2] for MCG(S). The proof that
the divergence is at least quadratic in the Outer Space setting needs very little
modification, but we include it for the reader’s convenience.

Proposition 7.7. Let~y be a path in CV,,, from x toy with d(w(z),n(y)) = 2R. Let
z the point on Ly in the middle of the segment [w(x), 7(y)] C L. Further assume
that the image of ~ lies outside the ball Br(z—). If R > 2Ds5.12 then there is a
constant ¢ such that Len(y) > cR? where ¢ only depends on the constants Ds. 1o
and C5.10-

Proof. Subdivide v into n > 1 subsegments I, I, ..., I, each of which has length
L except for possibly Len(I,) < £. Therefore Len(y) > (n —1)£. Let £y be the
subsegment of L; centered at z of length R. Since L is b-contracting for b = D5 12
then Ly is b/-contracting for o' = b + 4c5.10 + 3 (see Lemma 3.2 in [7]). Each
segment [; is contained in a ball Bg/s(z._) disjoint from Ly. Thus the length
of each w(I;) < b/, since these segments cover Ly we get R < nb’. Therefore

Len(v) > (n—1)& > (£ -1)& = LRrR*- IR O

The exact behavior of the divergence function of C'V,, remains open. Another
interesting question is whether the divergence function in Out(F,) is quadratic.
Behrstock, Drutu and Mosher [1] prove that Out(F},) is thick of order at most 1,
thus its divergence is at most quadratic.

7.3. The Behrstock Inequality. In this section let ¢, 1 € Out(F,,) be two irre-
ducible outer automorphisms and f, g their respective train-track representatives.
Denote A = L4, B = L, and pa = 7¢ and pp = m,. Our first goal is to show
that either A, B are parallel or the diameter of p4(B) is bounded, and we’d like to
understand what the bound depends on. We introduce the following notation for
the next lemma: if x,y € A denote by [z, y]a the subinterval of A whose endpoints
are x and y.

Lemma 7.8. There exist constants c,d such that if x,y € B with d(pa(z),pa(y)) >
c, then

[pa(r),pa(y)la C Na(B)

¢, d depend only on the constants ss.7,c5.7 applied to A and B and on c2.10(0) where
0 is small enough so that A, B C C'V,,(0).

Proof. Let ¢1 = ¢2.10(0) from corollary 2.10, thus for all z,w € CV,(0): <
d(w,z) < ¢1 - d(z,w). Let sa,ca be the constants from lemma 5.7 applied to A,
thus if z,w are points such that d(pa(z),pa(w)) > sa then d(z,w) > d(z,pa(z)) +
d(pa(z),pa(w)) —ca. Let a =1+ (¢1)%, b= ca(l +c1) and d = c5.13(a,b) from
Corollary 5.13 applied to B, i.e. for every (a,b)-quasi-geodesic Q@ with endpoints
on B Ny(B) D ImQ. We prove that [z,pa(x)] U [pa(z),pa(y)]a U [paly),y] is an

d(z,w)
c1
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(a, b)-quasi-geodesic.

First note

(11) d(z,y) > d(z,pa(z)) + d(pa(z), pay)) —ca
Similarly,

d(y,z) > d(y,pa(y)) + d(paly ) A(T)) —ca
d(y, ) > d(y,pa(y)) —ca > =d(pa(y),y) — ca

(12) (c1)? - d(z,y) > c1d(y, =) > d(pa(y),y) — cica
Adding equations 11 and 12 we get

(1+ (e1)?)d(z,y) >
d(z,pa(z)) + d(pa(x),pa(y)) + dpa(y),y) —ca(l+c1)

Therefore [, pa(x)] U [pa(z), pa(y)]aUlpa(y),y] isa (1 + (c1)?, ca(l + c1))-quasi-
geodesic. So it is contained in the d neighborhood of B. Hence [pa(x),pa(y)]a C

Na(B).

The next Lemma is motivated by the following observation. Let X is a proper
metric space with a properly discontinuous isometric G-action. Let g,h € G be
hyperbolic isometries of X and let A,, A denote their axes. Then for every d there
is a constant k which depends only on d, |g|, |h| such that either A4, A}, are parallel,
or the length of Ay N Ny(Ap) is shorter than k.

In our case, Outer Space is not proper. The example in figure 2 shows that the
closure of a ball B, (z—) = {y € CV,, | d(z,y) < r} need not be compact. However
the closure of the ball B, (z) = {y € CV,, | d(y,x) < r} is always compact. For
each y € B,(x_) and for all conjugacy classes a, l(a,y) > l(o‘ 2 Thus if 6 is the
length of the shortest loop in z then I(c, y) > £. So OCV,, N B B,(z_) = () and since
CV,, is compact then the closure of B,.(x._) in Outer Space is compact.

Now recall that the Out(F;,) action is properly discontinuous. Thus for every r
there is a number N, such that B,(z._) contains no more than NN, points of any
orbit.

Definition 7.9. Let A, B be two axes in CV,,(0) and d > 0. Let
Ap(d) ={z € A|d(xz,pp(x)) < d and d(pp(z),z) < d}

Let convAp(d) be the smallest connected closed set in A containing Ap(d). We
claim that for any a € convAg(d): d(a,pg(a)) < r for some r which depends on
d and on the constants from Lemma 5.13. The reason is that if a € [b,c]a for
some b,c € Ap then [pp(b),blp U [b,cJa U [c,pp(c)] is a (1,2d) quasi-geodesic so
it is contained in the r neighborhood of B. Furthermore, d(pg(a),a) < cir where
c1 = 62,10(9).

Let B4 = {b|b=ppg(x) for x € convAp} then automatically we have d(b, pa (b)) <
cir therefore d(pa(b),b) < (c1)?r. If convBa is the smallest closed connected set
containing B4 then Vb € convB4 we have d(b,pa(b)) < R for R obtained from
Lemma 5.13 applied to A and (c;)?r. In conclusion, given d there exists an R
depending only on d, ¢; and the constants from Lemma 5.13 such that

YV € convAp d(z,pp(z)) <R and d(pp(z),z) <R
Vo € convBa d(z,pa(z)) < R and d(pa(x),x) <R
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Lemma 7.10. For every d, there exist constants k, M such that for every f,g such
that A, B C CV,,(0) and |f],|g| < M then either f,g have common powers, or the
length of convAp(d) is smaller than k.

Proof. Let k denote the length of convAp(d). Let a be the leftmost point on
convAp(d) assuming that f translates points to the right. Without loss of general-
ity, assume f and g translate points in the same direction. Denote b = pp(a).
For each i < ﬁ there is a unique j such that d(b,pp(afi)g=7) < |g|. Since
d(pp(af’),af?) < Rthen d(pp(afi)g=,af'g™7) < Rhenced(a,afig=?) < d(a,b)+
d(b,pp(afi)g™) + d(pslafi)g~,af'g™7) < R+ |g| + R = |g| + 2R. Therefore,
d(afig= a) < c1(lg] + 2R) < c1(M + 2R) where ¢; = c2.10(6).

Let r = ¢1(M +2R) then there are no more than N, translates of a in B;(a. ), but
for each i < %: d(afig=9,a) < r. Therefore, either k < |f|N, < MN, or there

exists 4, j,m, [ such that fig=7 = f™¢~! hence f, g have common powers. O

Corollary 7.11. There exists a constant k, depending only on the constants from
Lemma 7.10 and Lemma 7.8, such that either f,g have common powers or

diam{pa(B)} < k

Proof. Let {x;},{y;} be sequences on B so that z; converges to one end of B and
y; to the other. If d(pa(xi),pa(yi)) > cr.s then [pa(x;),pa(y:;)] C Na(B). Thus
A" = [pa(x;),pa(yi)]a is contained in Ag(cid). Therefore by Lemma 7.10 (with
c1d replacing d) there is a k7109 such that either f, g have common powers or the
length of convAp(c1d) and hence the length of A’ is smaller than k7 1. O

Let us go back for a moment to the surface case. We denote by M(S) the
marking complex of S. Let Y, Z be subsurfaces of S, denote by C(Z),C(Y) the
curve complexes of Z,Y. For definitions of the curve complex and the marking
complex consult [2]. Abuse notation to define the projections py : C(S) — C(Y),
py : M(S) — C(Y) and pz : C(S) — C(Z), pz : M(S) — C(Z). In Theorem 4.3 of
[2], Behrstock proved that if Y, Z are overlapping subsurfaces of S, neither of which
is an annulus, then for any marking p of S:

dey)(py (02),py (1) > M = de(z)(pz(9Y ),pz(n)) < M

And the constant M depends only on the topological type of S. In other words,
if one projection is large then the other must be small. We prove an analogous
estimate for our projections.

Suppose f, g, h are train-track maps representing fully irreducible automorphisms
and A, B, C are their axes. Suppose that no two of these automorphisms have com-
mon powers. We define the coarse distance from B to C with respect to A as
da(B,C) = diam{pa(C)Upa(B)}.

Lemma 7.12. There exists a constant M > 0 depending only on the constants
from Lemma 5.7 and Corollary 7.11 such that at most one of da(B,C),dg(A4,C)
and dc(A, B) is greater than M.

Proof. Let sa,ca,SB,cB, Sc, cc be the constants from lemma 5.7 applied to any of
the geodesics A, B, C respectively. Let b > c¢7.11 the constant from Corollary 7.11
applied to any two of the three geodesics. Let M > max{sa,ca,sp,cn,sc,cc}t +
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2b. We claim that if dg(A,C) > M then dc(A,B) < M. Assume by way of
contradiction that both are greater than M. Let y € A and ¢ € B such that
d(yvq) = dHaus(AuB)' Let z = pC(y) ~ pC(A)7 p = pB(Z) ~ pB(C) and z =
pc(q) ~ po(B) (see figure 11 ).

A
"\ Y Z e
x 7
______ ® Y _______B
q p

FIGURE 11. If d(p,q) > M then d(x,z) < M.

Because d(pc(y),pc(q)) = d(z,2) > M — 2b > sc:
d(y,q) > d(y, 2) + d(z,2) — cc > d(y, 2) + M — 2b — cc
Since d(pg(y),ps(2)) = d(¢,p) > M — 2b > sp we have
d(y,z) > d(y,q) + d(q,p) —cp > d(y,q) + M —2b—cp

Therefore
d(y,q) > d(y,2) + M —cc —2b>d(y,q) + 2M — cc — cp — 4b
which implies 2M < c¢ + ¢ + 4b which is a contradiction. O

Theorem 7.13 (The Behrstock inequality). Let ¢1, ..., ¢x be fully irreducible outer
automorphisms and f1, ..., fr their respective train track representatives with azxes
Ay, ..., Ag. Let F be the set of translates of Ay, . .., Ax under the action of Out(F},).
Then there exists a constant M > 0 such that for any B,C, D € F if no two of the
geodesics are parallel then

dsa(B,C)>M = dp(A,C)< M
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